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Thermal Hall conductivity reminders

κ =
κxx κxy κxz
κyx κyy κyz
κzx κzy κzz

Longitudinal =  κL

Hall conductivity:
1
2 ( )= κH−

 is time reversal (TR)-odd    chiral energy carriersκH ⇒

κ = κ(T, B, ⋯)
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jE = →ω→T



Pyrochlore FM — Lu2V2O7, Ho2V2O7, In2Mn2O7

Kagome ferro/paramagnet — Cu(1,3-bcd)

Honeycomb FM — VI3 magnons?

Cubic AF — Cu3TeO6

phonons?
Pyrochlore AF/paramagnet — Tb2Ti2O7, 

diluted Tb  Y→

Kagome AF/paramagnet — volborthite, 
(Ca/Cd)-kapellasite

???

Honeycomb AF/paramagnet — -RuCl3α

Energy carriers: certainly neutral — bosons, fermions? — what mechanism?

phonons/magnons
/majoranas?

(2010, 2012)

(2015,2019)

(2015)

(2016, 2018, 2020)

(2021)

(2022)

(2018 +)

Experimental results in insulating magnets



Mechanisms for anomalous Hall effects

Wish list for neutral (non-conserved) bosons: want to describe both simultaneously

Intrinsic —

<latexit sha1_base64="ey3AKe+bVuW2v0U3I6pbOYaeBtY="></latexit>(
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Ẋ = ωpE → ṗ↑ !

<latexit sha1_base64="DWUh1JoNI2esb0ECB5n5GoEg5hA="></latexit>

ṗ = q(→ωXε+ Ẋ ↑B)

Collisions — especially skew-scattering

 = Berry curvatureΩ

«                                        » «    
                                  

              »

Structure of a kinetic equation:

<latexit sha1_base64="XLk1CysuBurGDQy41P5CQP7g6RI="></latexit>

Dt = ωt + Ẋ ωX + ṗ ωp

intrinsic collisions
<latexit sha1_base64="kEqIS/wikobgSRDe7B+J76/vDOc="></latexit>

DtFn(p,X) = In(p,X)
[
Fn→(p→, X →)

]

<latexit sha1_base64="AQwmg/28fntvxsPc/3k7yrGdOWs="></latexit>

In(p) =
∑

n→,p→Wnp→n→p→ (Fn→p→ → Fnp)

↑ 2ω ε(Enp → En→p→)



Intrinsic AHE: what is different for neutral bosons?

Semiclassical (wavepacket) 
equations of motion: anomalous 

velocity

<latexit sha1_base64="ey3AKe+bVuW2v0U3I6pbOYaeBtY="></latexit>(
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Ẋ = ωpE → ṗ↑ !
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ṗ = q(→ωXε+ Ẋ ↑B)

Problem n°1: whence  for neutral particles?− ·p × Ω
<latexit sha1_base64="VyfqtNYORcVBbKAg1y2S6Pa2504="></latexit>

→ωXE ?

For  charge-carrying conserved 
particles:

U(1)

(Ward identity)
<latexit sha1_base64="Lc0YYYC+R6UO3Scc5Tv0tchAhSw="></latexit>

jc = → ωS
ωA

<latexit sha1_base64="lso0obliwi3Cjxms3+P+0gBRFLE="></latexit>

jc(X) =
∑

n

∫

p
(→e) Ẋn Fn(X, p)

Problem n°2: what is the energy current?

From the vector potential: ?

Landauer’s picture: edge modes with velocity

<latexit sha1_base64="YMxVBa13JLorxg8c3XTj32N18qk="></latexit>

ωn(p,X)

<latexit sha1_base64="XsRbv7J0wRel8wivJlEhd2TkZsQ="></latexit>

X
<latexit sha1_base64="24GeEtVBSj9Vr/xYX3K4z/idsRg="></latexit>

Ẋ
∣∣
R/L

= ωXεn(p,X)
∣∣
R/L

→!

Problem n°3: how to enforce boundaries?

However: potential fixed to zero for non-conserved particles!



