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OPTICAL CAVITIES.
Optical cavities are basically a setup to confine light in some region of space. This quantizes 
the EM modes that can exist in the cavity. They allow a number of tuning knobs, such as the 
mode frequency, the profile of the E and B fields of the mode etc.

In optical cavities it is no necessary to send light, the confinement induces zero point 
electromagnetic fluctuations. 
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MOTIVATION.

Optical cavities could be a new way to control electronic materials.

Even in the absence of external light  the vacuum electromagnetic field 
inside the optical cavity can influence the properties of a material.

Coupling could destroy electron collective states or modify phase 
boundary between different many-body states. 
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Tunable vacuum-field control of fractional 
and integer quantum Hall phases

Josefine Enkner1,2 ✉, Lorenzo Graziotto1,2, Dalin Boriçi3, Felice Appugliese1,2, 
Christian Reichl2,4, Giacomo Scalari1,2, Nicolas Regnault5,6,7, Werner Wegscheider2,4, 
Cristiano Ciuti3 & Jérôme Faist1,2 ✉

In quantum mechanics, empty space is not void but is characterized by vacuum-!eld 
"uctuations, which underlie phenomena such as the Lamb shift1, spontaneous 
emission, and the Casimir e#ect2. Due to their quantitatively small relative 
contributions in free-space atomic physics, they were traditionally overlooked in 
solid-state systems. Recently, however, the interplay between electronic correlations 
and quantum electrodynamical e#ects in low-dimensional systems has become a 
rapidly advancing area in condensed matter physics3–5, with substantial implications 
for quantum materials and device engineering. High-mobility two-dimensional 
electron gases in the quantum Hall regime6 o#er an ideal platform to investigate how 
vacuum electromagnetic !elds a#ect strongly correlated electronic states. Here we 
demonstrate that adjusting the coupling strength between a two-dimensional 
electron gas and the vacuum !elds of a hovering split-ring resonator leads to a 
signi!cant reduction in exchange splitting at odd-integer !lling factors, along with  
an enhancement of fractional quantum Hall gaps at !lling factors 4/3, 5/3 and 7/5. 
Theoretical analysis indicates that these e#ects stem from an e#ective long-range 
attractive interaction mediated by virtual cavity photons in regions with strong 
vacuum electric !eld gradients. Our !ndings uncover a new mechanism by which 
cavity vacuum !elds can reshape electronic correlations in quantum Hall systems, 
establishing a new approach for manipulating correlated quantum phases in 
low-dimensional materials and paving the way for engineering tailored many-body 
interactions in compact devices.

In the newly emerged field of cavitronics5, research has been leverag-
ing the ultrastrong light–matter coupling regime7, aiming to modify 
molecular structures8, enhance electron–phonon couplings9 and 
facilitate the emergence of new electronic phases, including super-
conductivity10, ferroelectricity11 and topological properties12,13. Despite 
substantial theoretical backing and evidence of cavity-induced altera-
tions in chemical reactions3,14 and charge transport13,15–19, demonstration 
of the manipulation of strongly correlated phases20 by cavity vacuum 
fields remains scarce.

In this work, as illustrated in Fig. 1, we have developed a mobile 
cavity system capable of finely tuning the strength of cavity vacuum 
fields permeating a small Hall bar, driving the system in situ from a 
completely uncoupled state to an ultrastrongly coupled one, hence 
allowing a fully self-referenced assessment of the impact of vacuum 
fluctuations on the material system. This is achieved by adjusting the 
distance between a metallic split-ring resonator and the high-mobility 
GaAs-based two-dimensional electron gas (2DEG) within a quantum 
well heterostructure. When subjected to a strong perpendicular mag-
netic field, this set-up allows for the probing of the integer quantum 

Hall effect and of strongly correlated fractional quantum Hall (FQH) 
phases by means of transport measurements of longitudinal and 
transverse resistance. We have discovered that the ‘hovering’ cavity 
resonator decreases the exchange splitting at odd filling factors while 
significantly enhancing several fractional quantum Hall phases with 
respect to their value in the uncoupled Hall bar. This enhancement 
occurs while maintaining the metallic resonator at distances for which 
electrostatic screening effects are entirely negligible. We leverage 
activated-transport measurements of both integer quantum Hall and 
FQH gaps as exemplary cases to demonstrate the influence of cavity 
vacuum fields on condensed matter systems, and how to exploit them 
to address in situ quantum states in small devices.

This experiment demonstrates that quantum light–matter interac-
tion can reduce spin splittings and enhance certain fractional quantum 
Hall gaps, and our theoretical analysis shows that this effect can arise 
from a cavity-mediated attractive potential. Further investigations 
using complementary techniques, such as capacitance measure-
ments21–24 and inelastic light scattering25–28, which have been used 
to study fractional quantum Hall states at filling factors ν < 1, will 
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Breakdown of topological protection by cavity
vacuum fields in the integer quantum Hall effect
Felice Appugliese1*, Josefine Enkner1, Gian Lorenzo Paravicini-Bagliani1†, Mattias Beck1,
Christian Reichl2, Werner Wegscheider2, Giacomo Scalari1, Cristiano Ciuti3, Jérôme Faist1*

The prospect of controlling the electronic properties of materials via the vacuum fields of cavity
electromagnetic resonators is emerging as one of the frontiers of condensed matter physics. We found
that the enhancement of vacuum field fluctuations in subwavelength split-ring resonators strongly
affects one of the most paradigmatic quantum protectorates, the quantum Hall electron transport
in high-mobility two-dimensional electron gases. The observed breakdown of the topological protection
of the integer quantum Hall effect is interpreted in terms of a long-range cavity-mediated electron
hopping where the anti-resonant terms of the light-matter coupling Hamiltonian develop into a finite
resistivity induced by the vacuum fluctuations. Our experimental platform can be used for any
two-dimensional material and provides a route to manipulate electron phases in matter by means of
vacuum-field engineering.

A
n intriguing aspect of quantum field
theories is the description of empty
space as permeated by electromagnetic
vacuum fluctuations. Energy conserva-
tion forbids any process that would lead

to net energy extraction from such states, thus
implying that such vacuum fields cannot be
detected by direct absorption. Nonetheless,
there is much experimental evidence of their
existence: Spontaneous emission, the Lamb
shift, and the Casimir effect can only be ex-
plained by invoking the role of vacuum fields
(1). More recently, technological developments
of both laser sources and optical nanocavities
in the strong light-matter coupling offer a new
perspective about vacuum fields, one in which
those fluctuations can be sensed directly (2, 3)
and used to engineer new properties of matter
(4–7) without illumination. Polaritons, optical
excitations in the strong light-matter coupling
regime, can also be used as sensitive probes of
many-body states such as fractional quantum
Hall states (8) and Wigner crystals (9). Confin-
ing the light on a strongly subwavelength scale
is a key element that enabled the achievement
of record high interaction strengths (10–13) in
which the anti-resonant terms of light-matter
coupling play an important role (14). Cavity-
controlled superconductivity (15, 16), long-range
ferroelectric order (17, 18), and cavity-mediated
superradiance (4), all exploiting the cou-
pling of electrons or dipoles to vacuum fields,
have recently been investigated. Experimen-
tally, however, unambiguous identification of

modified equilibrium properties of solid-state
quantum phases of matter (19) through vac-
uum fields remains an open challenge.
We recently demonstrated the role of Landau

polaritons (20) in controlling the DC bulk mag-
netotransport (21) in a semiconductor elec-
tronic gas, even in the absence of external
illumination. The amplitude of the Shubnikov–
de Haas oscillations was modified by the pres-
ence of a terahertz resonator embedding the
Hall bar. However, because a change in the
shape of the oscillations in DCmagnetoresis-
tivity is sensitively linked to variations of
scattering processes, the phenomenology is
not universal and every sample is unique. Here,
we investigated transport in the integer quan-
tumHall regime, where the topological protec-
tion of the edge currents results in a quantized
resistance andwhere the effect of vacuum fields
can be unambiguously revealed.
At low magnetic fields, it is possible to de-

scribe transport in the presence of impurity
scattering only as a broadening of the Landau
levels’ density of states. In the high–magnetic
field regime, the random impurity potential
instead causes the localization of electrons.
When the Fermi energy lies around a mini-
mumbetween consecutive Landau levels, both
the longitudinal magnetoconductivity sxx and
magnetoresistivity rxx simultaneously vanish.
In order to describe this nontrivial effect, it is
necessary to consider the role of the states at
the sample edge.
The simplest picture that best describes the

physics of this regime is built on the work of
Büttiker (22). The key point is that the bulk is
construed as an insulator (because electrons are
localized in a fluctuating spatial potential)while
the edges are conductors. The current flows
through a discrete number of one-dimensional
(1D) edge channels from one contact to the
next, each of them contributing e2/h to the
conductance and exhibiting zero longitudinal

resistance. This system is a prototypical topo-
logical insulator (19), where the edge currents
are chiral, traveling in opposite directions
at the two opposite edges of the sample. As
a result, an electron in an edge channel cannot
backscatter unless it is scattered on the other
edge of the sample. This is true for potentials
that vary slowly over a cyclotron radius but
rapidly over the sample dimensions. The im-
purity potential can be strong, but it still does
not produce backscattering when it is short-
range (22). For this reason, the topological
protection of the quantumHall effect is robust
against local perturbations such as a static
disorder. A change in the integer quantum
Hall phenomenology can only be explained by
invoking the nonlocal nature of the vacuum
field associated to a given resonator mode.
Here, we report experimental results that

reveal modifications of the integer quantum
Hall effect in Hall bars immersed in an elec-
tronic resonator where the vacuum field fluc-
tuations are enhanced by their confinement
into a strongly subwavelength volume. The
geometry of our experiment (21) (Fig. 1A) is a
Hall bar of width 40 µm, fabricated on a high-
mobility 2D electron gas (23), located in the
spatial gap of a complementary metallic reso-
nator (24, 25) with a resonance at 140 GHz.
The longitudinal and Hall transverse resist-
ances are measured within the gap of the
resonator. The geometry of the resonator
is such that the vacuum field fluctuations
E =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ħwcav=2e0esVeff

p
= 1 V/m (where ħ is the

Planck constant divided by 2p, wcav is the cav-
ity mode angular frequency, e0 is the vacuum
permittivity, es = 13 is the relative permittivity
of GaAs, and Veff = 2.72 × 105 mm3 is the ef-
fective cavity volume) are strongly enhanced
relative to the free space, where the ampli-
tude would be on the order of E = 0.065 V/m
in that frequency range. This vacuum field,
for the lowest-frequency resonance, is fairly
homogeneous in the center of the resonator
but increases toward the edges. In optical
characterization experiments done on an ar-
ray of such cavities on a Hall bar (21, 26), we
observed well-defined Landau polaritons with
a light-matter collective Rabi frequency ~WR ≈
0.3wcav (Fig. 1B). The resonance between the
cavity and the cyclotron frequency occurs
at a magnetic field B ≈ 0.3 T. Comparison of
the optical spectroscopy performed on ar-
rays and single resonators shows essentially
no changes (23).
The electron transport in the integer quan-

tum Hall effect proceeds via edge states that
are protected against backscattering by the
lifting of the time-reversal symmetry provided
by the magnetic field (Fig. 1A). As shown in a
recent study (27), in the presence of disorder
a cavity-mediated long-range hopping can be
achieved via the exchange of a virtual cavity
photon (Fig. 1C). For an electron occupying a
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• Reduction of the spin splitting gap at 
odd integer filling factor.

• Gaps at even integer filling factor are 
practically unaffected.

• Enhancement of fractional quantum
Hall gaps.

