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๏ Strong Hall or ME responses can arise even when the net magnetization M is vanishingly small.

Why magnetic toroidics?

Need a language beyond ferromagnetism → toroidal and related hidden multipoles

tiny net M, large AHE signals
S. Nakatsuji et al., Nature 527, 212 (2015)

current-induced magnetization
T. Hayashida et al., Adv. Mater. 37, 2414876 (2025)

electric-field-induced NDD

Mn3Sn
collinear ordering of Mn magnetic moments at the Néel temperature 
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๏ In compensated magnets, unconventional response follows multipole symmetry—not net M.

Why magnetic toroidics?

Understanding active multipoles provides a key framework for elucidating unconventional responses.

1. Symmetry breaking 
Which of P, T, or PT is broken? 
collinear / noncollinear / spin-helical? 
local or global inversion breaking

Different broken symmetries 
activate different multipoles.

2. Active multipole 
magnetic toroidal dipole / monopole 
magnetic octupole / toroidal quadrupole 
odd-parity spin splitting

3. Observable response 
anomalous Hall effect /ME effect 
current-induced magnetization 
directional dichroism / nonreciprocal response

Once the active multipole is identified, the allowed 
response channels are strongly constrained.

• Mn3Sn: coplanar AFM → hidden octupole → large AHE with tiny magnetization 
• UNi4B: vortex-like order → magnetic toroidal dipole → current-induced magnetization 
• Co2SiO4: collinear AFM → magnetic toroidal monopole → E-induced toroidal response and NDD



Magnetic toroidal multipoles as a symmetry language

๏ Electronic order can be organized by four multipole families distinguished by P and T.

spin–orbit coupling in terms of microscopic multipole
couplings. Then, we discuss cross correlations triggered by
the multipole orderings in Sect. 4. In Sect. 5, we show the
classification of multipoles under 32 point groups and 122
magnetic point groups. Based on the multipole classification,
we discuss prototype and candidate materials to exhibit
unconventional electronic orderings and physical phenomena
in Sect. 6. Finally, Sect. 7 is devoted to the summary and
perspectives.

2. Four Types of Multipoles

The concept of electronic multipoles has been used to
describe the spatial anisotropy of physical quantities. It was
originally introduced in classical electromagnetism in order
to characterize the spatial anisotropy of the electric charge
and current distributions;38–40) E multipoles, which corre-
spond to the polar tensor with time-reversal even, appear in
the expansion of the scalar potential, while M multipoles,
which correspond to the axial tensor with time-reversal odd,
appear in the expansion of the vector potential. Accordingly,
corresponding electric and magnetic fields are related to E
and M multipoles, respectively. In other words, arbitrary
electric and magnetic fields can be expressed as a linear
combination of E and M multipoles, respectively.

In analogy with this argument, electronic multipole bases
were introduced in condensed matter physics in order to
characterize the spatial anisotropy of atomic-scale charge,
current, and spin distributions; the quantum-mechanical
operator expressions for E and M multipoles as defined in
classical electromagnetism were firstly derived.2–4) On the
other hand, there is a crucial difference from the multipole
in classical electromagnetism. Two additional multipoles
distinct from E and M multipoles appear in quantum
physics, since the electron systems can naturally have the
internal degrees of freedom corresponding to the polar
tensor with time-reversal odd and axial tensor with time-
reversal even, which are different from E and M multipoles:
The former corresponds to MT multipoles and the latter
corresponds to ET multipoles.16–22) In the end, four types of
multipoles are defined in condensed matter physics accord-

ing to the spatial inversion and time-reversal parities, as
shown in Fig. 2:41) E multipole Ql;m, M multipole Ml;m, MT
multipole Tl;m, and ET multipole Gl;m, where l and m stand
for the rank of multipole and its z component with !l "
m " l, respectively. From the viewpoint of the space-time
inversion symmetry, the time-reversal counterpart of the E
(M) multipole is the MT (ET) multipole, and the spatial
inversion counterpart of the E (M) multipole is the ET (MT)
multipole. The latter means that the dipole component of
MT (ET) multipole is represented by the vortex-like
alignment of M (E) multipole.20,21,42–45)

As detailed in subsequent sections, four types of multipole
bases describe any internal electronic degrees of freedom in
solids owing to their completeness in the Hilbert space. In
other words, any physical quantities and external fields can
be mapped into any of four multipoles at the microscopic
level. The well-known examples are the correspondence
between E multipoles and physical quantities; the electric
charge characterized by the (polar) scalar with time-reversal
even is proportional to the E monopole basis, the electric
polarization characterized by the polar vector with time-
reversal even is proportional to the E dipole basis, and the
elasticity characterized by the 2nd-rank polar tensor with
time-reversal even is proportional to the E quadrupole basis,
and so on. In a similar manner, the correspondence between
M multipoles and physical quantities is also well-known;
magnetic charge or magnetic flux characterized by the pseudo
(axial) scalar with time-reversal odd and spin or orbital
angular momentum characterized by the axial vector with
time-reversal odd are proportional to the M monopole and M
dipole bases, respectively. Similar to the E and M multipoles,
MT and ET multipoles have related physical quantities. In the
MT multipoles, the electric current characterized by the polar
tensor with time-reversal odd is proportional to the MT
dipole basis. In the ET multipoles, the chirality characterized
by the pseudo (axial) scalar with time-reversal even is
proportional to the ET monopole basis,46) and electric axiality
(rotational distortion) characterized by the axial vector with
time-reversal even is proportional to the ET dipole
basis.18,47–50)
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Fig. 2. (Color online) Four types of multipoles. P and T represent the spatial inversion and time-reversal parities, respectively.
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S. Hayami and H. Kusunose, J. Phys. Soc. Jpn. 93, 072001 (2024)

Magnetic toroidal multipoles 
are especially useful  

when both P and T are broken 
in compensated magnets.

broken symmetry typical response

T only anomalous Hall

P only Rashba / Dresselhaus

P+T ME / nonreciprocal

N. Spaldin, M. Fiebig, and M. Mostovoy, J. Phys.: Condens. Matter 20, 434203 (2008) 
X. Xu, F.-T. Huang, and S.-W. Cheong, J. Phys.: Condens. Matter 36, 203002 (2024)



Canonical example: toroidal dipole in a metal
๏ vortex-like magnetic texture on local P broken sites → magnetic toroidal dipole order

S. Hayami, H. Kusunose, and Y. Motome, Phys. Rev. B 90, 024432 (2014)
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triggered by a vortexlike magnetic order in the effective
model on a layered honeycomb lattice. The ferroic ordering
of microscopic toroidal moments acts as an effective gauge
field, which leads to modulations of the band dispersions
with a shift of the band bottom from the ! point. We find
that the toroidal magnetic order plays an important role
in the anisotropic magnetotransport and the magnetoelectric
effects depending on the direction of the applied electric
current. In particular, we elucidate that an out-of-plane electric
current induces a vortexlike magnetic order, while an in-plane
current yields a transverse uniform magnetization in the
plane by canting the underlying vortexlike magnetic order.
We discuss such effects from a symmetry point of view. We
also provide some implications for experiments on toroidal
metals. Although qualitatively similar results were obtained
for a related model in a previous study [30], the present work
provides a comprehensive analysis focusing on the toroidal
ordering. Moreover, investigating the model by a mean-field
approximation, we find that such a ferroic toroidal order
appears at low temperatures in a wide range of strongly
correlated regions for low electron density. We also show
the temperature dependence of the anomalous magnetoelectric
responses. We find that the longitudinal toroidal response to the
current exhibits a broad peak around the critical temperature
with a kink at the transition, while the transverse uniform
magnetization induced by the current shows order-parameter-
like behavior.

The organization of this paper is as follows. In Sec. II,
we give a brief review of the microscopic definition and
the symmetry analysis of toroidal moments. In Sec. III, we
investigate the influence of toroidal ordering in metals. After
introducing the lattice structures with local inversion symme-
try breaking in Sec. III A, we present a low-energy effective
Hamiltonian in Sec. III B. We show how the toroidal order
affects the electronic structure, anisotropic magnetotransport,
and magnetoelectric effects in Secs. III C, III D, and III E,
respectively. In Sec. IV, we examine the stability of the toroidal
magnetic order at the level of the mean-field approximation.
The results for the ground state and the finite-temperature
properties are presented in Secs. IV A and IV B, respectively.
Section V is devoted to a summary of the present paper.

II. TOROIDAL MOMENT

In this section, we introduce the toroidal moment from both
microscopic and macroscopic points of view. Although these
arguments have already been given in the literature, e.g., in
Ref. [22], we give a brief summary to make the present paper
self-contained and to understand the microscopic results in the
following sections.

First, we discuss the microscopic origin of the toroidal
moment. In general, magnetic and toroidal multipoles appear
in the multipole expansion of an electromagnetic vector
potential,

A =
∑

lm

√
4π (l + 1)

2l + 1
1

rl+1

×
(

i√
l
MlmY l

lm −
√

2l + 1
r

TlmY l+1
lm

)
, (1)

ri Si

FIG. 1. (Color online) Schematic picture of the toroidal moment,
which is defined by the vector product of the position from the
inversion center and the magnetic moment. See Eq. (3).

where Y l′

lm represents the vector spherical harmonics [31–33];
l and m are the azimuthal and magnetic quantum numbers,
respectively, and l′ = l,l ± 1. Y l′

lm has parity (−1)l
′

under
spatial inversion. Since A is a polar vector with odd time-
reversal symmetry, Mlm in the first term of Eq. (1) represents
the magnetic multipoles (axial tensor) and Tlm in the second
term the toroidal multipoles (polar tensor). Thus, the even-rank
tensor Mlm and the odd-rank tensor Tlm become active only
when both spatial-inversion and time-reversal symmetries are
broken. The toroidal moment t appears in the lowest-rank
(l = 1) contribution in the latter term [18,34,35], which is
written in the form

t = 1
6c

∑

i

r i × (r i × j i). (2)

Here, r i and j i are the position vector and the classical circular
electric current at r i , respectively. When there is an internal
magnetic field caused by spins instead of the electric current,
the toroidal moment is expressed in terms of the localized spin
Si as

t = gµB

2

∑

i

r i × Si , (3)

where g is the g factor and µB is the Bohr magneton. This
definition indicates that the toroidal moment is represented by
the sum of vector products of the position vector and localized
spin, as schematically shown in Fig. 1. We note that there is
an ambiguity in the definitions in Eqs. (2) and (3) depending
on the choice of the origin for r i [22].

The toroidal moment t appears in the Hamiltonian under
an inhomogeneous magnetic field H(r): the Hamiltonian can
be expanded at some point r = 0 in terms of field gradients as

Hext = − m · H(0) − t · [∇ × H]r=0

− qµν(∂µHν + ∂νHµ)r=0 + · · · , (4)

where m and qµν are the magnetic dipole and quadrupole
moments, respectively (µ,ν = x,y,z). The repeated greek
indices are implicitly summed over hereafter. Equation (4)
indicates that the toroidal moment t couples to the curl of
magnetic field, that is, the electric current.

Next, we describe macroscopic responses of the toroidal
moment to electromagnetic fields [3,34]. Let us consider an
expansion of the free energy with respect to the electric field
E and the magnetic field H up to the second order [3]. It is
given by

F (E,H) = F0 − εµνEµEν

8π
− µµνHµHν

8π
− αµνEµHν, (5)
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where F0 is the free energy in the absence of the electric
and magnetic fields; εµν , µµν , and αµν are the dielec-
tric permittivity, magnetic permeability, and magnetoelectric
tensor, respectively. Equation (5) is useful to discuss the
magnetoelectric responses macroscopically. In fact, αµν in
the last term is related to linear magnetoelectric responses,
and it is nonzero only when both global spatial-inversion
and time-reversal symmetries are broken. The magnetoelectric
contribution in the last term can be divided into three terms:

− a(E · H) − T · (E × H) − Qµν(EµHν + EνHµ), (6)

where the coefficients of the first, second, and third terms
represent the magnetic flux (pseudoscalar), toroidal magneti-
zation T (polar vector), and magnetic quadrupole (symmetric
traceless pseudotensor). Thus, the antisymmetric components
of the magnetoelectric tensor αµν correspond to the toroidal
magnetization, which is defined as the toroidal moment per
unit volume.