Inhomogeneous theory

Inhomogeneous setup

Ingredients:

- Any set of real bosonic fields

- Hamiltonian: any hermitian quadratic form

�a(r)
<latexit sha1_base64="mqUcV2af3Z8iRGCZHgpd6cwoJdM="></latexit>

<latexit sha1_base64="BJBtjS4arcfJaBCwzQqk1isvx50="></latexit>

H =
1

2

Z

r,r0
�a(r)Hab(r, r

0
)�b(r

0
)

- Phonons: u displacement,  momentumπ

Examples:

- Magnons in an AF: n staggered, m net 
magnetization fluctuations

<latexit sha1_base64="OK8LubdlefBe68KR02foLbVFz68="></latexit>

!(r) = (ux, uy, uz,ωx,ωy,ωz) @ r

(order along z)

<latexit sha1_base64="+S++9wIUgS88LMoihMLP/J9J8iE="></latexit>

!(r) = (nx, ny,mx,my) @ r

Goal: obtaining the kinetic equation and intrinsic thermal Hall conductivity of the  bosons.Φ

Free fields: means 

dynamical matrix (obtained directly from )𝖧

<latexit sha1_base64="QjrugwUxI44Tk1LkZHrnjqfENgw="></latexit>

i⊋ ωt!a(r) =

∫

r→
Kab(r, r

→)!b(r
→)



Inhomogeneous kinetic theory for neutral bosons

We want the time evolution of the density matrix
<latexit sha1_base64="CdvGXdoHZ9RMG3P1L6VPllJrzaY="></latexit>

Fab(r, r
→) = 1

2 →{!a(r),!b(r
→)}↑

<latexit sha1_base64="h+JycWjOs0HrHN79gugAJSWiqGo="></latexit>

i⊋ωtF(r, r→) =
∫

r→→

[
K(r, r→→)F(r→→, r→)→ F(r, r→→)K†(r→→, r→)

]
THE END?

<latexit sha1_base64="9Bsq5S5f0XLZC1iGnhCqbswFH6A="></latexit>

fn

<latexit sha1_base64="swhhhjnz2nvEhKSvcGgSiveo7II="></latexit>!n

<latexit sha1_base64="w+wVbT3a0dB12+7CQZrkuD3yFU8="></latexit>

(k,X)

Formal wish list

A proper kinetic theory (cf Boltzmann’s equation)
should be made local in phase space (k,X) coordinates

 are matrices (size 2N, N = number of modes).
Intuition: free particles  should be able to diagonalize
𝖥, 𝖪

⇒

Technicalities

Inhomogeneous theory  cannot diagonalize "as usual" — need ⇒
<latexit sha1_base64="lg4RsTgHta3WGPFAjv9aBjUnVCA="></latexit>

ω = e
i
2 (

→↑
ωX

↑↓
ωk↑

→↑
ωk

↑↓
ωX)⊋



<latexit sha1_base64="z/2GUVF1+kLh73z9KWdOye31GrE="></latexit>

i⊋ ωtFd =
[
Kd ε Fd → Fd ε Kd

]
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@(k,X)Result:

<latexit sha1_base64="lg4RsTgHta3WGPFAjv9aBjUnVCA="></latexit>

ω = e
i
2 (

→↑
ωX

↑↓
ωk↑

→↑
ωk

↑↓
ωX)⊋

PRB 109, 235137
L. M., L. Savary, L. Balents

Derived (not postulated) the semiclassical equations of motion.
Identified the proper eigenbasis, phase-space covariant coordinates, etc.

What is new there?

Will be useful later!

Inhomogeneous kinetic theory for neutral bosons

<latexit sha1_base64="ey3AKe+bVuW2v0U3I6pbOYaeBtY="></latexit>(
<latexit sha1_base64="DoE4WBvPqkMCPWNFJZbO9bKx4CA="></latexit>(
ωt + ẊµωXµ + ṗµωpµ

)
Fd(X, p, t) = 0

Explicitly to leading order: anomalous velocity

<latexit sha1_base64="QkfpyykABGyODKr8sNpYA0Dod6I="></latexit>

ṗ = →ωX Kd + . . .
from the inhomogeneous 

theory

<latexit sha1_base64="ZsNfA3BmVtjdbVs1ZXwGTE+JpeI="></latexit>

Ẋ = ωp Kd → ṗ↑ !+ . . .