Cavity vacuum fields can strongly influence
many-body electronic states.
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<latexit sha1_base64="cVvH7QU9u6qkLRxQLQWlBKe6Iyc=">AAACAnicbVDLSsNAFJ3UV62vqEsXDhahIpSkCLoRiiK4rGAf0IQwmd40QycPZiZCCd3pz+hK1J2f4A/4N05rFlo9q3PvORfuOX7KmVSW9WmUFhaXllfKq5W19Y3NLXN7pyOTTFBo04QnoucTCZzF0FZMceilAkjkc+j6o8up3r0DIVkS36pxCm5EhjELGCVKrzxz/+oc1+JjJxCEYhs3jrAT+kRgJ4lgSDzqmVWrbs2A/xK7IFVUoOWZH84goVkEsaKcSNm3rVS5ORGKUQ6TipNJSAkdkSH0NY1JBNLNZ0Em+DBIBFYh4Nn805uTSMpx5GtPRFQo57Xp8j+tn6ngzM1ZnGYKYqotWgsyjlWCp33gARNAFR9rQqhg+ktMQ6LbULq1io5vz4f9SzqNum3V7ZuTavOiKKKM9tABqiEbnaImukYt1EYUPaAn9IrejHvj0Xg2Xr6tJaO42UW/YLx/AbFalP0=</latexit><latexit sha1_base64="cVvH7QU9u6qkLRxQLQWlBKe6Iyc=">AAACAnicbVDLSsNAFJ3UV62vqEsXDhahIpSkCLoRiiK4rGAf0IQwmd40QycPZiZCCd3pz+hK1J2f4A/4N05rFlo9q3PvORfuOX7KmVSW9WmUFhaXllfKq5W19Y3NLXN7pyOTTFBo04QnoucTCZzF0FZMceilAkjkc+j6o8up3r0DIVkS36pxCm5EhjELGCVKrzxz/+oc1+JjJxCEYhs3jrAT+kRgJ4lgSDzqmVWrbs2A/xK7IFVUoOWZH84goVkEsaKcSNm3rVS5ORGKUQ6TipNJSAkdkSH0NY1JBNLNZ0Em+DBIBFYh4Nn805uTSMpx5GtPRFQo57Xp8j+tn6ngzM1ZnGYKYqotWgsyjlWCp33gARNAFR9rQqhg+ktMQ6LbULq1io5vz4f9SzqNum3V7ZuTavOiKKKM9tABqiEbnaImukYt1EYUPaAn9IrejHvj0Xg2Xr6tJaO42UW/YLx/AbFalP0=</latexit><latexit sha1_base64="cVvH7QU9u6qkLRxQLQWlBKe6Iyc=">AAACAnicbVDLSsNAFJ3UV62vqEsXDhahIpSkCLoRiiK4rGAf0IQwmd40QycPZiZCCd3pz+hK1J2f4A/4N05rFlo9q3PvORfuOX7KmVSW9WmUFhaXllfKq5W19Y3NLXN7pyOTTFBo04QnoucTCZzF0FZMceilAkjkc+j6o8up3r0DIVkS36pxCm5EhjELGCVKrzxz/+oc1+JjJxCEYhs3jrAT+kRgJ4lgSDzqmVWrbs2A/xK7IFVUoOWZH84goVkEsaKcSNm3rVS5ORGKUQ6TipNJSAkdkSH0NY1JBNLNZ0Em+DBIBFYh4Nn805uTSMpx5GtPRFQo57Xp8j+tn6ngzM1ZnGYKYqotWgsyjlWCp33gARNAFR9rQqhg+ktMQ6LbULq1io5vz4f9SzqNum3V7ZuTavOiKKKM9tABqiEbnaImukYt1EYUPaAn9IrejHvj0Xg2Xr6tJaO42UW/YLx/AbFalP0=</latexit><latexit sha1_base64="cVvH7QU9u6qkLRxQLQWlBKe6Iyc=">AAACAnicbVDLSsNAFJ3UV62vqEsXDhahIpSkCLoRiiK4rGAf0IQwmd40QycPZiZCCd3pz+hK1J2f4A/4N05rFlo9q3PvORfuOX7KmVSW9WmUFhaXllfKq5W19Y3NLXN7pyOTTFBo04QnoucTCZzF0FZMceilAkjkc+j6o8up3r0DIVkS36pxCm5EhjELGCVKrzxz/+oc1+JjJxCEYhs3jrAT+kRgJ4lgSDzqmVWrbs2A/xK7IFVUoOWZH84goVkEsaKcSNm3rVS5ORGKUQ6TipNJSAkdkSH0NY1JBNLNZ0Em+DBIBFYh4Nn805uTSMpx5GtPRFQo57Xp8j+tn6ngzM1ZnGYKYqotWgsyjlWCp33gARNAFR9rQqhg+ktMQ6LbULq1io5vz4f9SzqNum3V7ZuTavOiKKKM9tABqiEbnaImukYt1EYUPaAn9IrejHvj0Xg2Xr6tJaO42UW/YLx/AbFalP0=</latexit>
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h
<latexit sha1_base64="aBKVIV2BMUqBq5SXlv2UtOntg60=">AAACBXicbVDLSsNAFJ34rPUVdelmaBFclaQIuhGKblxWsA9oYphMb5qhkwczEzGErvVndCXqzh/wB/wbpzULbT2rc+85F+45fsqZVJb1ZSwtr6yurVc2qptb2zu75t5+VyaZoNChCU9E3ycSOIuho5ji0E8FkMjn0PPHl1O9dwdCsiS+UXkKbkRGMQsYJUqvPLPmSDaKCPaK+3yCz504w9gJBKG4AHzbnOAQe2bdalgz4EVil6SOSrQ989MZJjSLIFaUEykHtpUqtyBCMcphUnUyCSmhYzKCgaYxiUC6xSzLBB8FicAqBDybf3sLEkmZR772RESFcl6bLv/TBpkKztyCxWmmIKbaorUg41gleFoJHjIBVPFcE0IF019iGhLdgdLFVXV8ez7sIuk2G7bVsK9P6q2LsogKOkQ1dIxsdIpa6Aq1UQdR9Iie0Rt6Nx6MJ+PFeP2xLhnlzQH6A+PjG1fUlxI=</latexit><latexit sha1_base64="aBKVIV2BMUqBq5SXlv2UtOntg60=">AAACBXicbVDLSsNAFJ34rPUVdelmaBFclaQIuhGKblxWsA9oYphMb5qhkwczEzGErvVndCXqzh/wB/wbpzULbT2rc+85F+45fsqZVJb1ZSwtr6yurVc2qptb2zu75t5+VyaZoNChCU9E3ycSOIuho5ji0E8FkMjn0PPHl1O9dwdCsiS+UXkKbkRGMQsYJUqvPLPmSDaKCPaK+3yCz504w9gJBKG4AHzbnOAQe2bdalgz4EVil6SOSrQ989MZJjSLIFaUEykHtpUqtyBCMcphUnUyCSmhYzKCgaYxiUC6xSzLBB8FicAqBDybf3sLEkmZR772RESFcl6bLv/TBpkKztyCxWmmIKbaorUg41gleFoJHjIBVPFcE0IF019iGhLdgdLFVXV8ez7sIuk2G7bVsK9P6q2LsogKOkQ1dIxsdIpa6Aq1UQdR9Iie0Rt6Nx6MJ+PFeP2xLhnlzQH6A+PjG1fUlxI=</latexit><latexit sha1_base64="aBKVIV2BMUqBq5SXlv2UtOntg60=">AAACBXicbVDLSsNAFJ34rPUVdelmaBFclaQIuhGKblxWsA9oYphMb5qhkwczEzGErvVndCXqzh/wB/wbpzULbT2rc+85F+45fsqZVJb1ZSwtr6yurVc2qptb2zu75t5+VyaZoNChCU9E3ycSOIuho5ji0E8FkMjn0PPHl1O9dwdCsiS+UXkKbkRGMQsYJUqvPLPmSDaKCPaK+3yCz504w9gJBKG4AHzbnOAQe2bdalgz4EVil6SOSrQ989MZJjSLIFaUEykHtpUqtyBCMcphUnUyCSmhYzKCgaYxiUC6xSzLBB8FicAqBDybf3sLEkmZR772RESFcl6bLv/TBpkKztyCxWmmIKbaorUg41gleFoJHjIBVPFcE0IF019iGhLdgdLFVXV8ez7sIuk2G7bVsK9P6q2LsogKOkQ1dIxsdIpa6Aq1UQdR9Iie0Rt6Nx6MJ+PFeP2xLhnlzQH6A+PjG1fUlxI=</latexit><latexit sha1_base64="aBKVIV2BMUqBq5SXlv2UtOntg60=">AAACBXicbVDLSsNAFJ34rPUVdelmaBFclaQIuhGKblxWsA9oYphMb5qhkwczEzGErvVndCXqzh/wB/wbpzULbT2rc+85F+45fsqZVJb1ZSwtr6yurVc2qptb2zu75t5+VyaZoNChCU9E3ycSOIuho5ji0E8FkMjn0PPHl1O9dwdCsiS+UXkKbkRGMQsYJUqvPLPmSDaKCPaK+3yCz504w9gJBKG4AHzbnOAQe2bdalgz4EVil6SOSrQ989MZJjSLIFaUEykHtpUqtyBCMcphUnUyCSmhYzKCgaYxiUC6xSzLBB8FicAqBDybf3sLEkmZR772RESFcl6bLv/TBpkKztyCxWmmIKbaorUg41gleFoJHjIBVPFcE0IF019iGhLdgdLFVXV8ez7sIuk2G7bVsK9P6q2LsogKOkQ1dIxsdIpa6Aq1UQdR9Iie0Rt6Nx6MJ+PFeP2xLhnlzQH6A+PjG1fUlxI=</latexit>

⌫ = 2
<latexit sha1_base64="5+kTnuxeW/AuvKAEKtzLCZkcNcM=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokRdCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8MLPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ6dR99y6d3tWa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33bfjAM=</latexit><latexit sha1_base64="5+kTnuxeW/AuvKAEKtzLCZkcNcM=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokRdCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8MLPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ6dR99y6d3tWa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33bfjAM=</latexit><latexit sha1_base64="5+kTnuxeW/AuvKAEKtzLCZkcNcM=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokRdCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8MLPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ6dR99y6d3tWa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33bfjAM=</latexit><latexit sha1_base64="5+kTnuxeW/AuvKAEKtzLCZkcNcM=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokRdCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8MLPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ6dR99y6d3tWa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33bfjAM=</latexit>

⌫ = 4
<latexit sha1_base64="sZc+Lg+QMDNjeYECSIrfdLsioDI=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokUtCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8M LPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ+es7rl177ZRa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33ndjAU=</latexit><latexit sha1_base64="sZc+Lg+QMDNjeYECSIrfdLsioDI=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokUtCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8M LPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ+es7rl177ZRa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33ndjAU=</latexit><latexit sha1_base64="sZc+Lg+QMDNjeYECSIrfdLsioDI=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokUtCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8M LPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ+es7rl177ZRa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33ndjAU=</latexit><latexit sha1_base64="sZc+Lg+QMDNjeYECSIrfdLsioDI=">AAAB53icbZDNSsNAFIVv6l+tf1WXbgaL4KokUtCNUHTjsoKthTaUyfSmHTuZhJmJUEKfQVei7nwfX8C3cVKz0Naz+uaeM3DPDRLBtXHdL6e0srq2vlHerGxt7+zuVfcPOjpOFcM2i0WsugHVKLjEtuFGYDdRSKNA4H0wuc79+0dUmsfyzkwT9CM6kjzkjBo76vRletmoDKo1t+7ORZbBK6AGhVqD6md/GLM0QmmYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYljVD72XzbGTkJY0XMGMn8/Tub0UjraRTYTETNWC96+fA/r5ea8M LPuExSg5LZiPXCVBATk7w0GXKFzIipBcoUt1sSNqaKMmNPk9f3FssuQ+es7rl177ZRa14VhyjDERzDKXhwDk24gRa0gcEDPMMbvDvceXJenNefaMkp/hzCHzkf33ndjAU=</latexit>
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h
<latexit sha1_base64="VT/pi6LbNkcuGwoNeR1IzZc8Ors=">AAAB8nicbVDLTgJBEOz1ifgA9ehlIjHxRHaJiR6JXjxiIo8EkMwOvTBh9pGZXhOy4Uf0ZNSbn+IP+DcOuAcF61TdVZ10lZ8oach1v5y19Y3Nre3CTnF3b/+gVD48apk41QKbIlax7vjcoJIRNkmSwk6ikYe+wrY/uZnr7UfURsbRPU0T7Id8FMlACk52NSiXeoHmgmXIHmozNmaDcsWtuguwVeLlpAI5GoPyZ28YizTEiITixnQ9N6F+xjVJoXBW7KUGEy4mfIRdSyMeoulni8dn7CyINaMxssX825vx0Jhp6FtPyGlslrX58j+tm1Jw1c9klKSEkbAWqwWpYhSzeX42lBoFqaklXGhpv2RizG0HZFsq2vjecthV0qpVPbfq3V1U6td5EQU4gVM4Bw8uoQ630IAmCEjhGd7g3SHnyXlxXn+sa05+cwx/4Hx8A/M6j6M=</latexit><latexit sha1_base64="VT/pi6LbNkcuGwoNeR1IzZc8Ors=">AAAB8nicbVDLTgJBEOz1ifgA9ehlIjHxRHaJiR6JXjxiIo8EkMwOvTBh9pGZXhOy4Uf0ZNSbn+IP+DcOuAcF61TdVZ10lZ8oach1v5y19Y3Nre3CTnF3b/+gVD48apk41QKbIlax7vjcoJIRNkmSwk6ikYe+wrY/uZnr7UfURsbRPU0T7Id8FMlACk52NSiXeoHmgmXIHmozNmaDcsWtuguwVeLlpAI5GoPyZ28YizTEiITixnQ9N6F+xjVJoXBW7KUGEy4mfIRdSyMeoulni8dn7CyINaMxssX825vx0Jhp6FtPyGlslrX58j+tm1Jw1c9klKSEkbAWqwWpYhSzeX42lBoFqaklXGhpv2RizG0HZFsq2vjecthV0qpVPbfq3V1U6td5EQU4gVM4Bw8uoQ630IAmCEjhGd7g3SHnyXlxXn+sa05+cwx/4Hx8A/M6j6M=</latexit><latexit sha1_base64="VT/pi6LbNkcuGwoNeR1IzZc8Ors=">AAAB8nicbVDLTgJBEOz1ifgA9ehlIjHxRHaJiR6JXjxiIo8EkMwOvTBh9pGZXhOy4Uf0ZNSbn+IP+DcOuAcF61TdVZ10lZ8oach1v5y19Y3Nre3CTnF3b/+gVD48apk41QKbIlax7vjcoJIRNkmSwk6ikYe+wrY/uZnr7UfURsbRPU0T7Id8FMlACk52NSiXeoHmgmXIHmozNmaDcsWtuguwVeLlpAI5GoPyZ28YizTEiITixnQ9N6F+xjVJoXBW7KUGEy4mfIRdSyMeoulni8dn7CyINaMxssX825vx0Jhp6FtPyGlslrX58j+tm1Jw1c9klKSEkbAWqwWpYhSzeX42lBoFqaklXGhpv2RizG0HZFsq2vjecthV0qpVPbfq3V1U6td5EQU4gVM4Bw8uoQ630IAmCEjhGd7g3SHnyXlxXn+sa05+cwx/4Hx8A/M6j6M=</latexit><latexit sha1_base64="VT/pi6LbNkcuGwoNeR1IzZc8Ors=">AAAB8nicbVDLTgJBEOz1ifgA9ehlIjHxRHaJiR6JXjxiIo8EkMwOvTBh9pGZXhOy4Uf0ZNSbn+IP+DcOuAcF61TdVZ10lZ8oach1v5y19Y3Nre3CTnF3b/+gVD48apk41QKbIlax7vjcoJIRNkmSwk6ikYe+wrY/uZnr7UfURsbRPU0T7Id8FMlACk52NSiXeoHmgmXIHmozNmaDcsWtuguwVeLlpAI5GoPyZ28YizTEiITixnQ9N6F+xjVJoXBW7KUGEy4mfIRdSyMeoulni8dn7CyINaMxssX825vx0Jhp6FtPyGlslrX58j+tm1Jw1c9klKSEkbAWqwWpYhSzeX42lBoFqaklXGhpv2RizG0HZFsq2vjecthV0qpVPbfq3V1U6td5EQU4gVM4Bw8uoQ630IAmCEjhGd7g3SHnyXlxXn+sa05+cwx/4Hx8A/M6j6M=</latexit>
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e2