The linear magnetoelectric effect caused by toroidal order-
ing is understood from Eq. (6) [21]. Namely, the second term
implies the relations

P ∝ −T × H, M ∝ T × E, (7)

where P and M are the electric polarization and magnetiza-
tion, respectively. These indicate that the electric polarization
(magnetization) is induced in the direction perpendicular to
both the toroidal magnetization and the magnetic (electric)
field.

III. TOROIDAL ORDERING IN METALS

Here, we examine the nature of toroidal ordered states
in crystals. First, we introduce lattice structures with local
inversion symmetry breaking in Sec. III A. Next, we present
a minimal low-energy Hamiltonian including the effect of the
site-dependent antisymmetric spin-orbit coupling in Sec. III B.
By analyzing the effective Hamiltonian on a layered honey-
comb lattice, we investigate the influence of toroidal ordering
on the electronic structure in Sec. III C, magnetotransport in
Sec. III D, and the magnetoelectric effect in Sec. III E.

A. Lattices with local inversion symmetry breaking

A minimal ingredient for activating a toroidal moment is
spatial-inversion symmetry breaking at each magnetic site. In
such situation, an odd-parity crystalline electric field is present
at the magnetic sites, which mixes orbitals with different
parities. Such local parity mixing together with the atomic
spin-orbit coupling plays an important role in realizing toroidal
ordering in metals, as we will see in the following sections.

In order to demonstrate the above scenario, we focus on
lattice structures in which the inversion symmetry is broken
locally at each site but the global inversion symmetry is
preserved at off-site positions. There are several lattices with
such local inversion symmetry breaking; for instance, a one-
dimensional (1D) zigzag chain [Fig. 2(a)], a two-dimensional
honeycomb lattice [Fig. 2(b)], a 1/5-depleted square lattice
[Fig. 2(c)], and a three-dimensional (3D) diamond lattice. On
these lattices, the spatial-inversion symmetry is broken at the

(b)

(c)(a)

FIG. 2. (Color online) Schematic pictures of lattice structures
with local inversion symmetry breaking: (a) One-dimensional zigzag
chain, (b) honeycomb lattice, and (c) 1/5-depleted square lattice.
Circles indicate the inversion centers, while triangles represent the
lattice sites at which the inversion symmetry is broken.

lattice sites (triangles in Fig. 2), although it is preserved at the
centers of bonds or plaquettes (circles).

B. Effective single-band model

In order to describe the origins of the essential ingredients
for a minimal tight-binding model, we start from a generic
four-band model with local parity mixing. Following the
procedure given in the Appendix, we obtain an effective
single-band model, which will mainly be examined in the
following sections.

The Hamiltonian for the generic four-band model is given
by

H4 band = Hkin + Hhyb + Ho-CEF + HLS + Hint, (8)

where

Hkin = −
∑

i,j

∑

α=s,px ,py ,pz

∑

σ

(
t̃αij c̃

†
iασ c̃jασ + H.c.

)
, (9)

Hhyb = −
∑

〈i,j〉

∑

α=px,py ,pz

∑

σ

(
Ṽ α

ij c̃
†
isσ c̃jασ + H.c.

)
, (10)

Ho-CEF =
∑

i

∑

α=px,py ,pz

∑

σ

(D̃α
i c̃

†
isσ c̃iασ + H.c.), (11)

HLS = λ

2

∑

i

∑

α,β=px,py ,pz

∑

σ,σ ′

c̃
†
iασ H̃LSc̃iβσ ′ , (12)

Hint =
∑

i

∑

αβα′β ′

∑

σσ ′

Uαβα′β ′ c̃
†
iασ c̃

†
iβσ ′ c̃iβ ′σ ′ c̃iα′σ . (13)

Here, c̃
†
iασ (c̃iασ ) is the creation (annihilation) operator of a

conduction electron with orbital α and spin σ at site i; we
consider four orbitals, i.e., an “s-type” orbital with the angular
momentum l = 0 (even parity) and three “p-type” orbitals
with l = 1 (odd parity). This is a minimum set of orbitals for
describing parity mixing. Equation (9) represents the kinetic
energy of the conduction electrons; the sum is limited to
on-site and nearest-neighbor sites. The on-site part describes
the atomic energy, which is set as t̃ sii = Ẽs and t̃

α=px,py ,pz

ii = 0.
Equation (10) describes the off-site hybridization between s
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and p orbitals; the sum 〈i,j 〉 is taken for the nearest-neighbor
sites, and Ṽ α

ij depends on the p orbital as well as the bond
direction. Equation (11) denotes the odd-parity crystalline
electric field; D̃α

i depends on both site and orbital. Note that
D̃α

i is nonzero only in the absence of local inversion symmetry,
while Ṽ α

ij is always present even with local inversion symmetry.
We note that both Ṽ α

ij and D̃α
i are indispensable to obtain

the site-dependent antisymmetric spin-orbit coupling in the
effective model (see the Appendix). Equation (12) represents
the atomic spin-orbit coupling for p orbitals with l = 1: H̃LS
is the 6 × 6 matrix given by

H̃LS =




0 −iσ z iσ y

iσ z 0 −iσ x

−iσ y iσ x 0



 , (14)

where σµ is the µ component of the Pauli matrix for spin.
Finally, Eq. (13) is a general form of the on-site Coulomb
interactions. Here, we take account of only the intraorbital
components for simplicity, i.e., Uαβα′β ′ = (U/2)δαβδα′β ′δαα′

(δαβ is the Kronecker delta).
We treat the interaction term at the level of a mean-field

approximation to allow magnetic solutions. The mean-field
form is given by

HMF
int = −

∑

i

∑

α=s,px ,py ,pz

M̃α

i · s̃α
i , (15)

where the mean field M̃α

i = 2U m̃α
i and the magnetic moment

m̃α
i = 〈s̃α

i 〉 = 〈
∑

σσ ′ c̃
†
iασ (σ σσ ′/2)c̃iασ ′ 〉. We omit a constant

from the mean-field decoupling here and in Sec. III.
In the present study, we focus on a 3D system composed of

weakly coupled uniform 1D chains running in the z direction.
By several simplifications in the limit of strong spin-orbit
coupling (see the Appendix), we arrive at an effective single-
band model, whose Hamiltonian is given by

HMF = − t
∑

〈i,j〉

∑

σ

(c†iσ cjσ + H.c.)

+ 2
∑

i

(si × Di)z −
∑

i

M i · si . (16)

Here, c
†
iσ (ciσ ) is the creation (annihilation) operator of a

conduction electron in the effective single band at site i and
quasispin σ , which distinguishes the time-reversal pair states;
si =

∑
σ,σ ′ c

†
iσ (σ σσ ′/2)ciσ ′ . The first term is the kinetic energy

of the electrons with a renormalized hopping t ; we assume
isotropic hopping for the in-chain and out-of-chain directions
for simplicity, as the anisotropic case gives qualitatively the
same results. Hereafter, we set t = 1 as the energy unit. The
second term represents the site-dependent antisymmetric spin-
orbit coupling, in which Di is a site-dependent antisymmetric
vector with respect to kz, originating from the odd-parity
crystalline electric field D̃α

i , the off-site hybridization Ṽ α
ij ,

and the atomic spin-orbit coupling λ [see Eq. (A7) in the
Appendix]. The third term in Eq. (16) describes the mean-field
form of the Coulomb interaction between electrons; M i =
2Umi , where mi = 〈si〉 is the magnetic moment at site i.

In the following, we consider the model in Eq. (16) on
a stacked honeycomb lattice, as shown in Fig. 3. We take
the lattice constants a = c = 1. Extensions to other lattices

(a)

(b)

3

2 1

0

5
4

FIG. 3. (Color online) (a) Schematic picture of a projection of the
layered honeycomb lattice onto the xy plane. The thin (blue) arrows
show the magnetic pattern assumed in the toroidal ordered state
[Eq. (18)], and the thick (green) arrows indicate the specific directions
of the odd-parity crystalline electric field [Eq. (17)]. The dashed
hexagon represents the six-sublattice unit cell with the sublattice
indices (l = 0,1, . . . ,5). a is the lattice constant in the xy plane.
(b) Schematic picture of the layered honeycomb lattice. The red
arrows in the z direction represent the toroidal magnetizations. c is
the lattice constant in the z direction.

with local inversion symmetry breaking are straightforward.
For the present stacked honeycomb-lattice case, we assume
the presence of Di in a six-sublattice form with the specific
directions in the xy plane as shown by the thick arrows in
Fig. 3(a). We also assume that the same patterns of Di are
stacked along the z direction. The form in the six-site sublattice
is represented by

Dl = D sin kz

(
cos

π

3
l, sin

π

3
l, 0

)
, (17)

where l is the sublattice index (l = 0,1, . . . ,5) and D is a
parameter to control the magnitude of the antisymmetric spin-
orbit coupling. It is worth noting that the factor of sin kz always
enters into Dl in quasi-1D systems; see the derivation in the
Appendix.

Furthermore, in the following sections, we assume a six-
sublattice vortex-type magnetic order as shown in Fig. 3(a)
in a mean-field form. We call it the toroidal magnetic order
hereafter. Specifically, the mean field for the toroidal magnetic
order is given by

M l = MT

(
− sin

π

3
l, cos

π

3
l, 0

)
. (18)

Here, MT is a measure of the mean field for the toroidal
magnetic order, which is treated as a free parameter throughout
in this section, while it will be determined by solving the
self-consistent equations in Sec. IV. We note that a similar
magnetic pattern was indeed observed in the partially ordered
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and p orbitals; the sum 〈i,j 〉 is taken for the nearest-neighbor
sites, and Ṽ α

ij depends on the p orbital as well as the bond
direction. Equation (11) denotes the odd-parity crystalline
electric field; D̃α

i depends on both site and orbital. Note that
D̃α

i is nonzero only in the absence of local inversion symmetry,
while Ṽ α

ij is always present even with local inversion symmetry.
We note that both Ṽ α

ij and D̃α
i are indispensable to obtain

the site-dependent antisymmetric spin-orbit coupling in the
effective model (see the Appendix). Equation (12) represents
the atomic spin-orbit coupling for p orbitals with l = 1: H̃LS
is the 6 × 6 matrix given by

H̃LS =




0 −iσ z iσ y

iσ z 0 −iσ x

−iσ y iσ x 0



 , (14)

where σµ is the µ component of the Pauli matrix for spin.
Finally, Eq. (13) is a general form of the on-site Coulomb
interactions. Here, we take account of only the intraorbital
components for simplicity, i.e., Uαβα′β ′ = (U/2)δαβδα′β ′δαα′

(δαβ is the Kronecker delta).
We treat the interaction term at the level of a mean-field

approximation to allow magnetic solutions. The mean-field
form is given by

HMF
int = −

∑

i

∑

α=s,px ,py ,pz

M̃α

i · s̃α
i , (15)

where the mean field M̃α

i = 2U m̃α
i and the magnetic moment

m̃α
i = 〈s̃α

i 〉 = 〈
∑

σσ ′ c̃
†
iασ (σ σσ ′/2)c̃iασ ′ 〉. We omit a constant

from the mean-field decoupling here and in Sec. III.
In the present study, we focus on a 3D system composed of

weakly coupled uniform 1D chains running in the z direction.
By several simplifications in the limit of strong spin-orbit
coupling (see the Appendix), we arrive at an effective single-
band model, whose Hamiltonian is given by

HMF = − t
∑

〈i,j〉

∑

σ

(c†iσ cjσ + H.c.)