 = Berry curvatureΩ



Phase-space density of energy current

Energy density:
<latexit sha1_base64="spaMRvNeYs6xbJVAciOwbXXB1ik="></latexit>

H =

Z

k,X

1
2 Tr[H ? F] =:

Z

k,X
H(k,X)

<latexit sha1_base64="QKBVcNMefog0//JPoEhgk0HaKVs=">AAACOHicbVDJSgNBFOyJW4zbqEcvjUEQhDAjbhcx6CV4imAWyITwptNJmvQsdPcIYZjP8Sf8Ba968CZexKtfYE8SlyQWNBRV71Gvyw05k8qyXozM3PzC4lJ2Obeyura+YW5uVWUQCUIrJOCBqLsgKWc+rSimOK2HgoLnclpz+1epX7ujQrLAv1WDkDY96PqswwgoLbXMCycEoRjwlsKOB6pHgMelBB/gH8MBHvbg171OvqVzbLXMvFWwhsCzxB6TPBqj3DLfnHZAIo/6inCQsmFboWrGaRbhNMk5kaQhkD50aUNTHzwqm/Hwowne00obdwKhn6/wUP27EYMn5cBz9WR6rZz2UvE/rxGpzlkzZn4YKeqTUVAn4lgFOG0Nt5mgRPGBJkAE07di0gMBROluJ1JcL8npUuzpCmZJ9bBgnxSOb47yxctxPVm0g3bRPrLRKSqiEiqjCiLoHj2iJ/RsPBivxrvxMRrNGOOdbTQB4/MLVNCs/g==</latexit>

@tH+ @↵J↵ = 0Continuity equation 
in phase space:

X

k

<latexit sha1_base64="pFLGfpiEn14ISFSAPAPtCQO0RBw="></latexit>

ω = Xµ, pµ

PRB 109, 235137
L. M., L. Savary, L. Balents

Can put the phase space current into a diagonal, gauge-invariant form:

<latexit sha1_base64="jQf60VygyeW9DOHM5gwnPSjY+Jo="></latexit>

JX =
1

2
Tr

[
Fd (ωp + ⊋!→ ωp)Kd

]
+ . . .
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@(p,X)

In fact: 
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JXµ = J (1)
Xµ

+ J (2)
Xµ

transport + magnetization

Result:



Local current:
<latexit sha1_base64="FI2EV62ROtyrROYrf5YqgJX9Q8s="></latexit>

JXµ =

Z

k

⇣
J (1)
Xµ

+ J (2)
Xµ

⌘

Local real-space energy current

rT
<latexit sha1_base64="sOx78TYTMU2mBae3iDBzQo4NRGs="></latexit>
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JXy (x)
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L
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H(X, k) = g(X)Hh(k)

For boundaries: use an 
inhomogeneous theory



Local current:
<latexit sha1_base64="FI2EV62ROtyrROYrf5YqgJX9Q8s="></latexit>

JXµ =

Z

k

⇣
J (1)
Xµ

+ J (2)
Xµ

⌘

Local real-space energy current

a.u.

1

0

rT
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JXy (x)
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L
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H(X, k) = g(X)Hh(k)

Key properties:

<latexit sha1_base64="JOWr4qkzhzjM4bVjslOlb0ImBOk="></latexit>

J (2)
Xµ

-         is a magnetization current
<latexit sha1_base64="pxKIp3+nztNGn0PdJHVch4Smk9Q="></latexit>

JXµ-         satisfies locally thermodynamics’ third law

the local energy current 
is a physical quantity

For boundaries: use an 
inhomogeneous theory

rT
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Thermal Hall conductivity

Analytical result:

QUESTION: 

Role of disorder?

- Thermal activation: for bosons, bulk states always contribute

Thermal Hall conductivity:
<latexit sha1_base64="p4JActFxCjvzEW23VR6qzeRRcjM="></latexit>

ωtr
xy =

1

εxT
lim

L→↑

1

L

∫
dxJXy (x)

bosonsfermions

≠

Just a 
byproduct

- Boson-boson interactions are usually weak: more prominent role of disorder?

<latexit sha1_base64="F3LU4IhgWB/GKj20mIS1yW7S9Io="></latexit>

ωtr
xy = → 1

T

∑

n

∫

p
!(n)

pxpy

∫ →

En(p)
dε ε2ϑωnB (ε, T ) intrinsic



Extrinsic effects: adding disorder

Now:

<latexit sha1_base64="1W1TppIVicUUNA18Gw34VZy28RA="></latexit>

Ŵcd → 1,
↑↓
ωµ,

↔↑
ωω ,

↔↑
ωµ

↑↓
ωω , . . .