h
<latexit sha1_base64="OXhOP3gtQ5LDYYkBm0FS/Qs5YOI=">AAAB9HicbZDNTsJAFIVv8Q/xr+jSzURi4oq0xESXRDcuMREwgUqmwy2dMP3JzBRDGt5EV0bd+SS+gG/jgF0oeFbf3HMmuff4qeBKO86XVVpb39jcKm9Xdnb39g/s6mFHJZlk2GaJSOS9TxUKHmNbcy3wPpVII19g1x9fz/3uBKXiSXynpyl6ER3FPOCMajMa2NUG6QeSMpIjeWjMSEgGds2pOwuRVXALqEGh1sD+7A8TlkUYayaoUj3XSbWXU6k5Ezir9DOFKWVjOsKewZhGqLx8sfqMnAaJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZTq49HIep5nGmJmI8YJMEJ2QeQNkyCUyLaYGKJPcbElYSE0H2vRUMee7y8euQqdRd526e3tea14VRZThGE7gDFy4gCbcQAvawOARnuEN3q2J9WS9WK8/0ZJV/DmCP7I+vgG82ZAJ</latexit><latexit sha1_base64="OXhOP3gtQ5LDYYkBm0FS/Qs5YOI=">AAAB9HicbZDNTsJAFIVv8Q/xr+jSzURi4oq0xESXRDcuMREwgUqmwy2dMP3JzBRDGt5EV0bd+SS+gG/jgF0oeFbf3HMmuff4qeBKO86XVVpb39jcKm9Xdnb39g/s6mFHJZlk2GaJSOS9TxUKHmNbcy3wPpVII19g1x9fz/3uBKXiSXynpyl6ER3FPOCMajMa2NUG6QeSMpIjeWjMSEgGds2pOwuRVXALqEGh1sD+7A8TlkUYayaoUj3XSbWXU6k5Ezir9DOFKWVjOsKewZhGqLx8sfqMnAaJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZTq49HIep5nGmJmI8YJMEJ2QeQNkyCUyLaYGKJPcbElYSE0H2vRUMee7y8euQqdRd526e3tea14VRZThGE7gDFy4gCbcQAvawOARnuEN3q2J9WS9WK8/0ZJV/DmCP7I+vgG82ZAJ</latexit><latexit sha1_base64="OXhOP3gtQ5LDYYkBm0FS/Qs5YOI=">AAAB9HicbZDNTsJAFIVv8Q/xr+jSzURi4oq0xESXRDcuMREwgUqmwy2dMP3JzBRDGt5EV0bd+SS+gG/jgF0oeFbf3HMmuff4qeBKO86XVVpb39jcKm9Xdnb39g/s6mFHJZlk2GaJSOS9TxUKHmNbcy3wPpVII19g1x9fz/3uBKXiSXynpyl6ER3FPOCMajMa2NUG6QeSMpIjeWjMSEgGds2pOwuRVXALqEGh1sD+7A8TlkUYayaoUj3XSbWXU6k5Ezir9DOFKWVjOsKewZhGqLx8sfqMnAaJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZTq49HIep5nGmJmI8YJMEJ2QeQNkyCUyLaYGKJPcbElYSE0H2vRUMee7y8euQqdRd526e3tea14VRZThGE7gDFy4gCbcQAvawOARnuEN3q2J9WS9WK8/0ZJV/DmCP7I+vgG82ZAJ</latexit><latexit sha1_base64="OXhOP3gtQ5LDYYkBm0FS/Qs5YOI=">AAAB9HicbZDNTsJAFIVv8Q/xr+jSzURi4oq0xESXRDcuMREwgUqmwy2dMP3JzBRDGt5EV0bd+SS+gG/jgF0oeFbf3HMmuff4qeBKO86XVVpb39jcKm9Xdnb39g/s6mFHJZlk2GaJSOS9TxUKHmNbcy3wPpVII19g1x9fz/3uBKXiSXynpyl6ER3FPOCMajMa2NUG6QeSMpIjeWjMSEgGds2pOwuRVXALqEGh1sD+7A8TlkUYayaoUj3XSbWXU6k5Ezir9DOFKWVjOsKewZhGqLx8sfqMnAaJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZTq49HIep5nGmJmI8YJMEJ2QeQNkyCUyLaYGKJPcbElYSE0H2vRUMee7y8euQqdRd526e3tea14VRZThGE7gDFy4gCbcQAvawOARnuEN3q2J9WS9WK8/0ZJV/DmCP7I+vgG82ZAJ</latexit>
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h
<latexit sha1_base64="aNbzWJTzPYXR29bjZd9jsrheNHc=">AAAB9HicbZDLTsJAFIZP8YZ4A126mUhMXJEWTXRJdOMSE7kkUMl0OKUTppfMTDGk4U10ZdSdT+IL+DYO2IWC/+qb8/+TnPN7ieBK2/aXVVhb39jcKm6Xdnb39g/KlcO2ilPJsMViEcuuRxUKHmFLcy2wm0ikoSew441v5n5nglLxOLrX0wTdkI4i7nNGtRkNypVz0vclZSRD8lCfkYAMylW7Zi9EVsHJoQq5moPyZ38YszTESDNBleo5dqLdjErNmcBZqZ8qTCgb0xH2DEY0ROVmi9Vn5NSPJdEBksX7dzajoVLT0DOZkOpALXvz4X9eL9X+lZvxKEk1RsxEjOenguiYzBsgQy6RaTE1QJnkZkvCAmo60KankjnfWT52Fdr1mmPXnLuLauM6L6IIx3ACZ+DAJTTgFprQAgaP8Axv8G5NrCfrxXr9iRas/M8R/JH18Q2+Z5AK</latexit><latexit sha1_base64="aNbzWJTzPYXR29bjZd9jsrheNHc=">AAAB9HicbZDLTsJAFIZP8YZ4A126mUhMXJEWTXRJdOMSE7kkUMl0OKUTppfMTDGk4U10ZdSdT+IL+DYO2IWC/+qb8/+TnPN7ieBK2/aXVVhb39jcKm6Xdnb39g/KlcO2ilPJsMViEcuuRxUKHmFLcy2wm0ikoSew441v5n5nglLxOLrX0wTdkI4i7nNGtRkNypVz0vclZSRD8lCfkYAMylW7Zi9EVsHJoQq5moPyZ38YszTESDNBleo5dqLdjErNmcBZqZ8qTCgb0xH2DEY0ROVmi9Vn5NSPJdEBksX7dzajoVLT0DOZkOpALXvz4X9eL9X+lZvxKEk1RsxEjOenguiYzBsgQy6RaTE1QJnkZkvCAmo60KankjnfWT52Fdr1mmPXnLuLauM6L6IIx3ACZ+DAJTTgFprQAgaP8Axv8G5NrCfrxXr9iRas/M8R/JH18Q2+Z5AK</latexit><latexit sha1_base64="aNbzWJTzPYXR29bjZd9jsrheNHc=">AAAB9HicbZDLTsJAFIZP8YZ4A126mUhMXJEWTXRJdOMSE7kkUMl0OKUTppfMTDGk4U10ZdSdT+IL+DYO2IWC/+qb8/+TnPN7ieBK2/aXVVhb39jcKm6Xdnb39g/KlcO2ilPJsMViEcuuRxUKHmFLcy2wm0ikoSew441v5n5nglLxOLrX0wTdkI4i7nNGtRkNypVz0vclZSRD8lCfkYAMylW7Zi9EVsHJoQq5moPyZ38YszTESDNBleo5dqLdjErNmcBZqZ8qTCgb0xH2DEY0ROVmi9Vn5NSPJdEBksX7dzajoVLT0DOZkOpALXvz4X9eL9X+lZvxKEk1RsxEjOenguiYzBsgQy6RaTE1QJnkZkvCAmo60KankjnfWT52Fdr1mmPXnLuLauM6L6IIx3ACZ+DAJTTgFprQAgaP8Axv8G5NrCfrxXr9iRas/M8R/JH18Q2+Z5AK</latexit><latexit sha1_base64="aNbzWJTzPYXR29bjZd9jsrheNHc=">AAAB9HicbZDLTsJAFIZP8YZ4A126mUhMXJEWTXRJdOMSE7kkUMl0OKUTppfMTDGk4U10ZdSdT+IL+DYO2IWC/+qb8/+TnPN7ieBK2/aXVVhb39jcKm6Xdnb39g/KlcO2ilPJsMViEcuuRxUKHmFLcy2wm0ikoSew441v5n5nglLxOLrX0wTdkI4i7nNGtRkNypVz0vclZSRD8lCfkYAMylW7Zi9EVsHJoQq5moPyZ38YszTESDNBleo5dqLdjErNmcBZqZ8qTCgb0xH2DEY0ROVmi9Vn5NSPJdEBksX7dzajoVLT0DOZkOpALXvz4X9eL9X+lZvxKEk1RsxEjOenguiYzBsgQy6RaTE1QJnkZkvCAmo60KankjnfWT52Fdr1mmPXnLuLauM6L6IIx3ACZ+DAJTTgFprQAgaP8Axv8G5NrCfrxXr9iRas/M8R/JH18Q2+Z5AK</latexit>

e-e spontaneously  breaks SU(2) spin symmetry, 
spin polarized an open an exchange gap.
Odd integer quantum Hall effect.
QUANTUM HALL FERROMAGNET,  GS at 𝜈 = 1