+ 2
∑

i

(si × Di)z −
∑

i

M i · si . (16)

Here, c
†
iσ (ciσ ) is the creation (annihilation) operator of a

conduction electron in the effective single band at site i and
quasispin σ , which distinguishes the time-reversal pair states;
si =

∑
σ,σ ′ c

†
iσ (σ σσ ′/2)ciσ ′ . The first term is the kinetic energy

of the electrons with a renormalized hopping t ; we assume
isotropic hopping for the in-chain and out-of-chain directions
for simplicity, as the anisotropic case gives qualitatively the
same results. Hereafter, we set t = 1 as the energy unit. The
second term represents the site-dependent antisymmetric spin-
orbit coupling, in which Di is a site-dependent antisymmetric
vector with respect to kz, originating from the odd-parity
crystalline electric field D̃α

i , the off-site hybridization Ṽ α
ij ,

and the atomic spin-orbit coupling λ [see Eq. (A7) in the
Appendix]. The third term in Eq. (16) describes the mean-field
form of the Coulomb interaction between electrons; M i =
2Umi , where mi = 〈si〉 is the magnetic moment at site i.

In the following, we consider the model in Eq. (16) on
a stacked honeycomb lattice, as shown in Fig. 3. We take
the lattice constants a = c = 1. Extensions to other lattices

(a)

(b)

3

2 1

0

5
4

FIG. 3. (Color online) (a) Schematic picture of a projection of the
layered honeycomb lattice onto the xy plane. The thin (blue) arrows
show the magnetic pattern assumed in the toroidal ordered state
[Eq. (18)], and the thick (green) arrows indicate the specific directions
of the odd-parity crystalline electric field [Eq. (17)]. The dashed
hexagon represents the six-sublattice unit cell with the sublattice
indices (l = 0,1, . . . ,5). a is the lattice constant in the xy plane.
(b) Schematic picture of the layered honeycomb lattice. The red
arrows in the z direction represent the toroidal magnetizations. c is
the lattice constant in the z direction.

with local inversion symmetry breaking are straightforward.
For the present stacked honeycomb-lattice case, we assume
the presence of Di in a six-sublattice form with the specific
directions in the xy plane as shown by the thick arrows in
Fig. 3(a). We also assume that the same patterns of Di are
stacked along the z direction. The form in the six-site sublattice
is represented by

Dl = D sin kz

(
cos

π

3
l, sin

π

3
l, 0

)
, (17)

where l is the sublattice index (l = 0,1, . . . ,5) and D is a
parameter to control the magnitude of the antisymmetric spin-
orbit coupling. It is worth noting that the factor of sin kz always
enters into Dl in quasi-1D systems; see the derivation in the
Appendix.

Furthermore, in the following sections, we assume a six-
sublattice vortex-type magnetic order as shown in Fig. 3(a)
in a mean-field form. We call it the toroidal magnetic order
hereafter. Specifically, the mean field for the toroidal magnetic
order is given by

M l = MT

(
− sin

π

3
l, cos

π

3
l, 0

)
. (18)

Here, MT is a measure of the mean field for the toroidal
magnetic order, which is treated as a free parameter throughout
in this section, while it will be determined by solving the
self-consistent equations in Sec. IV. We note that a similar
magnetic pattern was indeed observed in the partially ordered
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Canonical example: toroidal dipole in a metal
๏ toroidal dipole order → band bottom shift, current-induced magnetization (Edelstein effect), 

anisotropic magneto-transport, characteristic ME responses, nonlinear Hall response, …

S. Hayami, H. Kusunose, and Y. Motome, Phys. Rev. B 90, 024432 (2014)
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state below 20 K in a uranium compound UNi4B [36]. We will
remark on this point in Sec. V.

Since Dl plays the role of a local electric field and
Dl ⊥ M l at each site, the toroidal magnetic order M l must
accompany a ferroic order of toroidal moments, T ∝ Dl ×
M l = (0,0,DMT sin kz), as shown in Fig. 3(b). In other words,
even if a macroscopic polarization is absent, a spontaneous
toroidal order can be realized by specific magnetic ordering
with underlying local inversion symmetry breaking.

C. Electronic structure

Let us first discuss the electronic structure of the model in
Eq. (16) with Eqs. (17) and (18). Figure 4 shows the band
structures in the kz direction from k = (0,0,−π ) to (0,0,π )
for several values of D and MT .

Figure 4(a) shows the band structure in the paramagnetic
state (MT = 0) at D = 0, where both spatial-inversion and
time-reversal symmetries are preserved. In this case, there
are three bands; the top and bottom bands are each doubly
degenerate, while the middle one is eightfold degenerate.
When only the time-reversal symmetry is broken by the
toroidal magnetic order MT %= 0 at D = 0, the bands are split
into two bunches depending on the spins parallel or antiparallel
to the mean field M l . Each bunch consists of three bands,
each of which remains doubly degenerate due to the global
inversion symmetry: the band dispersions satisfy the relation
εσ (k) = εσ (−k). Meanwhile, when D is nonzero representing
local inversion symmetry breaking and the system is in the
paramagnetic state (MT = 0), the antisymmetric spin splitting
of the bands occurs, as shown in Fig. 4(c). Here, the time-
reversal symmetry ensures that εσ (k) = ε−σ (−k). It should
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FIG. 4. (Color online) Energy dispersion along the kz direction
of the Hamiltonian in Eq. (16) with Eqs. (17) and (18) for (a) D = 0,
MT = 0, (b) D = 0, MT = 8, (c) D = 0.5, MT = 0, and (d) D = 0.5,
MT = 8. The dashed red lines in (d) indicate the band bottoms in the
kz direction.

be noted however that each band is still doubly degenerate
as the global inversion symmetry remains: εσ (k) = εσ (−k).
This is different from the case with an ordinary antisymmetric
spin-orbit coupling such as that of Rashba type where global
inversion symmetry is broken.

What happens when the system exhibits toroidal order, i.e.,
for MT %= 0 and D %= 0? In this case, both spatial-inversion
P and time-reversal T symmetries are broken. Each band,
however, retains twofold degeneracy owing to the combined
PT symmetry, which ensures that εσ (k) = ε−σ (k). However,
there is no guarantee that the energy at k is degenerate with
that at −k. In fact, the resultant band structure consists of six
bands, each doubly degenerate, with a shift of the band bottom
from the $ point, as shown in Fig. 4(d).

The modulation of the bands with a shift of the band
bottom is understood in the single-chain limit as follows. The
Hamiltonian for the single chain is given by a simple form of
the 2 × 2 matrix:

HMF
1D =

( −2t cos kz iD− + M−/2
−iD+ + M+/2 −2t cos kz

)
, (19)

where D± = (Dx ± iDy) sin kz and M± = Mx ± iMy . Here,
D = (Dx,Dy,0) sin kz and M = (Mx,My,0). See also
Eq. (A5) in the Appendix. The energy spectrum of this
Hamiltonian is given by

ε(kz) = −2t cos kz ±
√

D2 + M2/4 − (D × M)z. (20)

As D is proportional to sin kz [see Eq. (17)] and the last term
in the square root is linear in D, a shift of the band bottom
occurs when D × M %= 0, which is proportional to the toroidal
magnetization.

The results indicate that the toroidal magnetization acts
as an effective gauge field for conduction electrons. The
shifted band structure, however, does not generate spontaneous
electric current in the equilibrium state due to the gauge
invariance [30,37]. The asymmetric band structure can be
detected in principle by experiments, such as angle-resolved
photo-emission spectroscopy. We expect that the unusual
band deformation may become the origin of nonlinear optical
effects, such as nonreciprocal directional dichroism [38].

We note that the system has particle-hole symmetry. Indeed,
the Hamiltonian in Eq. (16) is unchanged by the particle-hole
transformation (clσ ,c

†
lσ ) → (−1)l(d†

lσ ,dlσ ) with a shift of kz

by π and M l → −M l . This symmetry is also seen in the
band structure in Fig. 4; the band dispersions satisfy εσ (kz) =
−ε−σ (π − kz).

D. Magnetotransport

We here discuss magnetotransport coefficients for the
model in Eq. (16) with Eqs. (17) and (18). We calculate the
conductivity tensor in terms of the current-current correlation
by the standard Kubo formula as

σµν = e2

!
1
iV

∑

m,n,k

f (εnk) − f (εmk)
εnk − εmk

J nm
µ,kJ

mn
ν,k

εnk − εmk + iδ
, (21)

where V is the system volume, f (ε) is the Fermi distribution
function, J nm

µ,k = 〈nk|Jµ|mk〉 [Jµ is the current operator in the
direction µ = (x,y,z)], and εmk and |mk〉 are the eigenvalue
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FIG. 6. (Color online) Electron density dependence of (a) the toroidal-current correlation KTz and (b) the magnetization-current correlation
Kxy . The insets of (a) and (b) show their MT dependences at ne = 0.1. The data are obtained for D = 0.5, δ = 0.01, and T = 0.1. Schematic
pictures for the magnetoelectric responses are shown in the bottom panels. In each panel, the left and right pictures show the alignment of
the magnetic moments before and after the electric current is applied. In the rightmost one, the arrow in the center of hexagon indicates a net
uniform magnetization induced by the electric current.

2. Transverse magnetization caused by electric current

Next, we discuss another magnetoelectric effect, the trans-
verse magnetic response to an electric current. Here, we
consider σ nm

µ,k with µ = x,y,z in Eq. (22). For instance, Kxy is
the coefficient for the uniform magnetization in the x direction
induced by the electric current in the y direction. Among Kµν ,
only the transverse components within the plane, i.e., Kxy

and Kyx become nonzero, and they satisfy the antisymmetric
relation Kxy = −Kyx deduced from Eq. (6); see also the
discussion about the table in Fig. 7 in Sec. III E 3.

flux

fluxtoroidal

toroidal

any

toroidal flux

FIG. 7. (Color online) Summary of the magnetoelectric effects
under toroidal or flux orders. In the table, “toroidal” and “flux”
indicate the underlying magnetic orders for which the magnetic
response in the top row is induced by the electric current in the left
column. “Any” represents paramagnetic or any magnetically ordered
state, including the toroidal and flux orders. Schematic pictures of the
toroidal and flux orders are shown at the bottom; the arrows indicate
the magnetic moments.

Figure 6(b) shows the result for Kxy as a function of the
electron density ne. Similarly to KTz in Fig. 6(a), Kxy shows
a nonzero value in the entire region of ne, except for the
insulating cases at ne = 0, 1, and 2, and it is antisymmetric
with respect to ne = 1. The result indicates that a uniform
magnetization can be induced by an electric current when
toroidal order is present (MT "= 0). This is considered
as a multiferroic response in metals with simultaneous
breaking of spatial-inversion and time-reversal symmetry.
Experimentally, a nonzero value of Kxy = −Kyx is an
indication of toroidal order.

The magnitude of the induced magnetization becomes
larger for larger MT , in contrast to the toroidal magnetic
response KTz in Fig. 6(a). Kxy = 0 for MT = 0 is due to the
presence of time-reversal symmetry, and Kxy increases with
increase of MT for small MT and it almost saturates for large
MT , as shown in the inset of Fig. 6(b). In contrast to KTz, Kxy

weakly depends on δ, indicating that a dominant contribution
comes from the interband components in Eq. (22).

3. Summary of magnetoelectric effects

We summarize the results of magnetoelectric effects ob-
tained for the model in Eq. (16) with Eqs. (17) and (18).
Figure 7 shows a table indicating the magnetoelectric effects
in terms of the applied electric current (in the left column) and
the resultant magnetic response (in the top row). “Toroidal” or
“flux” in the table represents the underlying magnetic order.
Thus, the magnetoelectric responses in the layered honeycomb
lattice are classified according to the applied current direction.
This relationship is essentially the same as in the insulating
case, where the electric current is replaced by the electric field.