×

Physical picture for disorder correlations:

<latexit sha1_base64="3cXvD/DOeanCJHEowGgTAeDZM/4="></latexit>

Ŵab → 1,
↑↓
ωµ,

↔↑
ωω ,

↔↑
ωµ

↑↓
ωω , . . .

×

Intuition: local modulation of elasticity, magnetic exchange, etc — bond disorder

Impurity centers are correlated:

<latexit sha1_base64="lnlhapCvgnGQOt71QsQm+OONNSU="></latexit>

w(X12
→X34)

<latexit sha1_base64="KX8aZe7CTBSaRY/hDjoWEN0AYss="></latexit>

X12 =
x1 + x2

2

<latexit sha1_base64="xM2FN3SKRsMhtP+FPcXIRDLsIpc="></latexit>

X34 =
x3 + x4

2

<latexit sha1_base64="oNK4W+IoOzT/668aFkjAXHNgwjQ="></latexit>

Hab(r, r
→) → Hab(r, r

→) + V̂ab(r, r
→)

<latexit sha1_base64="f7G6shSfsrJ1nhACcz6xnOfPSwk="></latexit>

→V̂ab(x1, x2)V̂cd(x3, x4)↑ = Ŵab(x1 ↓ x2)Ŵcd(x3 ↓ x4) w(
x1+x2

2 ↓ x3+x4
2 )

Disorder potential operator:  
- any (hermitian) matrix structure 
- it is a random variable

 electrons !≠
(customary)



The semiclassical position shift

<latexit sha1_base64="Z4HBF/o9GlxwLsSAKJSH+NncC+4="></latexit>

In(p,X) =
∑

n→,p→Wnp→n→p→ (Fn→p→(X +!)→ Fnp(X))

↑ 2ω ε (En→p→(X +!)→ Enp(X))

Position shift:
<latexit sha1_base64="dTpdFhouSGB4sx1JO6x2TvImYA4="></latexit>

!(p, p→) = (p→ → p)↑ !W

side-jump

<latexit sha1_base64="sx696jw5D7K/v6KMPOxSV4NJ6F8="></latexit>

Apµ

<latexit sha1_base64="iDOYcAkpy7JMPohyHJiH1Enc/O8="></latexit>

!pµpω
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Ŵ(k)

<latexit sha1_base64="td09BQ2009y+6QvMESnBeUON8JI="></latexit>

,!W
pµpω

<latexit sha1_base64="75RS5kDseielvu5Elw/wXvrVVKo="></latexit>

!W
pµpω

!is real, gauge-invariant, depends on ,Ŵ
is (generally) not           

<latexit sha1_base64="iDOYcAkpy7JMPohyHJiH1Enc/O8="></latexit>

!pµpω

PRX 16 (1), 011048 
(2026)

L. M., J. Knolle

Upshot:
<latexit sha1_base64="EI7m8oMdILeQOTqEkdi5/XfeJXw="></latexit>(
ωt + ẊµωXµ + ṗµωpµ

)
Fd(X, p, t) = Icoll

[
Fd

]



Extrinsic contribution to the thermal Hall conductivity

Result: disorder-induced thermal Hall conductivity:

Recall the intrinsic thermal Hall conductivity:

PRX 16 (1), 011048 
(2026)

L. M., J. Knolle

<latexit sha1_base64="F3LU4IhgWB/GKj20mIS1yW7S9Io="></latexit>

ωtr
xy = → 1

T

∑

n

∫

p
!(n)

pxpy

∫ →

En(p)
dε ε2ϑωnB (ε, T )

<latexit sha1_base64="kzbiIwtzELRPNTQARg9+7ANEtPQ="></latexit>

ωdis
xy = → 1

T

∑

n

∫

p
En(p)2 εωnB(En(p), T ) !W (n)

pypx
(p) px εpxEn(p)

The extrinsic contribution depends on the nature of disorder (as a local hermitian operator).

Any reason to believe it should be neglected?

New term in the current, non-equilibrium distribution, etc…



Concrete example

<latexit sha1_base64="MCV1kqB/Yhp93nSTdUMm49beX+s="></latexit>

Hspin =
∑

ω→{x,y,z}

∑

↑i,j↓→ω

S↔
i Hω Sj →

∑

i

h · Si,

Honeycomb  spin model in a field: KJΓΓ′￼

Spin wave expansion  two free magnon bands
  with Berry curvature

⇒
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Question: role of the disorder strength?
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To be continued…
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