QUANTUM HALL FERROMAGNET.  𝜈=1
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<latexit sha1_base64="o4+xTgzDz8fHWcsz5xxFX9Qka2Q=">AAAB/XicbVDLSsNAFJ3UV62vqDvdDBbBVUmKoMuiGxcuKtgHNDFMpjft0MmDmYkQQtCf0ZWoO3/CH/BvnNYstPWszr3nXLjn+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29roxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPLqd67x6EZHF0q7IE3JCMIhYwSpReeeaBEwhCcd7ETsKK/NrLCuwA5/iu6Zl1q2HNgBeJXZI6KtH2zE9nGNM0hEhRTqQc2Fai3JwIxSiHouakEhJCJ2QEA00jEoJ081mGAh8HscBqDHg2//bmJJQyC33tCYkay3ltuvxPG6QqOHdzFiWpgohqi9aClGMV42kVeMgEUMUzTQgVTH+J6ZjoOpQurKbj2/NhF0m32bCthn1zWm9dlEVU0SE6QifIRmeoha5QG3UQRY/oGb2hd+PBeDJejNcfa8Uob/bRHxgf30m6lGA=</latexit><latexit sha1_base64="o4+xTgzDz8fHWcsz5xxFX9Qka2Q=">AAAB/XicbVDLSsNAFJ3UV62vqDvdDBbBVUmKoMuiGxcuKtgHNDFMpjft0MmDmYkQQtCf0ZWoO3/CH/BvnNYstPWszr3nXLjn+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29roxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPLqd67x6EZHF0q7IE3JCMIhYwSpReeeaBEwhCcd7ETsKK/NrLCuwA5/iu6Zl1q2HNgBeJXZI6KtH2zE9nGNM0hEhRTqQc2Fai3JwIxSiHouakEhJCJ2QEA00jEoJ081mGAh8HscBqDHg2//bmJJQyC33tCYkay3ltuvxPG6QqOHdzFiWpgohqi9aClGMV42kVeMgEUMUzTQgVTH+J6ZjoOpQurKbj2/NhF0m32bCthn1zWm9dlEVU0SE6QifIRmeoha5QG3UQRY/oGb2hd+PBeDJejNcfa8Uob/bRHxgf30m6lGA=</latexit><latexit sha1_base64="o4+xTgzDz8fHWcsz5xxFX9Qka2Q=">AAAB/XicbVDLSsNAFJ3UV62vqDvdDBbBVUmKoMuiGxcuKtgHNDFMpjft0MmDmYkQQtCf0ZWoO3/CH/BvnNYstPWszr3nXLjn+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29roxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPLqd67x6EZHF0q7IE3JCMIhYwSpReeeaBEwhCcd7ETsKK/NrLCuwA5/iu6Zl1q2HNgBeJXZI6KtH2zE9nGNM0hEhRTqQc2Fai3JwIxSiHouakEhJCJ2QEA00jEoJ081mGAh8HscBqDHg2//bmJJQyC33tCYkay3ltuvxPG6QqOHdzFiWpgohqi9aClGMV42kVeMgEUMUzTQgVTH+J6ZjoOpQurKbj2/NhF0m32bCthn1zWm9dlEVU0SE6QifIRmeoha5QG3UQRY/oGb2hd+PBeDJejNcfa8Uob/bRHxgf30m6lGA=</latexit><latexit sha1_base64="o4+xTgzDz8fHWcsz5xxFX9Qka2Q=">AAAB/XicbVDLSsNAFJ3UV62vqDvdDBbBVUmKoMuiGxcuKtgHNDFMpjft0MmDmYkQQtCf0ZWoO3/CH/BvnNYstPWszr3nXLjn+AlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29roxTQaFDYx6Lvk8kcBZBRzHFoZ8IIKHPoedPLqd67x6EZHF0q7IE3JCMIhYwSpReeeaBEwhCcd7ETsKK/NrLCuwA5/iu6Zl1q2HNgBeJXZI6KtH2zE9nGNM0hEhRTqQc2Fai3JwIxSiHouakEhJCJ2QEA00jEoJ081mGAh8HscBqDHg2//bmJJQyC33tCYkay3ltuvxPG6QqOHdzFiWpgohqi9aClGMV42kVeMgEUMUzTQgVTH+J6ZjoOpQurKbj2/NhF0m32bCthn1zWm9dlEVU0SE6QifIRmeoha5QG3UQRY/oGb2hd+PBeDJejNcfa8Uob/bRHxgf30m6lGA=</latexit>

o o o o o o o o o …..…..
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2<latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="igNIIXj664y3Gae0TWz7jfUX+FE=">AAAB03icbVBNT8JAFHzFL6yoePaykZh4Iq0XPZp48YiJBRJoyHZ5hQ27bbP7akIa7saLMf4t/4D/xgU5KDineTNzeDNJoaSlIPjyaju7e/sH9UP/qOEfn5w2G12bl0ZgJHKVm37CLSqZYUSSFPYLg1wnCnvJ7H7p957RWJlnTzQvMNZ8kslUCk5O6oyaraAdrMC2SbgmLVhj1PwcjnNRasxIKG7tIAwKiituSAqFC39YWiy4mPEJDhzNuEYbV6s3F+wyzQ2jKbLV/TtbcW3tXCcuozlN7aa3FP/zBiWlt3Els6IkzISLOC8tFaOcLduysTQoSM0d4cJI9yUTU264ILeJ79qHm123Sfe6HQbt8DGAOpzDBVxBCDdwBw/QgQgEjOEVPrzEe/Heflaqeeu5zuAPvPdvUZuH0w==</latexit><latexit sha1_base64="YKzHaNzQwjgu9XLwHrxR9Q2x/3U=">AAAB43icbVDLTgJBEOzFFyLq6tXLRGLiiexy0aOJFw8eMJFHAhsyO/TChNmHM71GsuE39GTU//EH/BsH5KBgnaqr6tBVYaakIc/7ckobm1vbO+Xdyl51/+DQPaq2TZprgS2RqlR3Q25QyQRbJElhN9PI41BhJ5xcz/3OI2oj0+SephkGMR8lMpKCk5WCfqS5YMXt4GnWYAO35tW9Bdg68ZekBks0B+5nf5iKPMaEhOLG9Hwvo6DgmqRQOKv0c4MZFxM+wp6lCY/RBMXi6Rk7i1LNaIxscf/OFjw2ZhqHNhNzGptVby7+5/Vyii6DQiZZTpgIG7FelCtGKZt3Z0OpUZCaWsKFlvZLJsbcLkB2oYqt76+WXSftRt336v6dB2U4gVM4Bx8u4ApuoAktEPAAL/AOH07mPDuvP0OVnOVix/AHzts3lSCNvQ==</latexit><latexit sha1_base64="YKzHaNzQwjgu9XLwHrxR9Q2x/3U=">AAAB43icbVDLTgJBEOzFFyLq6tXLRGLiiexy0aOJFw8eMJFHAhsyO/TChNmHM71GsuE39GTU//EH/BsH5KBgnaqr6tBVYaakIc/7ckobm1vbO+Xdyl51/+DQPaq2TZprgS2RqlR3Q25QyQRbJElhN9PI41BhJ5xcz/3OI2oj0+SephkGMR8lMpKCk5WCfqS5YMXt4GnWYAO35tW9Bdg68ZekBks0B+5nf5iKPMaEhOLG9Hwvo6DgmqRQOKv0c4MZFxM+wp6lCY/RBMXi6Rk7i1LNaIxscf/OFjw2ZhqHNhNzGptVby7+5/Vyii6DQiZZTpgIG7FelCtGKZt3Z0OpUZCaWsKFlvZLJsbcLkB2oYqt76+WXSftRt336v6dB2U4gVM4Bx8u4ApuoAktEPAAL/AOH07mPDuvP0OVnOVix/AHzts3lSCNvQ==</latexit><latexit sha1_base64="xC88NlunoE8PXhFC+2SuP0UR/wU=">AAAB7nicbVDLTgJBEOz1ifhCPXqZSEw8kV0ueiR68eABE3kksCGzQy9MmH0402skG35DT0a9+TH+gH/jgBwUrFN1V3XSVUGqpCHX/XJWVtfWNzYLW8Xtnd29/dLBYdMkmRbYEIlKdDvgBpWMsUGSFLZTjTwKFLaC0dVUbz2gNjKJ72icoh/xQSxDKTjZld8NNRcsv+k9TqqsVyq7FXcGtky8OSnDHPVe6bPbT0QWYUxCcWM6npuSn3NNUiicFLuZwZSLER9gx9KYR2j8fPb0hJ2GiWY0RDabf3tzHhkzjgLriTgNzaI2Xf6ndTIKL/xcxmlGGAtrsVqYKUYJm2ZnfalRkBpbwoWW9ksmhtw2QLahoo3vLYZdJs1qxXMr3q1brl3OiyjAMZzAGXhwDjW4hjo0QMA9PMMbvDup8+S8OK8/1hVnfnMEf+B8fAO9uI8S</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit><latexit sha1_base64="nCxSeRSrCar+qrzoc8UwIvGCdeg=">AAAB7nicbVC7TsNAEFyHVwivACXNiQiJKrIjJCgjaCgogkQeUmJF58s6OeVsH3dnRGTlN6BCQMfH8AP8DZfgAhKmmt2ZlXYmkIJr47pfTmFldW19o7hZ2tre2d0r7x+0dJIqhk2WiER1AqpR8BibhhuBHamQRoHAdjC+muntB1SaJ/GdmUj0IzqMecgZNXbl90JFGclu+o/TGumXK27VnYMsEy8nFcjR6Jc/e4OEpRHGhgmqdddzpfEzqgxnAqelXqpRUjamQ+xaGtMItZ/Nn56SkzBRxIyQzOff3oxGWk+iwHoiakZ6UZst/9O6qQkv/IzHMjUYM2uxWpgKYhIyy04GXCEzYmIJZYrbLwkbUduAsQ2VbHxvMewyadWqnlv1bs8q9cu8iCIcwTGcggfnUIdraEATGNzDM7zBuyOdJ+fFef2xFpz85hD+wPn4Br74jxY=</latexit>

�Lx

2<latexit sha1_base64="Y18V28Mw5iTymwLeIc/NveRD8/w=">AAAB73icbVC7TsNAEFyHVwivACXNiQiJhsiOkKCMoKGgCBJ5SImJzpd1csr5wd0ZEVn+DqgQ0PEv/AB/wyW4gISpZndmpZ3xYsGVtu0vq7C0vLK6VlwvbWxube+Ud/daKkokwyaLRCQ7HlUoeIhNzbXATiyRBp7Atje+nOrtB5SKR+GtnsToBnQYcp8zqs3q7qTnS8pIet1/zGqkX67YVXsGskicnFQgR6Nf/uwNIpYEGGomqFJdx461m1KpOROYlXqJwpiyMR1i19CQBqjcdPZ1Ro78SBI9QjKbf3tTGig1CTzjCageqXltuvxP6ybaP3dTHsaJxpAZi9H8RBAdkWl4MuASmRYTQyiT3HxJ2IiaBrSpqGTiO/NhF0mrVnXsqnNzWqlf5EUU4QAO4RgcOIM6XEEDmsBAwjO8wbt1bz1ZL9brj7Vg5Tf78AfWxzcpbI9N</latexit><latexit sha1_base64="Y18V28Mw5iTymwLeIc/NveRD8/w=">AAAB73icbVC7TsNAEFyHVwivACXNiQiJhsiOkKCMoKGgCBJ5SImJzpd1csr5wd0ZEVn+DqgQ0PEv/AB/wyW4gISpZndmpZ3xYsGVtu0vq7C0vLK6VlwvbWxube+Ud/daKkokwyaLRCQ7HlUoeIhNzbXATiyRBp7Atje+nOrtB5SKR+GtnsToBnQYcp8zqs3q7qTnS8pIet1/zGqkX67YVXsGskicnFQgR6Nf/uwNIpYEGGomqFJdx461m1KpOROYlXqJwpiyMR1i19CQBqjcdPZ1Ro78SBI9QjKbf3tTGig1CTzjCageqXltuvxP6ybaP3dTHsaJxpAZi9H8RBAdkWl4MuASmRYTQyiT3HxJ2IiaBrSpqGTiO/NhF0mrVnXsqnNzWqlf5EUU4QAO4RgcOIM6XEEDmsBAwjO8wbt1bz1ZL9brj7Vg5Tf78AfWxzcpbI9N</latexit><latexit sha1_base64="Y18V28Mw5iTymwLeIc/NveRD8/w=">AAAB73icbVC7TsNAEFyHVwivACXNiQiJhsiOkKCMoKGgCBJ5SImJzpd1csr5wd0ZEVn+DqgQ0PEv/AB/wyW4gISpZndmpZ3xYsGVtu0vq7C0vLK6VlwvbWxube+Ud/daKkokwyaLRCQ7HlUoeIhNzbXATiyRBp7Atje+nOrtB5SKR+GtnsToBnQYcp8zqs3q7qTnS8pIet1/zGqkX67YVXsGskicnFQgR6Nf/uwNIpYEGGomqFJdx461m1KpOROYlXqJwpiyMR1i19CQBqjcdPZ1Ro78SBI9QjKbf3tTGig1CTzjCageqXltuvxP6ybaP3dTHsaJxpAZi9H8RBAdkWl4MuASmRYTQyiT3HxJ2IiaBrSpqGTiO/NhF0mrVnXsqnNzWqlf5EUU4QAO4RgcOIM6XEEDmsBAwjO8wbt1bz1ZL9brj7Vg5Tf78AfWxzcpbI9N</latexit><latexit sha1_base64="Y18V28Mw5iTymwLeIc/NveRD8/w=">AAAB73icbVC7TsNAEFyHVwivACXNiQiJhsiOkKCMoKGgCBJ5SImJzpd1csr5wd0ZEVn+DqgQ0PEv/AB/wyW4gISpZndmpZ3xYsGVtu0vq7C0vLK6VlwvbWxube+Ud/daKkokwyaLRCQ7HlUoeIhNzbXATiyRBp7Atje+nOrtB5SKR+GtnsToBnQYcp8zqs3q7qTnS8pIet1/zGqkX67YVXsGskicnFQgR6Nf/uwNIpYEGGomqFJdx461m1KpOROYlXqJwpiyMR1i19CQBqjcdPZ1Ro78SBI9QjKbf3tTGig1CTzjCageqXltuvxP6ybaP3dTHsaJxpAZi9H8RBAdkWl4MuASmRYTQyiT3HxJ2IiaBrSpqGTiO/NhF0mrVnXsqnNzWqlf5EUU4QAO4RgcOIM6XEEDmsBAwjO8wbt1bz1ZL9brj7Vg5Tf78AfWxzcpbI9N</latexit>