As shown in Sec. III E 1, an electric current in the z direction
induces an additional magnitude of the toroidal magnetization
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FIG. 5. (Color online) Electron density dependence of the Hall
conductivity for (a) MT = 0 and (b) MT = 8. The data are obtained
at D = 0.5 in the magnetic field H = 0.5 applied in the x direction.
We take the broadening factor δ = 0.01 and temperature T = 0.1.

and eigenstate of HMF with the Zeeman term (see below).
Here, m and n are the band indices. We take e2/h = 1 (e is the
elementary charge and h is the Planck constant), a broadening
factor δ = 0.01, and temperature T = 0.1. The summation of
k is taken over the folded Brillouin zone in the magnetically
ordered state.

Figure 5 shows the Hall conductivity σyz as a function of
the electron density ne = (1/N)

∑
iσ 〈c†iσ ciσ 〉, where N is the

total number of sites. The results are obtained for D = 0.5
in a magnetic field applied in the x direction; here, we added
the Zeeman term HZ = −H

∑
i s

x
i to the Hamiltonian HMF

in Eq. (16). The results are symmetric with respect to ne = 1
because of the particle-hole symmetry discussed at the end of
the previous section.

Figure 5(a) shows the Hall conductivity in the absence of
the toroidal magnetic order MT = 0. The sign and magnitude
of the Hall conductivity depend on the electron density ne,
reflecting the nature of the carriers near the Fermi level. It
is highly anisotropic; only the σyz(xz) component becomes
nonzero in the magnetic field applied in the x (y) direction.
This is a consequence of the presence of the (site-dependent)
antisymmetric spin-orbit coupling. Indeed, σµν disappears if
we take D = 0. The toroidal magnetic order affects signif-
icantly the behavior of the Hall conductivity, as shown in

Fig. 5(b) for MT = 8. Although the anisotropy of σµν does
not change in the presence of MT , the Hall conductivity is
strongly suppressed. As will be shown in the next section, MT
has strong temperature dependence in the ordered state, and
hence σµν should exhibit strong suppression with decrease of
temperature.

E. Magnetoelectric effect

Now let us discuss magnetoelectric effects in the toroidal
ordered state. We compute the linear response function in terms
of the correlation between the (toroidal) magnetization and an
electric current caused by an electric field in the form

Kµν = gµB

2
e

!
1
iV

∑

m,n,k

f (εnk) − f (εmk)
εnk − εmk

σ nm
µ,kJ

mn
ν,k

εnk − εmk + iδ
,

(22)

where σ nm
µ,k = 〈nk|σµ|mk〉. We take gµBe/2h = 1. In the

following, we discuss two different types of magnetoelectric
effects: one is the toroidal magnetic response (µ = T ) to an
electric current, and the other is the uniform magnetization
(µ = x,y,z) induced by an electric current.

1. Longitudinal toroidal magnetization caused by electric current

First, we focus on the toroidal magnetic response to an
electric current. Here, we consider σ nm

T ,k in Eq. (22) as the
toroidal magnetic order in Eq. (18). Hence, for instance, KTz

is the coefficient for the toroidal magnetic order induced by
the electric current in the z direction. Among KTν , only KTz

becomes nonzero, as will be discussed in Sec. III E 3 and shown
in the table in Fig. 7.

Figure 6(a) shows KTz as a function of the electron
density ne. KTz becomes nonzero in the entire region of ne
except for the insulating cases at ne = 0, 1, and 2. Note that
KTz is antisymmetric with respect to ne = 1 because of the
sign change of the magnetic moment in the particle-hole
transformation discussed in Sec. III C. The result indicates that
toroidal magnetization can be induced by an electric current
in the z direction. This provides the possibility in experiments
of aligning the toroidal domains by cooling the system in a
current flow perpendicular to the planes.

Although the toroidal magnetic response shows compli-
cated behavior depending on both ne and MT , it tends to be
smaller for larger MT . This tendency is clearly seen in the
low- and high-density regions where the Fermi surface has a
simple shape. The inset of Fig. 6(a) displays the behavior of
KTz at low density ne = 0.1 as a function of MT ; the toroidal
magnetic response is largest at MT = 0, and is suppressed as
MT increases. This susceptibilitylike behavior suggests that
KTz as a function of temperature becomes largest near the
critical temperature for the toroidal ordered state, as long as
the transition is of second order. Indeed, we will see such
behavior in the mean-field calculation in Sec. IV B.

We note that KTz substantially depends on the broadening
factor δ in Eq. (22). This indicates that this quantity has a
dominant contribution from the intraband components with
m = n in Eq. (22).
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Plan of this talk

๏ Magnetic toroidal multipoles provide an effective handle for controlling unconventional 
responses in compensated magnets. Rather than being merely a characteristic magnetic 
texture, it functions as a generator of responses. 

Two interesting extensions of this concept: 

magnetic toroidal monopole and E-induced responses in antiferromagnetic olivines 
T breaking collinear AFM + local P breaking → magnetic toroidal monopole 
electric-field-induced magnetic toroidal dipole, nonlinear ME responses 

commensurate spin-spiral metal and unconventional AHE 
p-wave type odd-parity spin splitting + SOC (P breaking) + magnetic field (T breaking) 
→ gapped spin nodal lines → spiral-induced AHE



magnetic toroidal monopole and E-induced responses

Y. Kato, T. Hayashida, K. Matsumoto, T. Kimura, and Y. Motome, Phys. Rev. B 113, 094411 (2026)



What is magnetic toroidal monopole?
๏ “magnetic polar charge”: P-even T-odd scalar 

cf. electric monopole (electric charge): P-even T-even 
     magnetic monopole (magnetic charge): P-odd T-odd 
     electric toroidal monopole (chirality): P-odd T-even 

๏ It can couple to both an electric field E (P-odd 
and T-even) and a magnetic toroidal moment t 
(P-odd and T-odd). 

➡ Free energy includes a term

S. Hayami and H. Kusunose, J. Phys. Soc. Jpn. 93, 072001 (2024)

spin–orbit coupling in terms of microscopic multipole
couplings. Then, we discuss cross correlations triggered by
the multipole orderings in Sect. 4. In Sect. 5, we show the
classification of multipoles under 32 point groups and 122
magnetic point groups. Based on the multipole classification,
we discuss prototype and candidate materials to exhibit
unconventional electronic orderings and physical phenomena
in Sect. 6. Finally, Sect. 7 is devoted to the summary and
perspectives.

2. Four Types of Multipoles

The concept of electronic multipoles has been used to
describe the spatial anisotropy of physical quantities. It was
originally introduced in classical electromagnetism in order
to characterize the spatial anisotropy of the electric charge
and current distributions;38–40) E multipoles, which corre-
spond to the polar tensor with time-reversal even, appear in
the expansion of the scalar potential, while M multipoles,
which correspond to the axial tensor with time-reversal odd,
appear in the expansion of the vector potential. Accordingly,
corresponding electric and magnetic fields are related to E
and M multipoles, respectively. In other words, arbitrary
electric and magnetic fields can be expressed as a linear
combination of E and M multipoles, respectively.

In analogy with this argument, electronic multipole bases
were introduced in condensed matter physics in order to
characterize the spatial anisotropy of atomic-scale charge,
current, and spin distributions; the quantum-mechanical
operator expressions for E and M multipoles as defined in
classical electromagnetism were firstly derived.2–4) On the
other hand, there is a crucial difference from the multipole
in classical electromagnetism. Two additional multipoles
distinct from E and M multipoles appear in quantum
physics, since the electron systems can naturally have the
internal degrees of freedom corresponding to the polar
tensor with time-reversal odd and axial tensor with time-
reversal even, which are different from E and M multipoles:
The former corresponds to MT multipoles and the latter
corresponds to ET multipoles.16–22) In the end, four types of
multipoles are defined in condensed matter physics accord-

ing to the spatial inversion and time-reversal parities, as
shown in Fig. 2:41) E multipole Ql;m, M multipole Ml;m, MT
multipole Tl;m, and ET multipole Gl;m, where l and m stand
for the rank of multipole and its z component with !l "
m " l, respectively. From the viewpoint of the space-time
inversion symmetry, the time-reversal counterpart of the E
(M) multipole is the MT (ET) multipole, and the spatial
inversion counterpart of the E (M) multipole is the ET (MT)
multipole. The latter means that the dipole component of
MT (ET) multipole is represented by the vortex-like
alignment of M (E) multipole.20,21,42–45)

As detailed in subsequent sections, four types of multipole
bases describe any internal electronic degrees of freedom in
solids owing to their completeness in the Hilbert space. In
other words, any physical quantities and external fields can
be mapped into any of four multipoles at the microscopic
level. The well-known examples are the correspondence
between E multipoles and physical quantities; the electric
charge characterized by the (polar) scalar with time-reversal
even is proportional to the E monopole basis, the electric
polarization characterized by the polar vector with time-
reversal even is proportional to the E dipole basis, and the
elasticity characterized by the 2nd-rank polar tensor with
time-reversal even is proportional to the E quadrupole basis,
and so on. In a similar manner, the correspondence between
M multipoles and physical quantities is also well-known;
magnetic charge or magnetic flux characterized by the pseudo
(axial) scalar with time-reversal odd and spin or orbital
angular momentum characterized by the axial vector with
time-reversal odd are proportional to the M monopole and M
dipole bases, respectively. Similar to the E and M multipoles,
MT and ET multipoles have related physical quantities. In the
MT multipoles, the electric current characterized by the polar
tensor with time-reversal odd is proportional to the MT
dipole basis. In the ET multipoles, the chirality characterized
by the pseudo (axial) scalar with time-reversal even is
proportional to the ET monopole basis,46) and electric axiality
(rotational distortion) characterized by the axial vector with
time-reversal even is proportional to the ET dipole
basis.18,47–50)

type symbol monopole quadrupoledipole octupole

Electric (E)

ET

E

polar
charge
electric

polarization
electric elasticity

Magnetic (M)

MT

M

axial
charge

magnetic magnetization

Magnetic

M

MT

polartoroidal (MT)

electric currentpolar charge
magnetic

E

ET

axial
Electric
toroidal (ET)

chiral charge electric axiality
(rotational distortion)(chirality)

Fig. 2. (Color online) Four types of multipoles. P and T represent the spatial inversion and time-reversal parities, respectively.
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Electro-toroidic effect in Co2SiO4
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suggesting an E-induced magnetic toroidal dipole from a magnetic toroidal monopole 
 — microscopic origin?
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Figure 2. a) Crystal and magnetic structures of Co2SiO4. The red arrows
denote Co2+ spins. b) Two magnetic domain states (ET+ and ET−) related
to one another via time-reversal operation. For clarity, only CoO6 octahe-
dral units at the Co2 sites are shown. The circles with red dots or crosses in
the center, orange arrows, and magenta arrows denote local spins, electric
dipoles, and magnetic toroidal dipoles, respectively. The ET+ and ET− do-
main states are characterized by magnetic toroidal monopoles with a posi-
tive (

∑
i ri ⋅ ti > 0) and negative (

∑
i ri ⋅ ti < 0) divergence of t, respectively.

The dashed box denotes a unit cell. c) Temperature profiles of magnetic
susceptibility ! along the a, b, and c axes.

the b-axis, whereas those on the Co1 sites are slightly tilted from
the b-axis and form zigzag spin chains (red arrows in Figure 2a).
The magnetic point group mmm in the AFM phase holds the
magnetic toroidal monopole[26 ] and permits the diagonal ET ef-
fect with the nonzero distinct ET tensor components of "11, "22,
and "33

[43 ] (Note S3, Supporting Information). Although the non-
collinear spins on the Co1 sites are also related to the breaking
of  symmetry and the diagonal ET effect,[27 ] herein, we focused
on the collinear spins on the Co2 site for simplification. As men-
tioned above, T describes vortex arrangements of multiple mag-
netic dipoles; however, local magnetic toroidal moment t can also

Figure 3. E-induced NDD in Co2SiO4. Under an electric field E, the ET+
and ET− domain states exhibit magnetic toroidal moments with opposite
polarities (T+ and T−), resulting in an absorption difference of unpolar-
ized light. Although here we depict the model in the setting of E||k||b, E-
induced NDD is permitted in any direction if E||k is satisfied.

be defined at a single ion site by considering the cross product of
a local electric dipole moment p and a local magnetic moment m,
as t ∝ p×m.[34 ] At the Co2 site with mCo2 (red arrows in Figure 2b),
an inversion symmetry is locally broken while a mirror symmetry
perpendicular to the b axis is preserved, and thus pCo2 emerges in
the ac plane (orange arrows in Figure 2b). Then, a local magnetic
toroidal moment at the Co2 site, tCo2 (∝ pCo2×mCo2) is introduced
(magenta arrows in Figure 2b). Note that the sum of tCo2 is can-
celed out in a unit cell with four Co2 sites; therefore, Co2SiO4 is
not ferrotoroidic (T = 0) in the absence of E. We also note that
spin-up and spin-down sublattices are related to each other by
glide operations but not by space-inversion or translation, which
satisfies the requirement of altermagnetism from the viewpoint
of symmetry,[44,4( ] i.e., Co2SiO4 is an altermagnet candidate. Mag-
netic point groups of representative candidates for altermagnets
such as RuO2 (4′/mmm′), Mn(Si3 (1̄), and MnTe (m′m′m) permit
either or both diagonal and off-diagonal ET effects, depending on
their symmetry (Table S1, Supporting Information).

In the absence of E, thus, the AFM phase of Co2SiO4 does
not show finite T but holds a  -odd scalar quantity, that is, mag-
netic toroidal monopole (∝ ∑

i ri ⋅ ti).[26 ] One can consider the two
domain states related to each other by the  operation, termed
ET+ and ET– domains (left and right panels of Figure 2b), which
are characterized by the magnetic toroidal monopole with posi-
tive (

∑
i ri ⋅ ti > )) and negative (

∑
i ri ⋅ ti < )) divergence, respec-

tively. The sign of the ET tensors of the two ET domain states is
opposite, indicating that these states exhibit T with opposite po-
larities (T+ and T−) under E. This results in the opposite sign of $
in Equation (2), i.e., the two domain states show different absorp-
tion under E. Figure 3 schematically illustrates the ET effect and
the E-induced NDD expected in a multidomain state of Co2SiO4.
The way to align the system into a single domain state is nontriv-
ial. Therefore, spatially resolved measurements are suitable for
the detection of E-induced NDD.

3. Results and Discussion

3.1. Observation of E-Induced NDD

We measured E-induced NDD of Co2SiO4 single crystals. For
the measurements in the transmittance geometry, we prepared
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Figure 4. ET domains observed by E-induced NDD. a–c), e–g), and i–k) show maps of changes in the absorption of unpolarized light (Δ!d) induced by
applying voltage in the (100), (010), and (001) planes, respectively. The first (a,e,i), second (b,f,j), and third (c,g,k) columns show the images obtained
under applied voltages of 100, 150, and 200 V. respectively. The applied voltage and light propagation direction k were parallel to the normal axis of
each plane. The wavelengths of the incident light were 550 nm [(a)-(c) and (i)-(k)] and 590 nm [(e)-(g)]. The images were obtained at 4 K after cooling
the crystals at zero magnetic field. d), h), and (l) show the voltage dependence of the Δ!d averaged in 10 different points for each domain state in the
(100), (010), and (001) planes, respectively. The sampling positions are shown in Figure S1 of Note S4 (Supporting Information). The red and blue dots
correspond to the data for the positive and negative Δ!d single domain areas, respectively. The error bars show the standard deviations for the 10 points.
The lines denote the least-squares fitting lines.

three thin samples whose widest faces are parallel to the (100),
(010), and (001) planes (see Section 5, Experimental Section).
Based on other E-induced optical effects in magnetic materi-
als (e.g., E-induced magnetic circular dichroism in Cr2O3

[4( ]), E-
induced NDD signals are expected to be weak. Thus, we adopted
an electric field-modulation imaging technique,[4) ] which en-
ables us to detect the spatial distribution of E-induced NDD sig-
nals with high sensitivity (see Section 5, Experimental Section).
Figure 4a–c, e–g, i–k show the maps of Δ!d obtained in the ge-
ometry where both k and E are along the a, b, and c axes, respec-
tively, at selected V. The images were obtained at 4 K (< TN) using
unpolarized light with wavelengths of 550 nm (Figure 4a–c, i–k)

and 590 nm (Figure 4e–g). In all the samples, a clear contrast
of red and blue corresponding to the positive and negative Δ!,
respectively, is observed at 200 V (Figure 4c,g,k). The color con-
trasts monotonically increase with voltage in all the geometries.
We calculated the average Δ!d for the pixels at selected single do-
main areas (both positive and negative Δ!d) denoted by boxes in
Figure S1a–c (Supporting Information) and determined the V de-
pendence ofΔ!d. As shown in Figure 4d,h,l,Δ!d is linear with re-
spect to V. We also checked that the contrasts disappeared at tem-
peratures above TN (Figure 5). Furthermore, the lock-in measure-
ments with a focused laser beam in a detailed temperature range
confirm that the E-induced NDD disappears above TN (Figure S2

Adv. Mater. 2025, 37, 2414()6 241487( (4 of 8) © 2025 The Author(s). Advanced Materials published by Wiley-VCH GmbH
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Figure 4. ET domains observed by E-induced NDD. a–c), e–g), and i–k) show maps of changes in the absorption of unpolarized light (Δ!d) induced by
applying voltage in the (100), (010), and (001) planes, respectively. The first (a,e,i), second (b,f,j), and third (c,g,k) columns show the images obtained
under applied voltages of 100, 150, and 200 V. respectively. The applied voltage and light propagation direction k were parallel to the normal axis of
each plane. The wavelengths of the incident light were 550 nm [(a)-(c) and (i)-(k)] and 590 nm [(e)-(g)]. The images were obtained at 4 K after cooling
the crystals at zero magnetic field. d), h), and (l) show the voltage dependence of the Δ!d averaged in 10 different points for each domain state in the
(100), (010), and (001) planes, respectively. The sampling positions are shown in Figure S1 of Note S4 (Supporting Information). The red and blue dots
correspond to the data for the positive and negative Δ!d single domain areas, respectively. The error bars show the standard deviations for the 10 points.
The lines denote the least-squares fitting lines.

three thin samples whose widest faces are parallel to the (100),
(010), and (001) planes (see Section 5, Experimental Section).
Based on other E-induced optical effects in magnetic materi-
als (e.g., E-induced magnetic circular dichroism in Cr2O3

[4( ]), E-
induced NDD signals are expected to be weak. Thus, we adopted
an electric field-modulation imaging technique,[4) ] which en-
ables us to detect the spatial distribution of E-induced NDD sig-
nals with high sensitivity (see Section 5, Experimental Section).
Figure 4a–c, e–g, i–k show the maps of Δ!d obtained in the ge-
ometry where both k and E are along the a, b, and c axes, respec-
tively, at selected V. The images were obtained at 4 K (< TN) using
unpolarized light with wavelengths of 550 nm (Figure 4a–c, i–k)

and 590 nm (Figure 4e–g). In all the samples, a clear contrast
of red and blue corresponding to the positive and negative Δ!,
respectively, is observed at 200 V (Figure 4c,g,k). The color con-
trasts monotonically increase with voltage in all the geometries.
We calculated the average Δ!d for the pixels at selected single do-
main areas (both positive and negative Δ!d) denoted by boxes in
Figure S1a–c (Supporting Information) and determined the V de-
pendence ofΔ!d. As shown in Figure 4d,h,l,Δ!d is linear with re-
spect to V. We also checked that the contrasts disappeared at tem-
peratures above TN (Figure 5). Furthermore, the lock-in measure-
ments with a focused laser beam in a detailed temperature range
confirm that the E-induced NDD disappears above TN (Figure S2
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Figure 1. Magnetic toroidal moment and electrotoroidic (ET) effect. Mag-
netic toroidal moment T is composed of vortex arrangements of magnetic
dipoles mi (middle panel). T can be induced by an electric field E as a result
of the ET effect. The off-diagonal ET effect refers to T induced perpendic-
ular to E (E⊥T), which is achieved by a cross-product of magnetization
M and an applied E, T∝M×E (right panel). The diagonal ET effect, T in-
duced parallel to E (E||T), is mediated by a  -odd scalar quantity, such as
magnetic toroidal monopole (left panel).

experimentally observed using optical second harmonic gener-
ation in 2007.[23 ] In parallel with the discussion on the ferro-
toroidic order, Schmid introduced a linear response of T to ap-
plied E, described as Ti = !ijEj and termed it the ET effect.[18,1( ]

Here, !ij is a second rank  -odd polar tensor called the ET tensor.
Note that the ET effect is a phenomenon ascribed to a bi-linear
ME coupling since T is symmetrically equivalent to H×E, where
H is a magnetic field, and the coupling between T and E is ex-
pressed as (H×E)·E.[18,2) ] In Note S1 (Supporting Information) of
Supporting Information, we summarize the phenomenology of
the ET effect based on free energy. When i ≠ j and i= j, the effect is
off-diagonal (E⊥T) and diagonal (E||T), respectively. Off-diagonal
coupling is rather common and is observed in systems break-
ing both  and  symmetries with the cross product of sponta-
neous (or field-induced) M and an applied E, i.e., T ∝ M×E (right
panel of Figure 1). The off-diagonal ET effect has been observed
through nonreciprocal optical phenomena in systems with E and
H applied in perpendicular directions (T ∝ H×E).[25 ]

On the other hand, for the emergence of the diagonal ET ef-
fect, T is induced as a result of changing only the  symmetry
( -even to  -odd) while maintaining the direction of E, which
should be observed in systems holding a  -odd “scalar” quan-
tity. Recently, Hayami and Kusunose showed that such a class
is characterized by “magnetic toroidal monopole”, that is, all-in
or all-out arrangements of the local magnetic toroidal moment[26 ]

(left panel of Figure 1). Considering symmetry, 32 magnetic point
groups in yellow-colored rows of Table S1 (Supporting Informa-
tion) allow for the emergence of the magnetic toroidal monopole
and therefore the diagonal ET effect.[26 ] (In this paper, the term
“magnetic point groups” is used to refer to all 122 Shubnikov
groups including 32 crystallographic point groups (Shubnikov
type I), 32 gray groups (type II), and 58 black-and-white groups
(type III).) More recently, a similar classification focusing on
spontaneous and field-induced T has been introduced by Xu and
coworkers.[27 ] We note that the systems described by the mag-
netic toroidal monopole can also be described by the magnetic
octupole.[28,2( ] The magnetic toroidal monopole better reflects  -
odd scalar quantity that we focus on in this research, and thus we

adopt the classification using the magnetic toroidal monopole.
We also note that the bi-linear ME coupling is suggested as
an effective but unexplored way to approach magnetic octupole
orders.[30 ]

2.2. Electric Field-Induced Nonreciprocal Directional Dichroism

In contrast with the measurement of M, that of T is non-trivial,
and thus methods to observe the diagonal ET effect have been less
established. However, in systems with finite T, the characteristic
optical phenomenon, NDD, emerges. NDD has been observed in
ferrotoroidic materials and materials in which magnetic toroidal
moment is induced by the cross product of E (P) and H (M).[31–3) ]

Because the states with opposite signs of T, T+, and T−, show dif-
ferent absorption, NDD has been used to visualize ferrotoroidic
domains.[35,36 ] In the system where the diagonal ET effect, i.e.,
E-induced T, is allowed, therefore, the emergence of E-induced
NDD is expected.