N�=
LxLy

2⇡`2
<latexit sha1_base64="Cp57t697TWpyaVqgCWQycSUWhjg=">AAACFXicbVDLSsNAFJ34rPVVdelmtAgupCRB0I1QdOOiSAX7gKaGyfSmHTp5MDMRS8h36M/oStSF4Nq/cVqz0NYDF8695wzMOV7MmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aaMEkGhQSMeibZHJHAWQkMxxaEdCyCBx6HlDS/GeusOhGRReKNGMXQD0g+ZzyhR+uSW7Cs3deIBy7Czd6YHY8cXhOK05t7jmjvKUhs7McMOcH5ra9cRdktls2JOgGeJlZMyylF3Sx9OL6JJAKGinEjZscxYdVMiFKMcsqKTSIgJHZI+dDQNSQCym06yZfjAjwRWA8CT/bc3JYGUo8DTnoCogZzWxsf/tE6i/NNuysI4URBSbdGan3CsIjyuCPeYAKr4SBNCBdO/xHRAdCtKF1nU8a3psLOkaVcss2JdH5er53kRBbSL9tEhstAJqqJLVEcNRNEjekZv6N14MJ6MF+P1xzpn5G920B8Yn98q0pw0</latexit><latexit sha1_base64="Cp57t697TWpyaVqgCWQycSUWhjg=">AAACFXicbVDLSsNAFJ34rPVVdelmtAgupCRB0I1QdOOiSAX7gKaGyfSmHTp5MDMRS8h36M/oStSF4Nq/cVqz0NYDF8695wzMOV7MmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aaMEkGhQSMeibZHJHAWQkMxxaEdCyCBx6HlDS/GeusOhGRReKNGMXQD0g+ZzyhR+uSW7Cs3deIBy7Czd6YHY8cXhOK05t7jmjvKUhs7McMOcH5ra9cRdktls2JOgGeJlZMyylF3Sx9OL6JJAKGinEjZscxYdVMiFKMcsqKTSIgJHZI+dDQNSQCym06yZfjAjwRWA8CT/bc3JYGUo8DTnoCogZzWxsf/tE6i/NNuysI4URBSbdGan3CsIjyuCPeYAKr4SBNCBdO/xHRAdCtKF1nU8a3psLOkaVcss2JdH5er53kRBbSL9tEhstAJqqJLVEcNRNEjekZv6N14MJ6MF+P1xzpn5G920B8Yn98q0pw0</latexit><latexit sha1_base64="Cp57t697TWpyaVqgCWQycSUWhjg=">AAACFXicbVDLSsNAFJ34rPVVdelmtAgupCRB0I1QdOOiSAX7gKaGyfSmHTp5MDMRS8h36M/oStSF4Nq/cVqz0NYDF8695wzMOV7MmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aaMEkGhQSMeibZHJHAWQkMxxaEdCyCBx6HlDS/GeusOhGRReKNGMXQD0g+ZzyhR+uSW7Cs3deIBy7Czd6YHY8cXhOK05t7jmjvKUhs7McMOcH5ra9cRdktls2JOgGeJlZMyylF3Sx9OL6JJAKGinEjZscxYdVMiFKMcsqKTSIgJHZI+dDQNSQCym06yZfjAjwRWA8CT/bc3JYGUo8DTnoCogZzWxsf/tE6i/NNuysI4URBSbdGan3CsIjyuCPeYAKr4SBNCBdO/xHRAdCtKF1nU8a3psLOkaVcss2JdH5er53kRBbSL9tEhstAJqqJLVEcNRNEjekZv6N14MJ6MF+P1xzpn5G920B8Yn98q0pw0</latexit><latexit sha1_base64="Cp57t697TWpyaVqgCWQycSUWhjg=">AAACFXicbVDLSsNAFJ34rPVVdelmtAgupCRB0I1QdOOiSAX7gKaGyfSmHTp5MDMRS8h36M/oStSF4Nq/cVqz0NYDF8695wzMOV7MmVSm+WXMzS8sLi0XVoqra+sbm6Wt7aaMEkGhQSMeibZHJHAWQkMxxaEdCyCBx6HlDS/GeusOhGRReKNGMXQD0g+ZzyhR+uSW7Cs3deIBy7Czd6YHY8cXhOK05t7jmjvKUhs7McMOcH5ra9cRdktls2JOgGeJlZMyylF3Sx9OL6JJAKGinEjZscxYdVMiFKMcsqKTSIgJHZI+dDQNSQCym06yZfjAjwRWA8CT/bc3JYGUo8DTnoCogZzWxsf/tE6i/NNuysI4URBSbdGan3CsIjyuCPeYAKr4SBNCBdO/xHRAdCtKF1nU8a3psLOkaVcss2JdH5er53kRBbSL9tEhstAJqqJLVEcNRNEjekZv6N14MJ6MF+P1xzpn5G920B8Yn98q0pw0</latexit>

Interaction  polarizes the electron spins.
Also, it introduces a local spin stiffness, leading to
low-lying spin wave excitations and skyrmions. En

er
gy
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<latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit>

q` ! 1
<latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit>

X = ky`
2 = n
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<latexit sha1_base64="B6ev28Nyziw1VvXQpHZ6JjN7WsI=">AAACEHicbVDLSsNAFJ34rPUVdelmsAhuLEkRdFMounHhooJ9QBPDZHrTDp08mJkIIfQn9Gd0JepO/AH/xmkNoq1nde4958I9x084k8qyPo2FxaXlldXSWnl9Y3Nr29zZbcs4FRRaNOax6PpEAmcRtBRTHLqJABL6HDr+6GKid+5ASBZHNypLwA3JIGIBo0TplWced+sjL8MOcI5va7geYScQhOK8hp2EjXF+5WXjH9kzK1bVmgLPE7sgFVSg6ZkfTj+maQiRopxI2bOtRLk5EYpRDuOyk0pICB2RAfQ0jUgI0s2nscb4MIgFVkPA0/m3NyehlFnoa09I1FDOapPlf1ovVcGZm7MoSRVEVFu0FqQcqxhP2sF9JoAqnmlCqGD6S0yHRBeidIdlHd+eDTtP2rWqbVXt65NK47woooT20QE6QjY6RQ10iZqohSh6QE/oFb0Z98aj8Wy8fFsXjOJmD/2B8f4F8oiaig==</latexit><latexit sha1_base64="B6ev28Nyziw1VvXQpHZ6JjN7WsI=">AAACEHicbVDLSsNAFJ34rPUVdelmsAhuLEkRdFMounHhooJ9QBPDZHrTDp08mJkIIfQn9Gd0JepO/AH/xmkNoq1nde4958I9x084k8qyPo2FxaXlldXSWnl9Y3Nr29zZbcs4FRRaNOax6PpEAmcRtBRTHLqJABL6HDr+6GKid+5ASBZHNypLwA3JIGIBo0TplWced+sjL8MOcI5va7geYScQhOK8hp2EjXF+5WXjH9kzK1bVmgLPE7sgFVSg6ZkfTj+maQiRopxI2bOtRLk5EYpRDuOyk0pICB2RAfQ0jUgI0s2nscb4MIgFVkPA0/m3NyehlFnoa09I1FDOapPlf1ovVcGZm7MoSRVEVFu0FqQcqxhP2sF9JoAqnmlCqGD6S0yHRBeidIdlHd+eDTtP2rWqbVXt65NK47woooT20QE6QjY6RQ10iZqohSh6QE/oFb0Z98aj8Wy8fFsXjOJmD/2B8f4F8oiaig==</latexit><latexit sha1_base64="B6ev28Nyziw1VvXQpHZ6JjN7WsI=">AAACEHicbVDLSsNAFJ34rPUVdelmsAhuLEkRdFMounHhooJ9QBPDZHrTDp08mJkIIfQn9Gd0JepO/AH/xmkNoq1nde4958I9x084k8qyPo2FxaXlldXSWnl9Y3Nr29zZbcs4FRRaNOax6PpEAmcRtBRTHLqJABL6HDr+6GKid+5ASBZHNypLwA3JIGIBo0TplWced+sjL8MOcI5va7geYScQhOK8hp2EjXF+5WXjH9kzK1bVmgLPE7sgFVSg6ZkfTj+maQiRopxI2bOtRLk5EYpRDuOyk0pICB2RAfQ0jUgI0s2nscb4MIgFVkPA0/m3NyehlFnoa09I1FDOapPlf1ovVcGZm7MoSRVEVFu0FqQcqxhP2sF9JoAqnmlCqGD6S0yHRBeidIdlHd+eDTtP2rWqbVXt65NK47woooT20QE6QjY6RQ10iZqohSh6QE/oFb0Z98aj8Wy8fFsXjOJmD/2B8f4F8oiaig==</latexit><latexit sha1_base64="B6ev28Nyziw1VvXQpHZ6JjN7WsI=">AAACEHicbVDLSsNAFJ34rPUVdelmsAhuLEkRdFMounHhooJ9QBPDZHrTDp08mJkIIfQn9Gd0JepO/AH/xmkNoq1nde4958I9x084k8qyPo2FxaXlldXSWnl9Y3Nr29zZbcs4FRRaNOax6PpEAmcRtBRTHLqJABL6HDr+6GKid+5ASBZHNypLwA3JIGIBo0TplWced+sjL8MOcI5va7geYScQhOK8hp2EjXF+5WXjH9kzK1bVmgLPE7sgFVSg6ZkfTj+maQiRopxI2bOtRLk5EYpRDuOyk0pICB2RAfQ0jUgI0s2nscb4MIgFVkPA0/m3NyehlFnoa09I1FDOapPlf1ovVcGZm7MoSRVEVFu0FqQcqxhP2sF9JoAqnmlCqGD6S0yHRBeidIdlHd+eDTtP2rWqbVXt65NK47woooT20QE6QjY6RQ10iZqohSh6QE/oFb0Z98aj8Wy8fFsXjOJmD/2B8f4F8oiaig==</latexit>

ky is a good quantum number,  In the Lowest Landau Level

At 𝜈 = 1, all states occupied and spins aligened along
a direction.

�ky (r) / eikyye�
(x/`�ky`)2

2
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ℓ = ℏ/𝑒𝐵



MODEL HAMILTONIAN.

Metal

~ecav
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𝑝( − 𝑒𝐴 𝑟( − 𝑒𝐴, 𝑟(
-
+ ℏ𝜔. 𝑎/𝑎 +
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2
+ 𝐻𝑒𝑒(01

𝐴 = −𝐵𝑥𝑒̂2; 𝐴, = 𝐴0𝑢 𝑥 𝑒̂3(𝑎 + 𝑎/)

Here 𝑢(𝑥) is the field profile, which we assume varies only in the 𝑥-direction in the plane of the 
sample, and 𝐴0 is a normalization constant which includes the effective cavity volume. 

We consider the electrons interact with only a single mode of the cavity 𝑎.

It is known that if the field profile is a constant, only the center-of-mass mode of the electrons 
(Kohn mode) talks to the cavity. We will assume that the field is varying  linearly with 𝑥.

2DEG at 𝜈 = 1 and second Landau level very high in energy → wemake LLLA.



However, the cavity field is typically not uniform in experiments
Linearly varying cavity vacuum field

F. Appugliese, …, J. 
Faist, Breakdown of 

topological protection 
by cavity vacuum 

fields in the integer 
quantum Hall effect, 

Science 375, 1030 
(2022)


Enkner, J., Graziotto, 
L., Boriçi, D. et 

al. Tunable vacuum-
field control of 

fractional and integer 
quantum Hall 

phases. Nature 641, 
884–889 (2025).

Âc(x) = ex A0 u(x)( ̂a − ̂a†)

U = exp [i
e

ℏc ∑
i

∫
xi

0
dx A0 u(x)( ̂a − ̂a†)]

Cavity vector 
potential modified:

Dipole 
transformation 
operator too:

For linearly varying 
cavity field: u(x) = x, U = exp [i

e
2ℏc ∑

i
x2

i A0 ( ̂a − ̂a†)]

We obtain the following many-body Hamiltonian:



DIPOLE GAUGE AND  LLLA (1).

For  𝜈 = 1, we restrict the Hilbert space to the LLL because   𝜔, =
'4
5!

≫ 𝜔., 𝐸𝑒𝑒

We want the limit 𝜔𝑐 ⟶∞mantainig ℓ = ℏ/𝑒𝐵 constant.  The way to do it is to take 
𝑚' → 0. 

The problem is that the coupling of the electrons to the cavity also comes with a *
5!
,

and the limit 𝑚' → 0 induces a divergence coupling. We therefore make a unitary 
transformation to dipole gauge

𝐻 =
1
2𝑚'

7
()*

+!

𝑝( − 𝑒𝐴 𝑟( − 𝑒𝐴, 𝑟(
-
+ ℏ𝜔. 𝑎/𝑎 +

1
2
+ 𝐻𝑒𝑒(01



DIPOLE GAUGE AND  LLLA (2).