E-induced NDD will be described as the changes in an absorp-
tion coe,cient " (cm−1) under E, and expressed as

" = "0 + Δ" = "0 + # (k ⋅ E) (1)

where "0 is an absorption coe,cient without E, Δ" is the differ-
ence in the absorption coe,cient induced by E, # is the coe,-
cient describing the E-induced NDD, and k is the light propaga-
tion vector. For the derivation of Equation (1) based on the optical
ME coupling, see Note S2 (Supporting Information). When E is
parallel to k, the intensity of the transmitted light I is described
as:

I = I0 e−("0+Δ")d ≈ I0e−"0d (1 − Δ"d)
= I0e−"0d (1 − #V)

(2)

where I0 is the intensity of the incident light, d (cm) is the sample
thickness, and V = Ed (V) is the applied voltage. In the transfor-
mation of Equation (2), Δ"d is assumed to be small. Under this
approximation, the change in transmitted light intensity is lin-
ear relative to V. Note that this E-induced NDD is understood as
the coupling of (H$×E$)·E, where E$ and H$ are oscillating elec-
tric field and magnetic field of light, respectively. Thus, E-induced
NDD is also a type of bi-linear (optical) ME coupling.

2.3. Time-Reversal-Symmetry-Broken Antiferromagnet Co2SiO4

To manifest the E-induced NDD, we selected Co2SiO) as the tar-
get material. Co2SiO) crystalizes in the olivine structure (space
group Pnma, Figure 2a).[37–3( ] Co2+ ions are surrounded by six
O2− ions and occupy two different octahedral sites: Co1 located
at the centrosymmetric site (site symmetry 1̄) and Co2 located at
the mirror-symmetric site whose mirror plane is perpendicular
to the b axis (site symmetry m). Co2SiO) shows an antiferromag-
netic (AFM) transition at TN ≈50 K[)0,)1,)2 ] where the magnetic
point group changes from  -even mmm1′ (Shubnikov type II) to -odd mmm (Shubnikov type I). Figure 2c shows the temperature
profile of magnetic susceptibility of our Co2SiO) crystal. In the
AFM phase, spins on the Co2 sites are collinearly aligned along

Adv. Mater. 2025, 37, 2414876 24148() (2 of 8) © 2(2) The Author(s). Advanced Materials published by Wiley-VCH GmbH
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Figure 2. a) Crystal and magnetic structures of Co2SiO4. The red arrows
denote Co2+ spins. b) Two magnetic domain states (ET+ and ET−) related
to one another via time-reversal operation. For clarity, only CoO6 octahe-
dral units at the Co2 sites are shown. The circles with red dots or crosses in
the center, orange arrows, and magenta arrows denote local spins, electric
dipoles, and magnetic toroidal dipoles, respectively. The ET+ and ET− do-
main states are characterized by magnetic toroidal monopoles with a posi-
tive (

∑
i ri ⋅ ti > 0) and negative (

∑
i ri ⋅ ti < 0) divergence of t, respectively.

The dashed box denotes a unit cell. c) Temperature profiles of magnetic
susceptibility ! along the a, b, and c axes.

the b-axis, whereas those on the Co1 sites are slightly tilted from
the b-axis and form zigzag spin chains (red arrows in Figure 2a).
The magnetic point group mmm in the AFM phase holds the
magnetic toroidal monopole[26 ] and permits the diagonal ET ef-
fect with the nonzero distinct ET tensor components of "11, "22,
and "33

[43 ] (Note S3, Supporting Information). Although the non-
collinear spins on the Co1 sites are also related to the breaking
of  symmetry and the diagonal ET effect,[27 ] herein, we focused
on the collinear spins on the Co2 site for simplification. As men-
tioned above, T describes vortex arrangements of multiple mag-
netic dipoles; however, local magnetic toroidal moment t can also

Figure 3. E-induced NDD in Co2SiO4. Under an electric field E, the ET+
and ET− domain states exhibit magnetic toroidal moments with opposite
polarities (T+ and T−), resulting in an absorption difference of unpolar-
ized light. Although here we depict the model in the setting of E||k||b, E-
induced NDD is permitted in any direction if E||k is satisfied.

be defined at a single ion site by considering the cross product of
a local electric dipole moment p and a local magnetic moment m,
as t ∝ p×m.[34 ] At the Co2 site with mCo2 (red arrows in Figure 2b),
an inversion symmetry is locally broken while a mirror symmetry
perpendicular to the b axis is preserved, and thus pCo2 emerges in
the ac plane (orange arrows in Figure 2b). Then, a local magnetic
toroidal moment at the Co2 site, tCo2 (∝ pCo2×mCo2) is introduced
(magenta arrows in Figure 2b). Note that the sum of tCo2 is can-
celed out in a unit cell with four Co2 sites; therefore, Co2SiO4 is
not ferrotoroidic (T = 0) in the absence of E. We also note that
spin-up and spin-down sublattices are related to each other by
glide operations but not by space-inversion or translation, which
satisfies the requirement of altermagnetism from the viewpoint
of symmetry,[44,4( ] i.e., Co2SiO4 is an altermagnet candidate. Mag-
netic point groups of representative candidates for altermagnets
such as RuO2 (4′/mmm′), Mn(Si3 (1̄), and MnTe (m′m′m) permit
either or both diagonal and off-diagonal ET effects, depending on
their symmetry (Table S1, Supporting Information).

In the absence of E, thus, the AFM phase of Co2SiO4 does
not show finite T but holds a  -odd scalar quantity, that is, mag-
netic toroidal monopole (∝ ∑

i ri ⋅ ti).[26 ] One can consider the two
domain states related to each other by the  operation, termed
ET+ and ET– domains (left and right panels of Figure 2b), which
are characterized by the magnetic toroidal monopole with posi-
tive (

∑
i ri ⋅ ti > )) and negative (

∑
i ri ⋅ ti < )) divergence, respec-

tively. The sign of the ET tensors of the two ET domain states is
opposite, indicating that these states exhibit T with opposite po-
larities (T+ and T−) under E. This results in the opposite sign of $
in Equation (2), i.e., the two domain states show different absorp-
tion under E. Figure 3 schematically illustrates the ET effect and
the E-induced NDD expected in a multidomain state of Co2SiO4.
The way to align the system into a single domain state is nontriv-
ial. Therefore, spatially resolved measurements are suitable for
the detection of E-induced NDD.

3. Results and Discussion

3.1. Observation of E-Induced NDD

We measured E-induced NDD of Co2SiO4 single crystals. For
the measurements in the transmittance geometry, we prepared
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Figure 4. ET domains observed by E-induced NDD. a–c), e–g), and i–k) show maps of changes in the absorption of unpolarized light (Δ!d) induced by
applying voltage in the (100), (010), and (001) planes, respectively. The first (a,e,i), second (b,f,j), and third (c,g,k) columns show the images obtained
under applied voltages of 100, 150, and 200 V. respectively. The applied voltage and light propagation direction k were parallel to the normal axis of
each plane. The wavelengths of the incident light were 550 nm [(a)-(c) and (i)-(k)] and 590 nm [(e)-(g)]. The images were obtained at 4 K after cooling
the crystals at zero magnetic field. d), h), and (l) show the voltage dependence of the Δ!d averaged in 10 different points for each domain state in the
(100), (010), and (001) planes, respectively. The sampling positions are shown in Figure S1 of Note S4 (Supporting Information). The red and blue dots
correspond to the data for the positive and negative Δ!d single domain areas, respectively. The error bars show the standard deviations for the 10 points.
The lines denote the least-squares fitting lines.

three thin samples whose widest faces are parallel to the (100),
(010), and (001) planes (see Section 5, Experimental Section).
Based on other E-induced optical effects in magnetic materi-
als (e.g., E-induced magnetic circular dichroism in Cr2O3

[4( ]), E-
induced NDD signals are expected to be weak. Thus, we adopted
an electric field-modulation imaging technique,[4) ] which en-
ables us to detect the spatial distribution of E-induced NDD sig-
nals with high sensitivity (see Section 5, Experimental Section).
Figure 4a–c, e–g, i–k show the maps of Δ!d obtained in the ge-
ometry where both k and E are along the a, b, and c axes, respec-
tively, at selected V. The images were obtained at 4 K (< TN) using
unpolarized light with wavelengths of 550 nm (Figure 4a–c, i–k)

and 590 nm (Figure 4e–g). In all the samples, a clear contrast
of red and blue corresponding to the positive and negative Δ!,
respectively, is observed at 200 V (Figure 4c,g,k). The color con-
trasts monotonically increase with voltage in all the geometries.
We calculated the average Δ!d for the pixels at selected single do-
main areas (both positive and negative Δ!d) denoted by boxes in
Figure S1a–c (Supporting Information) and determined the V de-
pendence ofΔ!d. As shown in Figure 4d,h,l,Δ!d is linear with re-
spect to V. We also checked that the contrasts disappeared at tem-
peratures above TN (Figure 5). Furthermore, the lock-in measure-
ments with a focused laser beam in a detailed temperature range
confirm that the E-induced NDD disappears above TN (Figure S2
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Model
๏ two Co sites in the unit cell 

• Co1: local P preserved, 1D zigzag chain of edge-sharing CoO6, non-collinear AFM 
• Co2: local P broken, 2D square-like lattice of corner-sharing CoO6, collinear AFM 
➡ spin model for ME-active Co2 sites, assuming the d-p hybridization mechanism

YASUYUKI KATO et al. PHYSICAL REVIEW B 113, 094411 (2026)

FIG. 1. Crystal structure of Co2SiO4 [11]. For clarity, Si atoms are omitted, showing only Co and O. (a) The unit cell (thin black
lines) contains two crystallographically distinct Co2+ sites, denoted as Co1 (light blue) and Co2 (dark blue). Each Co2+ ion is octahedrally
coordinated by six O2− ligands (red). In this study, we focus on the Co2 sites and assign sublattice indices A, B, C, and D within the unit
cell. (b) The Co2 sublattices A and B, and C and D, respectively, form square-lattice-like networks in the bc plane through corner sharing of
octahedra. Arrows indicate the spin directions (parallel or antiparallel to the b axis) in the ordered phase. (c) Octahedron formed by a Co2 ion
of sublattice A and its surrounding ligands. eA1–eA6 represent the relative position vectors from the Co2 site to the ligands. Crystal structures
are visualized using VESTA [12].

Furthermore, we theoretically reveal the temperature de-
pendence of the magnetic-toroidal-monopole density, the
electric-field-direction dependence of the magnetic toroidal
moment, and an antisymmetric magnetoelectric response as-
sociated with the magnetic toroidal monopole, which we
refer to as the nonlinear electric-field-induced toroidal-type
magnetoelectric effect. Our findings provide not only exper-
imentally measurable evidence for the existence of magnetic
toroidal monopoles but also a microscopic understanding of
toroidal-type magnetoelectric responses in antiferromagnetic
olivines.

The remainder of this paper is organized as follows. In
Sec. II, we define the spin model, introduce the electric-
polarization operator based on the d-p hybridization mech-
anism, and describe the method used for the following
analyses. The corresponding experimental procedure is briefly
described in the same section. Section III presents the main
results: a comparison between theoretical and experimental
dielectric anomalies (Sec. III A), the temperature dependence
of the magnetic-toroidal-monopole density (Sec. III B), the
electric-field-direction dependence of the magnetic toroidal
moment (Sec. III C), and the second-order magnetoelectric
response, i.e., the electric-field-induced toroidal-type magne-
toelectric effect (Sec. III D). In addition, we extend the same
framework to other antiferromagnetic olivines with similar
magnetic order and compare the results (Sec. III E). Finally,
Sec. IV summarizes the key findings and discusses possible
future perspectives.