This gets rid of the cavity coupling in the kinetic term.

U = ei
e
~A0(a+a+)

P
i '(xi)
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Now we can go ahead and project to the LLL by setting 𝑚' = 0.

‘Dipolar’ Term One-Body TermMany-Body Term



DIPOLE GAUGE HAMILTONIAN IN THE LLL

𝐻6 = ℏ𝜔. 𝑎/𝑎 + *
-
+ 𝑖𝑔 𝑎 − 𝑎/ ∑ :#

ℓ#
+ 1 𝑐;:

/ 𝑐;: +2
<#

=$
∑ :#

ℓ#
+ *
-
𝑐;:
/ 𝑐;:

+<
#

=$
∑ :%#

ℓ#
+ 1 :##

ℓ#
+ 1 𝑐;%:%

/ 𝑐;#:#
/ 𝑐;#:#𝑐;%:% + 𝐻(01

‘Dipolar’ Term One-Body Term

Many-Body Term𝑔 =
𝐴0𝑒
ℏ
𝜑(")𝜔0

• cS,X destroys an electron with spin s, and momentum ky. =X/ℓ2.
• The ‘One-Body term’ represents an effective one-body potential induced by the cavity, which “wants” the 

electrons to be at the node of 𝐸& and is the source of ground state phase transitions. 



SKETCH OF THE CALCULATIONS

• We assume that the ground state for weak-coupling is the QHFM and 
find the spin-wave excitation spectrum. There is an instability as the 
coupling to the cavity grows. 
• We carry out a DMRG calculation to find the ground state. The weak-

coupling state is indeed the QHFM, while the strong-coupling state is 
a wedding-cake structure with double occupation in the center. The 
cavity is not entangled with the electrons. 
• Inspired by the DMRG we carry out a HF assuming a “wedding cake” 

structure for the ground state and find the critical coupling to the 
nonuniform phase. 



• Electron ground state is FM at g=0,  

• When g=0, SW are formed by linear combinations of 

• Assuming the electronic part is a QHF, look for SW excitations  as function of  g and look for instabilities.

SPIN WAVE OF A QHF COUPLED TO A CAVITY.
• Electron ground state is FM at g=0,  
• When g=0, SW are formed by linear combinations of                                                
• Assuming the electronic part is a QHF, look for SW excitations  as function 

coupling g and look for instabilities.
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• The  excitations of the system are the tensorial product

SPIN WAVE OF A QHF COUPLED TO A CAVITY.

• The  excitations of the system are the lineal combinations of a  tensorial product

En
er

gy

q`
<latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit><latexit sha1_base64="j2SBpQOvDeFUmIjjTjlwEM6Hr5c=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6XnYXWNCJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceURsZR3c0SdAP+TCSAyk42VHrgXVRKdYrV9yqOxdbBi+HCuSq98qf3X4s0hAjEoob0/HchPyMa5JC4bTUTQ0mXIz5EDsWIx6i8bP5ulN2Mog1oxGy+ft3NuOhMZMwsJmQ08gserPhf14npcGln8koSQkjYSPWG6SKUcxmrVlfahSkJha40NJuycSIay7I3qZk63uLZZeheVb13Kp3e16pXeWHKMIRHMMpeHABNbiBOjRAwBie4Q3enXvnyXlxXn+iBSf/cwh/5Hx8A3dMjJ8=</latexit>

q` ! 1
<latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit><latexit sha1_base64="wYfHPdDJGRI96+6nPdZCEt0EYQY=">AAAB/XicbVDLSgNBEJz1GeNr1ZteBoPgKeyKoMegF48RzAOyIcxOerNDZh/O9CpLCPozehL15k/4A/6Nk7gHTaxTdVc1dJWfSqHRcb6shcWl5ZXV0lp5fWNza9ve2W3qJFMcGjyRiWr7TIMUMTRQoIR2qoBFvoSWP7yc6K07UFok8Q3mKXQjNohFIDhDs+rZ+7fUAympp8QgRKZUck89EQeY055dcarOFHSeuAWpkAL1nv3p9ROeRRAjl0zrjuuk2B0xhYJLGJe9TEPK+JANoGNozCLQ3dE0w5geBYmiGAKdzr+9IxZpnUe+8UQMQz2rTZb/aZ0Mg/PuSMRphhBzYzFakEmKCZ1UQftCAUeZG8K4EuZLykOmGEdTWNnEd2fDzpPmSdV1qu71aaV2URRRIgfkkBwTl5yRGrkiddIgnDySZ/JG3q0H68l6sV5/rAtWcbNH/sD6+AYxdZT5</latexit>
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Figure 3. Spin wave spectra HSF � E
ee
0 � ~!0v

(0)
' (Eq. (32)) for a linearly varying cavity field. Calculations carried out for

N = 101 electrons and 2DEG dimensions Lx = 10.1e`, Ly = 20⇡`. Highest photon occupation number retained was 20 and
⇣ = 1. Coupling strength between 2DEG and cavity photon field was varied using parameters !0, '

(1) and '
(2)

` as labeled.
In (a) and (b), electron-electron interaction is assumed to be a delta function contact potential, with scale v

ee
0 . Results are

in these cases symmetric when Qy ! �Qy. In (c), electron-electron interaction is taken to be Coulomb, with scale e
2
/`. For

stronger couplings '(2)
`, the spectra indicate an instability.

B. Spin Wave Spectrum and Ground State
Stability

We begin with a general cavity field profile which varies
at most linearly in x over surface of the 2DEG, for which
'(x) = '

(0) + '
(1)

x + '
(2)

x
2, as discussed above. Di-

rect calculations yield the various parameters entering
Eq. (32); explicit forms for these are provided in Ap-
pendix B 2. For the important example of '

(1) = 0
(antisymmetric cavity field), we find that the uniform
ferromagnetic state becomes unstable to a spin wave ex-
citation at a critical coupling g ⌘ gc that is independent
of '(2) and satisfies

gc =

p
2~!0"

1
SW

Lx/`
=

p
2~!0"

1
SW

2⇡`

Ly

N
, (33)

where "
1
SW is the spin wave energy of the quantum Hall

ferromagnet at very large momentum ~Q, Eq. (34) in the
Q ! 1 limit. For contact interactions, "1SW this energy
scale acquires the simple form "

1
SW = v

ee

0
/2⇡. Thus, the

linear relation between gc and Ly/N , obtained numeri-
cally with DMRG, can be understood from the spin wave
analysis. We note that Eq. (33) yields a critical coupling
value gc = 0.71 Ly/N for contact interactions and pa-
rameters set in DMRG calculations, whereas we extract
g̃c ⇠ 0.81±0.03 Ly/N from Fig. 1(b). The di↵erence be-
tween these values might arise from finite-size and finite
meshing e↵ects in the DMRG calculations, as well as the
mean-field nature of the spin wave analysis. We explain
the origin of Eq. (33) below.

1. Symmetric and Antisymmetric Cavity Fields

Consider first a uniform (i.e., spatially symmetric) cav-
ity field, for which '

(2) = '
(0) = 0. As has been em-

phasized previously [22, 25], coupling a cavity degree of

freedom with a uniform electric field does not modify
the excitation spectrum of a quantum Hall system when
when only a single Landau level has been retained in the
Hamiltonian. This result is equally true for the spin wave
spectrum. In this case one sees the eigenvalues of ⇧̄ have
the form ⇡'(X,Qy) = ⇣'

(1)
Qy`, which has the special

property of being independent of the guiding center X.
Moreover, the cavity-induced potential vanishes: v' = 0.
It immediately follows that the spectrum of Eq. (32)
breaks up into commuting spin wave and cavity mode
contributions, just as one finds, when their coupling g is
set to zero. We have confirmed the tensor product form
of the many-body ground and excited states of 2DEG
in a uniform cavity field using exact diagonalization and
DMRG.
We next consider an antisymmetric, linearly varying

cavity field, for which '
(1) = 0, while '

(0)
,'

(2) 6= 0. To
compare with the DMRG results, we adopt the contact
electron-electron interaction form, v

ee(r) = v
ee

0
`
2
�(r).

The spin wave dispersion of the ⌫ = 1 QHF may gen-
erally be written as [42]

"SW (Q) =

Z
d
2
q

(2⇡)2
e
�q2`2/2

h
1� e

iẑ·(~Q⇥~q)`2
i
ṽ
ee(q),

(34)
where ṽ

ee(q) is the Fourier transform of the electron-
electron interaction. For the contact interaction, this
generates a spin wave dispersion (in the absence of the
cavity) of the form

"SW (Q) =
v
ee

0

2⇡


1� e

�Q2`2

2

�
. (35)

Note that "SW ⇠ Q
2 at long wavelengths, consistent

with the spontaneously broken su(2) spin symmetry of
the ground state [18]. For Q` � 1, one sees "SW (Q)
asymptotes to a constant, as must be the case for a state
consisting of a particle-hole pair with well-defined mo-
mentum that is restricted to the LLL [43].

𝐻' = ℏ𝜔( 𝑎)𝑎 + *
+
+ 𝑖𝑔 𝑎 − 𝑎) ∑ ,#

ℓ#
+ 1 𝑐.,

) 𝑐., +2
/#

0$
∑ ,#

ℓ#
+ *

+
𝑐.,
) 𝑐.,

+/
#

0$
∑ ,%#
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#

ℓ#
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PBC in y-direction.



X X

The instability occurs at |Qyℓ2|~𝐿𝑥/2, this suggests that that the new ground state
will involve electrons being displaced from the system edge to the system center, 
creating  a non-magnetic core state.

A QUANTUM PHASE TRANSITION 
due to the competition between light-matter and e-e interactions 



HOW IS THE NEW GROUND STATE?

DENSITY MATRIX RENORMALIZATION GROUP.
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Figure 2. (a) Electronic interaction energy E
e
GS = h gs|H̄ee

int| gsi with respect to light-matter coupling strength g. The
orange vertical line shows the transition line between the quantum Hall ferromagnet (QHF) and the compact core phases.
(b) Half-chain von Neumann entanglement entropy with respect to compact core size nd for di↵erent cylinder circumferences
at N = 24. The core size nd = 0 corresponds to the vacuum-dressed QHF. As Ly increases, more compact core states with
nonzero entanglement entropy emerges. (c) Electronic density with respect to orbital position for di↵erent g, showing the
vacuum-dressed QHF (uniform-density) and two compact-core phases (non-uniform density with a compact core of doubly
occupied sites). Subfigures (a,c,d) are for N = 24 orbitals (electrons) and Ly = 8.

tronic interaction energy of the ground state | gsi, given
by E

e

GS
= h gs|H̄

ee

int
| gsi, precisely vanishes, as illus-

trated in Fig. 2(a). Because this is a state of a Hamilto-
nian with su(2) spin symmetry, the Sz = 0 state sector
for even N – the focus of our DMRG studies – may be
arrived at starting from a fully spin-polarized state and
acting upon it with the total spin lowering operator N/2
times [39]. The resulting ground state is an equal super-
position of all states with a single electron in each orbital
Xn, with half the electrons having each of the two spin
values. This results in a finite bi-partite entanglement en-
tropy (Fig. 2(b) with nd = 0), SL/2 = Tr

⇥
⇢L/2 log ⇢L/2

⇤
,

where ⇢L/2 = TrL/2| eih e| is the reduced density ma-
trix after tracing over the half the electron system, as well
as the photon degree of freedom. The electrons in this
state have uniform density (Fig. 2(c) blue-squares), and,
moreover, a vanishing magnetization density [Fig. 2(d)],
since the DMRG is restricted to run in Sz = 0 sector.
The connection between this state and the fully polar-
ized uniform QHF state motivates our analytical spin-
wave analysis for the hybrid system in Sec. ??.

For g > gc, the uniform QHF state breaks down, and
transitions into a cascade of compact core phases as g

increases. An important property of these phases is that
their electron density is non-uniform, hosting a compact
core of doubly occupied states, as illustrated in Fig. 2(c).
We denote the core size by nd, the number of doubly

occupied orbitals Xn. At the breakdown of the uniform
QHF state, i.e., the first transition, nd is small, and the
compact core is flanked by singly occupied orbitals on
either side, as illustrated qualitatively in Fig. 1(a). The
spinful regions in the two flanks can be entangled, as
seen in Fig. 2(b). Interestingly, the edges of the com-
pact core are uniform [cf. Fig. 2(c)] with a fixed mag-
netization density [Fig. 2(d)]. It should be noted that
the magnetization profile for a compact core state at a
given g such as those illustrated in Fig. 2(d) is only
one possibility among several at the same energy. The
degeneracies of such states is discussed below. Thus, the
new phase of the electron system can be understood as
spatially fragmented uniform QHF states, separated by
a compact core, whose ramifications will be discussed in
Sec. VB.