II. MODEL AND METHODS

A. Theoretical approach

Figure 1(a) shows the crystal structure of Co2SiO4. Each
unit cell contains eight magnetic Co2+ ions, which are

crystallographically classified into two inequivalent sites, re-
ferred to as Co1 and Co2, each hosting four ions. Each
Co2+ ion is octahedrally coordinated by six O2− ligands,
and the octahedra share corners or edges to form a three-
dimensional network. Specifically, the Co1 octahedra form
one-dimensional edge-sharing chains along the b axis, while
the Co2 octahedra constitute two symmetry-related corner-
sharing square-lattice-like networks within the bc plane, as
shown in Fig. 1(b). This compound undergoes a magnetic
phase transition at approximately 50 K [13–15]. In the mag-
netically ordered phase, the Co2 spins form a collinear
antiferromagnetic structure along the b axis as shown in
Fig. 1(b), while the magnetic moments on the Co1 sites ex-
hibit a noncoplanar configuration slightly tilted from the b
axis. To avoid unnecessary complexity, we focus exclusively
on the Co2 sites in the following analysis. We note that, in the
setup considered below, the Co1 spins do not contribute to the
magnetoelectric response.

The model considered here consists of the nearest-neighbor
antiferromagnetic Heisenberg interaction J on the square-
lattice-like network of Co2 ions, the single-ion anisotropy A
favoring an easy axis along the b direction, and the magneto-
electric term that couples spins to the external electric field E.
The Hamiltonian is given by

H = J
∑

〈r,r′〉
Sr · Sr′ − A

∑

r

(
Sb

r

)2 − E ·
∑

r

pr, (1)

where Sr is the spin operator at site r (Sb
r represents its com-

ponent along the b axis),
∑

r and
∑

〈r,r′〉 denote summations
over all sites and nearest-neighbor pairs in each square lattice,
respectively, and pr represents the local spin-dependent elec-
tric polarization operator defined below.
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In the following analysis, we assume that the Co2 ions
are in the high-spin state and model the Co2+ moments
as spins with S = 3/2. Depending on the crystal electric
field and spin-orbit coupling, Co2+ ions can exhibit different
magnetic degrees of freedom, such as S = 1/2 in the low-
spin state under a strong octahedral crystal electric field, or
an effective pseudospin with jeff = 1/2 in the presence of
strong spin-orbit coupling [16]. Although an effective mag-
netic moment larger than the spin-only value was reported
experimentally [15,17], we adopt an S = 3/2 description for
simplicity. Importantly, the symmetry-based conclusions pre-
sented in this work do not rely on this specific microscopic
low-energy description.

To incorporate the magnetoelectric effect in this material,
we consider the d-p hybridization mechanism arising from the
mixing between Co2+ d orbitals and O2− p orbitals [10]. This
mechanism becomes relevant only when the transition-metal
site lacks an inversion center. In Co2SiO4, this condition is
satisfied at the Co2 sites, whereas the Co1 sites are located at
inversion centers. This allows us to construct a model focused
on the Co2 sites to capture the magnetoelectric effects in this
compound. The Co2 sites have four sublattices labeled by
α = A, B, C, and D, as shown in Fig. 1(a). For each sublattice
site, the relative position vectors of the six ligands are de-
noted by eαµ (µ = 1, 2, . . . , 6) based on the crystal structure
reported in Ref. [11] and the corresponding unit vectors by
êαµ as illustrated in Fig. 1(c). The local electric-polarization
operator in the d-p hybridization mechanism is then defined
as

pr =
∑

µ

λα(r)µ(Sr · êα(r)µ)2êα(r)µ, (2)

where α(r) specifies the sublattice of site r. The coefficient
λαµ depends on the crystal field and the strength of d-p hy-
bridization. Although it is generally sublattice dependent, we
set λαµ = 1 for simplicity.

We investigate the model in Eq. (1) using the mean-field
approximation. Within this framework, the spin-exchange
term is decoupled as

Sr · Sr′ # Sr · mα(r′ ) + mα(r) · Sr′ − mα(r) · mα(r′ ), (3)

with the mean field mα(r) = 〈Sr〉, which is computed as the
thermal average within the mean-field Hamiltonian with this
decoupling and is determined self-consistently. In the present
model, although the sublattice pairs (A,B) and (C,D) are
decoupled across different bc planes, a mean-field solution
consistent with the experimental magnetic order can be ob-
tained by initializing the configuration as shown in Fig. 1(b).

In the following calculations, we set J = 1 as the energy
unit and take the single-ion anisotropy A = 0.1. We confirm
that calculations with A = 0.01 and A = 1 give qualitatively
similar results. This indicates that the physical quantities dis-
cussed in this study are rather insensitive to the value of A,
indicating the robustness of our results.

B. Experimental approach

A single crystal of Co2SiO4 was grown by the floating
zone method [18]. The obtained crystal was oriented using
Laue X-ray diffraction, and three plate-shaped samples with

the widest faces perpendicular to the a, b, and c axes were
prepared. The dimensions of the samples were approximately
3 mm × 3 mm × 0.2 mm. Magnetization measurements con-
firmed that the samples exhibit antiferromagnetic order at
50 K. For dielectric measurements, silver paste was painted
onto the widest faces of the samples to form a pair of
electrodes. The dielectric constant along the principal crystal-
lographic axes was measured using an LCR meter (E4980A,
Agilent) while the temperature was controlled with a com-
mercial physical property measurement system (Quantum
Design).

III. RESULTS AND DISCUSSION

A. Dielectric anomalies

Figure 2 compares the temperature (T ) dependence of the
dielectric constant along the principal crystallographic axes
obtained from both theoretical calculations for the model in
Eq. (1) and experimental measurements for Co2SiO4. In the
theoretical calculations, the electric polarization per Co2 site
is defined as

p = 1
4 (pA + pB + pC + pD), (4)

where pα represents the thermal expectation value of the local
spin-dependent polarization operator, 〈pr〉, on the Co2 sites
belonging to sublattice α. We probe the linear response by
applying a weak electric field along each crystallographic axis
µ = a, b, c, i.e., E = Eµêµ. The dielectric constant is defined
as the directional derivative

εµµ = ∂ pµ

∂Eµ

∣∣∣∣
E=0

, (5)

which is numerically evaluated using

εµµ ≈
pµ|E=Eµ êµ

− pµ|E=0

Eµ
, (6)

with a sufficiently small field strength Eµ = 0.005. Due to
the symmetry of the system, the polarization vanishes at zero
field, i.e., p = 0 at E = 0, as discussed in Sec. III B. There-
fore, the above expression reduces to εµµ ≈ pµ|E=Eµ êµ

/Eµ.
The theoretical results shown in Figs. 2(a)–2(c) exhibit

a pronounced dependence on the field direction, while all
results consistently show an anomaly at the Néel temperature
TN ≈ 5.08. Specifically, convex anomalies are observed for
the a and c axes, whereas a concave anomaly appears for the b
axis. Moreover, in the ordered phase (T < TN), εaa and εcc de-
crease monotonically with decreasing temperature, while εbb

increases. The experimental data presented in Figs. 2(d)–2(f)
show trends that are qualitatively reproduced by the theo-
retical results [Figs. 2(a)–2(c)], although they likely include
monotonically increasing background contributions with tem-
perature. Since no established method is available to subtract
these contributions, the raw data are presented as measured.
In contrast, the theoretical calculation shows a discontinuous
jump in εcc at TN, which is not observed experimentally. This
discrepancy likely arises from the mean-field approximation
and the simplifications inherent in the present model, which,
while not capturing critical behavior in detail, is nevertheless
sufficient for providing a symmetry-based understanding of
the allowed responses and their qualitative trends.
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FIG. 1. Crystal structure of Co2SiO4 [11]. For clarity, Si atoms are omitted, showing only Co and O. (a) The unit cell (thin black
lines) contains two crystallographically distinct Co2+ sites, denoted as Co1 (light blue) and Co2 (dark blue). Each Co2+ ion is octahedrally
coordinated by six O2− ligands (red). In this study, we focus on the Co2 sites and assign sublattice indices A, B, C, and D within the unit
cell. (b) The Co2 sublattices A and B, and C and D, respectively, form square-lattice-like networks in the bc plane through corner sharing of
octahedra. Arrows indicate the spin directions (parallel or antiparallel to the b axis) in the ordered phase. (c) Octahedron formed by a Co2 ion
of sublattice A and its surrounding ligands. eA1–eA6 represent the relative position vectors from the Co2 site to the ligands. Crystal structures
are visualized using VESTA [12].

Furthermore, we theoretically reveal the temperature de-
pendence of the magnetic-toroidal-monopole density, the
electric-field-direction dependence of the magnetic toroidal
moment, and an antisymmetric magnetoelectric response as-
sociated with the magnetic toroidal monopole, which we
refer to as the nonlinear electric-field-induced toroidal-type
magnetoelectric effect. Our findings provide not only exper-
imentally measurable evidence for the existence of magnetic
toroidal monopoles but also a microscopic understanding of
toroidal-type magnetoelectric responses in antiferromagnetic
olivines.

The remainder of this paper is organized as follows. In
Sec. II, we define the spin model, introduce the electric-
polarization operator based on the d-p hybridization mech-
anism, and describe the method used for the following
analyses. The corresponding experimental procedure is briefly
described in the same section. Section III presents the main
results: a comparison between theoretical and experimental
dielectric anomalies (Sec. III A), the temperature dependence
of the magnetic-toroidal-monopole density (Sec. III B), the
electric-field-direction dependence of the magnetic toroidal
moment (Sec. III C), and the second-order magnetoelectric
response, i.e., the electric-field-induced toroidal-type magne-
toelectric effect (Sec. III D). In addition, we extend the same
framework to other antiferromagnetic olivines with similar
magnetic order and compare the results (Sec. III E). Finally,
Sec. IV summarizes the key findings and discusses possible
future perspectives.

II. MODEL AND METHODS

A. Theoretical approach

Figure 1(a) shows the crystal structure of Co2SiO4. Each
unit cell contains eight magnetic Co2+ ions, which are

crystallographically classified into two inequivalent sites, re-
ferred to as Co1 and Co2, each hosting four ions. Each
Co2+ ion is octahedrally coordinated by six O2− ligands,
and the octahedra share corners or edges to form a three-
dimensional network. Specifically, the Co1 octahedra form
one-dimensional edge-sharing chains along the b axis, while
the Co2 octahedra constitute two symmetry-related corner-
sharing square-lattice-like networks within the bc plane, as
shown in Fig. 1(b). This compound undergoes a magnetic
phase transition at approximately 50 K [13–15]. In the mag-
netically ordered phase, the Co2 spins form a collinear
antiferromagnetic structure along the b axis as shown in
Fig. 1(b), while the magnetic moments on the Co1 sites ex-
hibit a noncoplanar configuration slightly tilted from the b
axis. To avoid unnecessary complexity, we focus exclusively
on the Co2 sites in the following analysis. We note that, in the
setup considered below, the Co1 spins do not contribute to the
magnetoelectric response.

The model considered here consists of the nearest-neighbor
antiferromagnetic Heisenberg interaction J on the square-
lattice-like network of Co2 ions, the single-ion anisotropy A
favoring an easy axis along the b direction, and the magneto-
electric term that couples spins to the external electric field E.
The Hamiltonian is given by

H = J
∑

〈r,r′〉
Sr · Sr′ − A

∑

r

(
Sb

r

)2 − E ·
∑

r

pr, (1)

where Sr is the spin operator at site r (Sb
r represents its com-

ponent along the b axis),
∑

r and
∑

〈r,r′〉 denote summations
over all sites and nearest-neighbor pairs in each square lattice,
respectively, and pr represents the local spin-dependent elec-
tric polarization operator defined below.
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FIG. 1. Crystal structure of Co2SiO4 [11]. For clarity, Si atoms are omitted, showing only Co and O. (a) The unit cell (thin black
lines) contains two crystallographically distinct Co2+ sites, denoted as Co1 (light blue) and Co2 (dark blue). Each Co2+ ion is octahedrally
coordinated by six O2− ligands (red). In this study, we focus on the Co2 sites and assign sublattice indices A, B, C, and D within the unit
cell. (b) The Co2 sublattices A and B, and C and D, respectively, form square-lattice-like networks in the bc plane through corner sharing of
octahedra. Arrows indicate the spin directions (parallel or antiparallel to the b axis) in the ordered phase. (c) Octahedron formed by a Co2 ion
of sublattice A and its surrounding ligands. eA1–eA6 represent the relative position vectors from the Co2 site to the ligands. Crystal structures
are visualized using VESTA [12].