The electron-electron interaction energy of this state
can be understood by finding the size of the compact
core, Fig. 2(a), because the uniform QHF flanks do not
contribute to the electronic interaction energy within the
uniform QHF flanks. As the light-matter coupling in-
creases, the size of the compact core increases, as illus-
trated in Figs. 2(a) and (c). At large enough coupling
this leads to a fully compact state, i.e., all orbitals Xn

doubly-occupied or empty. This final state is a product
of doubly occupied Xn orbitals, and hence has bipartite
entanglement entropy SL/2 = 0. We also observe that

N=24, Sz=0, 𝑉 = v!ℓ"𝛿(𝑟)

U



4g2/ℓ4 ∝ g2/ω0vee
0
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• The many-body GS is always a tensor product |𝜓𝑒 >⊗ |𝜓𝑝 > (Dipole Gauge)

No entanglement between the 2DEG and the cavity. S=Tr[𝜌𝑒log𝜌𝑒] = 0.

• However the  coupling modifies  both the  properties of the 2DEG and the 

cavity.

• The QHF is broken into a central compact core of double occupied states, edge 

states forming QHF flanks and empty states. 

• In the dipole gauge the cavity ground state is a coherent state |Ψ𝑝 > ~𝑎|0>

• The expectation value of the number of photons in the system increases with 

the coupling.  Change slope at the transition.

DENSITY MATRIX RENORMALIZATION GROUP. Results. 
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as possible to the node in u(x). Thus, our electronic
HF state | HF

e
i ⌘ | HF

e
(nd)i has a definite number of

electrons at each guiding center. Here nd defines the
compact core size. Using this, we can easily evaluate the
variational energy of our trial state,

Evar = ~!0
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After some algebra one finds

h HF

e
(nd)|⇧̄| HF

e
(nd)i =

⇣

`

X

↵,n

n↵(Xn)'n ⌘ D(nd),

where n↵(Xn) is the occupation of spin ↵ at guiding cen-
ter Xn.

The cases of nd odd and even must be considered sep-
arately. (i) nd ⌘ 2jd+1. We choose the doubly occupied
guiding centers to be j 2 [�jd, jd]. The singly occupied
guiding centers are j 2 [�jmax + jd + 1,�jd � 1]

S
[jd +

1, jmax � jd]. A direct calculation yields

D(2jd + 1) =
4⇡2

`
3
⇣'

(2)

3L2
y

�
2j3

max
� 6j2

max
jd + 6jmaxjd

+ jmax + 3j2d
�
. (40)

(ii) nd = 2jd. Here we choose the double occupied guid-
ing centers to be j 2 [�jd+1, jd], and the singly occupied
guiding centers are j 2 [�jmax+ jd,�jd]

S
[jd+1, jmax�

jd]. In this case

D(2jd) =
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`
3
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3L2
y

�
2j3

max
� 6j2
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Finally, we turn to the electron-electron interaction en-
ergy. As in the DMRG analysis we adopt contact inter-
action. Assuming that Lx, Ly � ` and nd ⌧ N , we
obtain

h HF

e
(nd)|Hint| HF

e
(nd)i ⇡

v
ee

0

2⇡
nd. (42)

Putting the ingredients together, the variational energy
of the state becomes

Evar = ~!0 [p�D(nd)]
2 +

~!0

2

+ 2⇣`~!0'
(2)

D(nd) +
v
ee

0

2⇡
nd. (43)

Note that the coe�cient in front of D(nd) is 2g =
2⇣'(2)

`~!0. Variational energy Evar as a function of nd

for di↵erent dimensionless light-matter coupling ⇣ are
shown in Fig. 5(a). It is evident that there will be a
cascade of transitions from the QHF (with nd = 0) with
nd taking integer values.

(a) (b)

Figure 5. (a) The variational ground state energy, Eq. (43),
as a function of the compact core size nd for various values
of the dimensionless light-matter coupling ⇣. The parameters

are �X = 2⇡`2

Ly
= 0.1`, Lx = Ly, N = 629, and v

ee
0 = ~!0.

For small ⇣ the minimum lies at nd = 0, which corresponds
to QHF phase. Beyond ⇣c ⇡ 0.326, the minimum of the vari-
ational energy occurs at nd 6= 0. (b) The compact core size
nd minimizing the variational energy with respect to the di-
mensionless light-matter coupling ⇣. Beyond ⇣c ⇡ 0.326, the
optimal nd increases monotonically with ⇣. Do we have the
same size for (b)?

The value of the variational parameter p that mini-
mizes the energy is popt = D(nd), which determines the
displacement of the cavity mode oscillator. With this
substitution, one has to minimize the the variational en-
ergy with respect to nd. This yields an approximate value
for the ground state as a function of ⇣ and the other sys-
tem parameters.

In Fig. 5(b) we show how the compact core size nd

changes as a function of ⇣. The functional form of the
core size suggests that the breakdown of QHF phase into
compact core phases occurs via a second order phase
transition in the thermodynamic limit. The critical ⇣
for this first transition, from nd = 0 ! nd = 1, may be
found analytically. This is accomplished by examining
the di↵erence

Evar(1)� Evar(0) =
v
ee

0

2⇡
+ 2g [D(1)�D(0)]

=
v
ee

0

2⇡
� 8⇡2

j
2
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`
2

L2
y

g
2

~!0

. (44)

The transition occurs when the two terms are equal. Not-
ing that jmax ⇡ N/2 we obtain a condition for the critical
coupling gc,

gc =
1

2⇡`

r
v
ee

0
~!0

⇡

Ly

N
.

This is exactly the same prediction found in the SW anal-
ysis, Eq. (33). This corresponds to a dimensionless crit-

ical light-matter coupling expression ⇣c =
q

vee
0

3⇡~!0
, and

for a set of parameters, Lx = Ly = 20⇡`, N = 629, and
v
ee

0
= ~!0 this value is ⇣c ⇠ 0.326, as visible in Fig. 5(b).
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as possible to the node in u(x). Thus, our electronic
HF state | HF

e
i ⌘ | HF

e
(nd)i has a definite number of

electrons at each guiding center. Here nd defines the
compact core size. Using this, we can easily evaluate the
variational energy of our trial state,
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After some algebra one finds

h HF

e
(nd)|⇧̄| HF

e
(nd)i =

⇣
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n↵(Xn)'n ⌘ D(nd),

where n↵(Xn) is the occupation of spin ↵ at guiding cen-
ter Xn.

The cases of nd odd and even must be considered sep-
arately. (i) nd ⌘ 2jd+1. We choose the doubly occupied
guiding centers to be j 2 [�jd, jd]. The singly occupied
guiding centers are j 2 [�jmax + jd + 1,�jd � 1]

S
[jd +

1, jmax � jd]. A direct calculation yields
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(ii) nd = 2jd. Here we choose the double occupied guid-
ing centers to be j 2 [�jd+1, jd], and the singly occupied
guiding centers are j 2 [�jmax+ jd,�jd]

S
[jd+1, jmax�

jd]. In this case

D(2jd) =
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Finally, we turn to the electron-electron interaction en-
ergy. As in the DMRG analysis we adopt contact inter-
action. Assuming that Lx, Ly � ` and nd ⌧ N , we
obtain

h HF

e
(nd)|Hint| HF

e
(nd)i ⇡

v
ee

0

2⇡
nd. (42)

Putting the ingredients together, the variational energy
of the state becomes

Evar = ~!0 [p�D(nd)]
2 +

~!0

2

+ 2⇣`~!0'
(2)

D(nd) +
v
ee

0

2⇡
nd. (43)

Note that the coe�cient in front of D(nd) is 2g =
2⇣'(2)

`~!0. Variational energy Evar as a function of nd

for di↵erent dimensionless light-matter coupling ⇣ are
shown in Fig. 5(a). It is evident that there will be a
cascade of transitions from the QHF (with nd = 0) with
nd taking integer values.

(a) (b)

Figure 5. (a) The variational ground state energy, Eq. (43),
as a function of the compact core size nd for various values
of the dimensionless light-matter coupling ⇣. The parameters

are �X = 2⇡`2

Ly
= 0.1`, Lx = Ly, N = 629, and v

ee
0 = ~!0.

For small ⇣ the minimum lies at nd = 0, which corresponds
to QHF phase. Beyond ⇣c ⇡ 0.326, the minimum of the vari-
ational energy occurs at nd 6= 0. (b) The compact core size
nd minimizing the variational energy with respect to the di-
mensionless light-matter coupling ⇣. Beyond ⇣c ⇡ 0.326, the
optimal nd increases monotonically with ⇣. Do we have the
same size for (b)?

The value of the variational parameter p that mini-
mizes the energy is popt = D(nd), which determines the
displacement of the cavity mode oscillator. With this
substitution, one has to minimize the the variational en-
ergy with respect to nd. This yields an approximate value
for the ground state as a function of ⇣ and the other sys-
tem parameters.

In Fig. 5(b) we show how the compact core size nd

changes as a function of ⇣. The functional form of the
core size suggests that the breakdown of QHF phase into
compact core phases occurs via a second order phase
transition in the thermodynamic limit. The critical ⇣
for this first transition, from nd = 0 ! nd = 1, may be
found analytically. This is accomplished by examining
the di↵erence
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The transition occurs when the two terms are equal. Not-
ing that jmax ⇡ N/2 we obtain a condition for the critical
coupling gc,

gc =
1

2⇡`

r
v
ee

0
~!0

⇡
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N
.

This is exactly the same prediction found in the SW anal-
ysis, Eq. (33). This corresponds to a dimensionless crit-

ical light-matter coupling expression ⇣c =
q

vee
0

3⇡~!0
, and

for a set of parameters, Lx = Ly = 20⇡`, N = 629, and
v
ee

0
= ~!0 this value is ⇣c ⇠ 0.326, as visible in Fig. 5(b).

Continuous transition, order parameter nd
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Figure 1. (a) The schematics on the ground state phases of 2DEG in Sz = 0 magnetization sector and on a cylinder embedded
in a cavity with linear field profile. For smaller light-matter coupling than a critical coupling gc, the matter is a vacuum-
dressed Quantum Hall Ferromagnet (QHF), which is a uniform state with SU(2) symmetry. For larger light-matter couplings,
a new phase of matter emerges with non-uniform states featuring a compact core of electrons occupying the core of 2DEG
with entangled uniform QHF states at the core edges. (b) The phase diagram with all density-matrix renormalization group
results collapse on a line in the plane of critical coupling gc and system size parameter Ly/N , where Ly and N are cylinder
circumference and electron number, respectively.

Can enhanced vacuum fluctuations of a photon mode
coupled to the electrons qualitatively change the state
of a quantum Hall ferromagnet? What is the impact of
a coupled cavity mode on low-lying excited states of the
electronic system? Recent experiments [20] on such sys-
tems in fact exhibit di↵erences in transport for quantum
Hall systems at even and odd integer fillings which are
impacted by coupling to a cavity, suggesting that spin
indeed plays a non-trivial role. Hence, the focus of our
study is on one of the simplest realizations of QHF, the
⌫ = 1 quantum Hall system. In particular we evaluate
the impact of coupling to a non-uniform cavity mode, fo-
cusing on the strong magnetic field limit and projecting
the state to the lowest Landau level (LLL). The top panel
in Fig. 1(a) shows a schematic of a uniform QHF state –
a fully filled Landau level, realizing an SU(2)-symmetric
ferromagnet.

Recalling that non-trivial coupling of internal degrees
of freedom of the quantum Hall system to the cavity
mode becomes possible when the electric field of the lat-
ter is spatially-varying, we consider the simplest realiza-
tion of this: a field that varies linearly with position.
We find that, indeed, for su�ciently strong coupling,
the ground state reorganizes dramatically from the uni-
form ferromagnetic state. The change in behavior is sig-
naled by an instability in the spin wave spectrum, which
we show, within the LLL approximation, may be com-
puted exactly. The results are qualitatively the same for
both short-range electron-electron interactions and for
Coulomb interactions. To investigate the new ground
states and the transition from the QHF, we undertake
density-matrix renormalization group (DMRG) studies
for the simplest non-trivial case of a spatially antisym-
metric, linearly varying cavity potential. The results in-
dicate that when an instability sets in, charge is trans-
ferred away from regions of high cavity electric field to

regions where its magnitude is low. This results in a
state with a “compact core” of doubly-occupied orbitals,
singly-filled orbitals on its flanks that are essentially uni-
form QHF states, and unoccupied electron orbitals at the
physical system edges. We show that such ‘flank-core-
flank’ states can host entanglement across the compact
core. This phase is schematically sketched in the bottom
panel of Fig. 1(a).
Remarkably, although the electron flanks may become

entangled, the state does not involve entanglement be-
tween the electron and photon degrees of freedom, as we
show using DMRG. It is instead largely induced by an
e↵ective single particle potential that emerges when the
Hamiltonian is properly projected into the LLL. Moti-
vated by its relative simplicity, we undertake mean-field
studies of the ground state, and demonstrate the compact
core nucleates in a continuous phase transition for large
system sizes, provided the thermodynamic limit is taken
in a way that preserves the cavity field profile across the
sample.
Extensive DMRG simulations for various system sizes

then demonstrate that, when the electric field of the cav-
ity mode is antisymmetric [ ~E(x) = � ~E(�x)], the crit-
ical light-matter coupling gc / Ly/N , where Ly is the
electron gas dimension perpendicular to the electric field
direction and N is the electron number, provided the
system is in the large circumference limit Ly � `, with `

being the magnetic length. This result is highlighted in
Fig. 1(b). We find that both a spin wave and a compact
core mean-field theory (MFT) analyses lead to a simple
expression for the phase boundary that is consistent with
the linear relation in Fig. 1(b), [I changed the expression
to the case with e-e interaction strength:]
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N
. (1)
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as possible to the node in u(x). Thus, our electronic
HF state | HF

e
i ⌘ | HF

e
(nd)i has a definite number of

electrons at each guiding center. Here nd defines the
compact core size. Using this, we can easily evaluate the
variational energy of our trial state,
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After some algebra one finds
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n↵(Xn)'n ⌘ D(nd),

where n↵(Xn) is the occupation of spin ↵ at guiding cen-
ter Xn.

The cases of nd odd and even must be considered sep-
arately. (i) nd ⌘ 2jd+1. We choose the doubly occupied
guiding centers to be j 2 [�jd, jd]. The singly occupied
guiding centers are j 2 [�jmax + jd + 1,�jd � 1]

S
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1, jmax � jd]. A direct calculation yields
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(ii) nd = 2jd. Here we choose the double occupied guid-
ing centers to be j 2 [�jd+1, jd], and the singly occupied
guiding centers are j 2 [�jmax+ jd,�jd]

S
[jd+1, jmax�

jd]. In this case

D(2jd) =
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Finally, we turn to the electron-electron interaction en-
ergy. As in the DMRG analysis we adopt contact inter-
action. Assuming that Lx, Ly � ` and nd ⌧ N , we
obtain

h HF

e
(nd)|Hint| HF

e
(nd)i ⇡

v
ee

0
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nd. (42)

Putting the ingredients together, the variational energy
of the state becomes

Evar = ~!0 [p�D(nd)]
2 +

~!0
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+ 2⇣`~!0'
(2)

D(nd) +
v
ee

0
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Note that the coe�cient in front of D(nd) is 2g =
2⇣'(2)

`~!0. Variational energy Evar as a function of nd

for di↵erent dimensionless light-matter coupling ⇣ are
shown in Fig. 5(a). It is evident that there will be a
cascade of transitions from the QHF (with nd = 0) with
nd taking integer values.

(a) (b)

Figure 5. (a) The variational ground state energy, Eq. (43),
as a function of the compact core size nd for various values
of the dimensionless light-matter coupling ⇣. The parameters

are �X = 2⇡`2

Ly
= 0.1`, Lx = Ly, N = 629, and v

ee
0 = ~!0.

For small ⇣ the minimum lies at nd = 0, which corresponds
to QHF phase. Beyond ⇣c ⇡ 0.326, the minimum of the vari-
ational energy occurs at nd 6= 0. (b) The compact core size
nd minimizing the variational energy with respect to the di-
mensionless light-matter coupling ⇣. Beyond ⇣c ⇡ 0.326, the
optimal nd increases monotonically with ⇣. Do we have the
same size for (b)?

The value of the variational parameter p that mini-
mizes the energy is popt = D(nd), which determines the
displacement of the cavity mode oscillator. With this
substitution, one has to minimize the the variational en-
ergy with respect to nd. This yields an approximate value
for the ground state as a function of ⇣ and the other sys-
tem parameters.

In Fig. 5(b) we show how the compact core size nd

changes as a function of ⇣. The functional form of the
core size suggests that the breakdown of QHF phase into
compact core phases occurs via a second order phase
transition in the thermodynamic limit. The critical ⇣
for this first transition, from nd = 0 ! nd = 1, may be
found analytically. This is accomplished by examining
the di↵erence
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The transition occurs when the two terms are equal. Not-
ing that jmax ⇡ N/2 we obtain a condition for the critical
coupling gc,

gc =
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ee
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N
.

This is exactly the same prediction found in the SW anal-
ysis, Eq. (33). This corresponds to a dimensionless crit-

ical light-matter coupling expression ⇣c =
q

vee
0

3⇡~!0
, and

for a set of parameters, Lx = Ly = 20⇡`, N = 629, and
v
ee

0
= ~!0 this value is ⇣c ⇠ 0.326, as visible in Fig. 5(b).
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Figure 2. (a) Electronic interaction energy E
e
GS = h gs|H̄ee

int| gsi with respect to light-matter coupling strength g. The
orange vertical line shows the transition line between the quantum Hall ferromagnet (QHF) and the compact core phases.
(b) Half-chain von Neumann entanglement entropy with respect to compact core size nd for di↵erent cylinder circumferences
at N = 24. The core size nd = 0 corresponds to the vacuum-dressed QHF. As Ly increases, more compact core states with
nonzero entanglement entropy emerges. (c) Electronic density with respect to orbital position for di↵erent g, showing the
vacuum-dressed QHF (uniform-density) and two compact-core phases (non-uniform density with a compact core of doubly
occupied sites). Subfigures (a,c,d) are for N = 24 orbitals (electrons) and Ly = 8.

mode volume in g with the 2DEG size V = �LyLx =
�N2⇡`2, where � is light confinement parameter on the
plane [40]. The magnetic length is fixed to ` = 1 and
the cavity frequency to !0 = 10. Our focus is on identi-
fying the phases of this hybrid light-matter system with
respect to g, as the total orbital number N and cylinder
circumference Ly are varied. Although we present results
for these specific parameters, we find that the qualitative
nature of the phases, as well as the transitions between
them, hold independent of the parameter choice.

The Hamiltonian is encoded as a matrix product op-
erator on a mixed tensor of spinful fermions and a sin-
gle bosonic (photonic) mode coupled to every fermionic
orbital site. We note that due to the nature of this non-
local photon-matter coupling, more DMRG sweeps than
typical are needed for satisfactory convergence. More de-
tails on the simulations and how we achieve convergence
can be found in Appendix D. We find that the dressed
mean photon number (see Eq. (E10) in Appendix E) re-
mains hn̂D

ph
i = 0 in the many-body ground state [25] re-

gardless of light-matter coupling values, that are tested.
This stands as a crucial convergence criteria, as we ob-
serve hn̂D

ph
i > 0 in unconverged DMRG sweeps, and hn̂D

ph
i

steadily approaches 0 as convergence is achieved.

Our first key finding is that the many-body ground
state is always a tensor product of 2DEG and the cavity
| gsi = | ei⌦| pi, regardless of the light-matter interac-

tion strength. Hence, no entanglement builds up between
the 2DEG and cavity, Se = Tr [⇢e log ⇢e] = 0, where ⇢e
is the electronic state, ⇢e = Trp| gsih gs|. However, the
interaction can still alter the properties of the 2DEG and
the cavity. For example, the electronic system drives the
cavity to be a coherent state in the Coulomb gauge (Ap-
pendix F), and the QHF breaks down as light-matter
coupling g increases into what we call “compact-core
phases”, Fig. 1(a).

We find that for g < gc, where gc is the critical light-
matter coupling, the QHF phase is a stable phase of
2DEG. Concretely, the electronic interaction energy of
the ground state | gsi, that is E

e

GS
= h gs|H̄ee

int
| gsi, is

found to be exactly zero, Fig. 2(a). Because this state is
an su(2) ferromagnet in a fixed Sz = 0 symmetry sector,
the ground state is a symmetric superposition of all spin
flip states, resulting in finite bi-partite entanglement en-
tropy (Fig. 2(b) at nd = 0), SL/2 = Tr

⇥
⇢L/2 log ⇢L/2

⇤
,

where ⇢L/2 = TrL/2| eih e| is the reduced density ma-
trix after tracing over the half of the system and the
photon tensor. As expected, the electron density is uni-
form, Fig. 2(c) blue-squares, with a vanishing magneti-
zation density (d), since the DMRG is restricted to run
in Sz = 0 sector. These findings motivate our analytical
spin-wave analysis for this hybrid in Sec. IV.

For g > gc, the QHF breaks down and transitions into
a cascade of compact core phases, as g increases. An

MF, N=629DMRG, N=24

<latexit sha1_base64="S5z49T+AjKJLKarr574IyToVPK8="></latexit>



• Optical cavity with non-uniform electric field coupled to a QHF. 
• Instability in the SDW indicates uniform QHF reorganizes.
• DMRG  calculations non entanglement electrons-photons (Dipole Gauge).
• DMRG results indicate charge transfer to region where the magnitude electric field is low.  
• QHF-Non Magnetic Core-QHF

• Hartree-Fock calculations describes a second order phase transition and properties of                 
the new state.

• The photon state is also modified at the electronic transition.

12

as possible to the node in u(x). Thus, our electronic
HF state | HF
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electrons at each guiding center. Here nd defines the
compact core size. Using this, we can easily evaluate the
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After some algebra one finds
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n↵(Xn)'n ⌘ D(nd),

where n↵(Xn) is the occupation of spin ↵ at guiding cen-
ter Xn.

The cases of nd odd and even must be considered sep-
arately. (i) nd ⌘ 2jd+1. We choose the doubly occupied
guiding centers to be j 2 [�jd, jd]. The singly occupied
guiding centers are j 2 [�jmax + jd + 1,�jd � 1]

S
[jd +

1, jmax � jd]. A direct calculation yields

D(2jd + 1) =
4⇡2

`
3
⇣'

(2)

3L2
y

�
2j3

max
� 6j2

max
jd + 6jmaxjd

+ jmax + 3j2d
�
. (40)

(ii) nd = 2jd. Here we choose the double occupied guid-
ing centers to be j 2 [�jd+1, jd], and the singly occupied
guiding centers are j 2 [�jmax+ jd,�jd]

S
[jd+1, jmax�

jd]. In this case

D(2jd) =
4⇡2

`
3
⇣'

(2)

3L2
y

�
2j3

max
� 6j2

max
jd + 6jmaxjd

+jmax + 3j2d + 3j2
max

� 6jmaxjd

�
. (41)

Finally, we turn to the electron-electron interaction en-
ergy. As in the DMRG analysis we adopt contact inter-
action. Assuming that Lx, Ly � ` and nd ⌧ N , we
obtain

h HF

e
(nd)|Hint| HF

e
(nd)i ⇡

v
ee

0

2⇡
nd. (42)

Putting the ingredients together, the variational energy
of the state becomes

Evar = ~!0 [p�D(nd)]
2 +

~!0

2

+ 2⇣`~!0'
(2)

D(nd) +
v
ee

0

2⇡
nd. (43)

Note that the coe�cient in front of D(nd) is 2g =
2⇣'(2)

`~!0. Variational energy Evar as a function of nd

for di↵erent dimensionless light-matter coupling ⇣ are
shown in Fig. 5(a). It is evident that there will be a
cascade of transitions from the QHF (with nd = 0) with
nd taking integer values.

(a) (b)

Figure 5. (a) The variational ground state energy, Eq. (43),
as a function of the compact core size nd for various values
of the dimensionless light-matter coupling ⇣. The parameters

are �X = 2⇡`2

Ly
= 0.1`, Lx = Ly, N = 629, and v

ee
0 = ~!0.

For small ⇣ the minimum lies at nd = 0, which corresponds
to QHF phase. Beyond ⇣c ⇡ 0.326, the minimum of the vari-
ational energy occurs at nd 6= 0. (b) The compact core size
nd minimizing the variational energy with respect to the di-
mensionless light-matter coupling ⇣. Beyond ⇣c ⇡ 0.326, the
optimal nd increases monotonically with ⇣. Do we have the
same size for (b)?

The value of the variational parameter p that mini-
mizes the energy is popt = D(nd), which determines the
displacement of the cavity mode oscillator. With this
substitution, one has to minimize the the variational en-
ergy with respect to nd. This yields an approximate value
for the ground state as a function of ⇣ and the other sys-
tem parameters.

In Fig. 5(b) we show how the compact core size nd

changes as a function of ⇣. The functional form of the
core size suggests that the breakdown of QHF phase into
compact core phases occurs via a second order phase
transition in the thermodynamic limit. The critical ⇣
for this first transition, from nd = 0 ! nd = 1, may be
found analytically. This is accomplished by examining
the di↵erence

Evar(1)� Evar(0) =
v
ee

0

2⇡
+ 2g [D(1)�D(0)]

=
v
ee

0

2⇡
� 8⇡2

j
2

max

`
2

L2
y

g
2

~!0

. (44)

The transition occurs when the two terms are equal. Not-
ing that jmax ⇡ N/2 we obtain a condition for the critical
coupling gc,

gc =
1

2⇡`

r
v
ee

0
~!0

⇡

Ly

N
.

This is exactly the same prediction found in the SW anal-
ysis, Eq. (33). This corresponds to a dimensionless crit-

ical light-matter coupling expression ⇣c =
q

vee
0

3⇡~!0
, and

for a set of parameters, Lx = Ly = 20⇡`, N = 629, and
v
ee

0
= ~!0 this value is ⇣c ⇠ 0.326, as visible in Fig. 5(b).

SUMMARY
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