Furthermore, we theoretically reveal the temperature de-
pendence of the magnetic-toroidal-monopole density, the
electric-field-direction dependence of the magnetic toroidal
moment, and an antisymmetric magnetoelectric response as-
sociated with the magnetic toroidal monopole, which we
refer to as the nonlinear electric-field-induced toroidal-type
magnetoelectric effect. Our findings provide not only exper-
imentally measurable evidence for the existence of magnetic
toroidal monopoles but also a microscopic understanding of
toroidal-type magnetoelectric responses in antiferromagnetic
olivines.

The remainder of this paper is organized as follows. In
Sec. II, we define the spin model, introduce the electric-
polarization operator based on the d-p hybridization mech-
anism, and describe the method used for the following
analyses. The corresponding experimental procedure is briefly
described in the same section. Section III presents the main
results: a comparison between theoretical and experimental
dielectric anomalies (Sec. III A), the temperature dependence
of the magnetic-toroidal-monopole density (Sec. III B), the
electric-field-direction dependence of the magnetic toroidal
moment (Sec. III C), and the second-order magnetoelectric
response, i.e., the electric-field-induced toroidal-type magne-
toelectric effect (Sec. III D). In addition, we extend the same
framework to other antiferromagnetic olivines with similar
magnetic order and compare the results (Sec. III E). Finally,
Sec. IV summarizes the key findings and discusses possible
future perspectives.

II. MODEL AND METHODS

A. Theoretical approach

Figure 1(a) shows the crystal structure of Co2SiO4. Each
unit cell contains eight magnetic Co2+ ions, which are

crystallographically classified into two inequivalent sites, re-
ferred to as Co1 and Co2, each hosting four ions. Each
Co2+ ion is octahedrally coordinated by six O2− ligands,
and the octahedra share corners or edges to form a three-
dimensional network. Specifically, the Co1 octahedra form
one-dimensional edge-sharing chains along the b axis, while
the Co2 octahedra constitute two symmetry-related corner-
sharing square-lattice-like networks within the bc plane, as
shown in Fig. 1(b). This compound undergoes a magnetic
phase transition at approximately 50 K [13–15]. In the mag-
netically ordered phase, the Co2 spins form a collinear
antiferromagnetic structure along the b axis as shown in
Fig. 1(b), while the magnetic moments on the Co1 sites ex-
hibit a noncoplanar configuration slightly tilted from the b
axis. To avoid unnecessary complexity, we focus exclusively
on the Co2 sites in the following analysis. We note that, in the
setup considered below, the Co1 spins do not contribute to the
magnetoelectric response.

The model considered here consists of the nearest-neighbor
antiferromagnetic Heisenberg interaction J on the square-
lattice-like network of Co2 ions, the single-ion anisotropy A
favoring an easy axis along the b direction, and the magneto-
electric term that couples spins to the external electric field E.
The Hamiltonian is given by

H = J
∑

〈r,r′〉
Sr · Sr′ − A

∑

r

(
Sb

r

)2 − E ·
∑

r

pr, (1)

where Sr is the spin operator at site r (Sb
r represents its com-

ponent along the b axis),
∑

r and
∑

〈r,r′〉 denote summations
over all sites and nearest-neighbor pairs in each square lattice,
respectively, and pr represents the local spin-dependent elec-
tric polarization operator defined below.
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FIG. 1. Crystal structure of Co2SiO4 [11]. For clarity, Si atoms are omitted, showing only Co and O. (a) The unit cell (thin black
lines) contains two crystallographically distinct Co2+ sites, denoted as Co1 (light blue) and Co2 (dark blue). Each Co2+ ion is octahedrally
coordinated by six O2− ligands (red). In this study, we focus on the Co2 sites and assign sublattice indices A, B, C, and D within the unit
cell. (b) The Co2 sublattices A and B, and C and D, respectively, form square-lattice-like networks in the bc plane through corner sharing of
octahedra. Arrows indicate the spin directions (parallel or antiparallel to the b axis) in the ordered phase. (c) Octahedron formed by a Co2 ion
of sublattice A and its surrounding ligands. eA1–eA6 represent the relative position vectors from the Co2 site to the ligands. Crystal structures
are visualized using VESTA [12].

Furthermore, we theoretically reveal the temperature de-
pendence of the magnetic-toroidal-monopole density, the
electric-field-direction dependence of the magnetic toroidal
moment, and an antisymmetric magnetoelectric response as-
sociated with the magnetic toroidal monopole, which we
refer to as the nonlinear electric-field-induced toroidal-type
magnetoelectric effect. Our findings provide not only exper-
imentally measurable evidence for the existence of magnetic
toroidal monopoles but also a microscopic understanding of
toroidal-type magnetoelectric responses in antiferromagnetic
olivines.

The remainder of this paper is organized as follows. In
Sec. II, we define the spin model, introduce the electric-
polarization operator based on the d-p hybridization mech-
anism, and describe the method used for the following
analyses. The corresponding experimental procedure is briefly
described in the same section. Section III presents the main
results: a comparison between theoretical and experimental
dielectric anomalies (Sec. III A), the temperature dependence
of the magnetic-toroidal-monopole density (Sec. III B), the
electric-field-direction dependence of the magnetic toroidal
moment (Sec. III C), and the second-order magnetoelectric
response, i.e., the electric-field-induced toroidal-type magne-
toelectric effect (Sec. III D). In addition, we extend the same
framework to other antiferromagnetic olivines with similar
magnetic order and compare the results (Sec. III E). Finally,
Sec. IV summarizes the key findings and discusses possible
future perspectives.

II. MODEL AND METHODS

A. Theoretical approach

Figure 1(a) shows the crystal structure of Co2SiO4. Each
unit cell contains eight magnetic Co2+ ions, which are

crystallographically classified into two inequivalent sites, re-
ferred to as Co1 and Co2, each hosting four ions. Each
Co2+ ion is octahedrally coordinated by six O2− ligands,
and the octahedra share corners or edges to form a three-
dimensional network. Specifically, the Co1 octahedra form
one-dimensional edge-sharing chains along the b axis, while
the Co2 octahedra constitute two symmetry-related corner-
sharing square-lattice-like networks within the bc plane, as
shown in Fig. 1(b). This compound undergoes a magnetic
phase transition at approximately 50 K [13–15]. In the mag-
netically ordered phase, the Co2 spins form a collinear
antiferromagnetic structure along the b axis as shown in
Fig. 1(b), while the magnetic moments on the Co1 sites ex-
hibit a noncoplanar configuration slightly tilted from the b
axis. To avoid unnecessary complexity, we focus exclusively
on the Co2 sites in the following analysis. We note that, in the
setup considered below, the Co1 spins do not contribute to the
magnetoelectric response.

The model considered here consists of the nearest-neighbor
antiferromagnetic Heisenberg interaction J on the square-
lattice-like network of Co2 ions, the single-ion anisotropy A
favoring an easy axis along the b direction, and the magneto-
electric term that couples spins to the external electric field E.
The Hamiltonian is given by

H = J
∑

〈r,r′〉
Sr · Sr′ − A

∑

r

(
Sb

r

)2 − E ·
∑

r

pr, (1)

where Sr is the spin operator at site r (Sb
r represents its com-

ponent along the b axis),
∑

r and
∑

〈r,r′〉 denote summations
over all sites and nearest-neighbor pairs in each square lattice,
respectively, and pr represents the local spin-dependent elec-
tric polarization operator defined below.
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Figure 2. a) Crystal and magnetic structures of Co2SiO4. The red arrows
denote Co2+ spins. b) Two magnetic domain states (ET+ and ET−) related
to one another via time-reversal operation. For clarity, only CoO6 octahe-
dral units at the Co2 sites are shown. The circles with red dots or crosses in
the center, orange arrows, and magenta arrows denote local spins, electric
dipoles, and magnetic toroidal dipoles, respectively. The ET+ and ET− do-
main states are characterized by magnetic toroidal monopoles with a posi-
tive (

∑
i ri ⋅ ti > 0) and negative (

∑
i ri ⋅ ti < 0) divergence of t, respectively.

The dashed box denotes a unit cell. c) Temperature profiles of magnetic
susceptibility ! along the a, b, and c axes.

the b-axis, whereas those on the Co1 sites are slightly tilted from
the b-axis and form zigzag spin chains (red arrows in Figure 2a).
The magnetic point group mmm in the AFM phase holds the
magnetic toroidal monopole[26 ] and permits the diagonal ET ef-
fect with the nonzero distinct ET tensor components of "11, "22,
and "33

[43 ] (Note S3, Supporting Information). Although the non-
collinear spins on the Co1 sites are also related to the breaking
of  symmetry and the diagonal ET effect,[27 ] herein, we focused
on the collinear spins on the Co2 site for simplification. As men-
tioned above, T describes vortex arrangements of multiple mag-
netic dipoles; however, local magnetic toroidal moment t can also

Figure 3. E-induced NDD in Co2SiO4. Under an electric field E, the ET+
and ET− domain states exhibit magnetic toroidal moments with opposite
polarities (T+ and T−), resulting in an absorption difference of unpolar-
ized light. Although here we depict the model in the setting of E||k||b, E-
induced NDD is permitted in any direction if E||k is satisfied.

be defined at a single ion site by considering the cross product of
a local electric dipole moment p and a local magnetic moment m,
as t ∝ p×m.[34 ] At the Co2 site with mCo2 (red arrows in Figure 2b),
an inversion symmetry is locally broken while a mirror symmetry
perpendicular to the b axis is preserved, and thus pCo2 emerges in
the ac plane (orange arrows in Figure 2b). Then, a local magnetic
toroidal moment at the Co2 site, tCo2 (∝ pCo2×mCo2) is introduced
(magenta arrows in Figure 2b). Note that the sum of tCo2 is can-
celed out in a unit cell with four Co2 sites; therefore, Co2SiO4 is
not ferrotoroidic (T = 0) in the absence of E. We also note that
spin-up and spin-down sublattices are related to each other by
glide operations but not by space-inversion or translation, which
satisfies the requirement of altermagnetism from the viewpoint
of symmetry,[44,4( ] i.e., Co2SiO4 is an altermagnet candidate. Mag-
netic point groups of representative candidates for altermagnets
such as RuO2 (4′/mmm′), Mn(Si3 (1̄), and MnTe (m′m′m) permit
either or both diagonal and off-diagonal ET effects, depending on
their symmetry (Table S1, Supporting Information).

In the absence of E, thus, the AFM phase of Co2SiO4 does
not show finite T but holds a  -odd scalar quantity, that is, mag-
netic toroidal monopole (∝ ∑

i ri ⋅ ti).[26 ] One can consider the two
domain states related to each other by the  operation, termed
ET+ and ET– domains (left and right panels of Figure 2b), which
are characterized by the magnetic toroidal monopole with posi-
tive (

∑
i ri ⋅ ti > )) and negative (

∑
i ri ⋅ ti < )) divergence, respec-

tively. The sign of the ET tensors of the two ET domain states is
opposite, indicating that these states exhibit T with opposite po-
larities (T+ and T−) under E. This results in the opposite sign of $
in Equation (2), i.e., the two domain states show different absorp-
tion under E. Figure 3 schematically illustrates the ET effect and
the E-induced NDD expected in a multidomain state of Co2SiO4.
The way to align the system into a single domain state is nontriv-
ial. Therefore, spatially resolved measurements are suitable for
the detection of E-induced NDD.

3. Results and Discussion

3.1. Observation of E-Induced NDD

We measured E-induced NDD of Co2SiO4 single crystals. For
the measurements in the transmittance geometry, we prepared
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Magnetic toroidal monopole
๏ For E=0, a collinear AFM order sets in below TN: each Co2 site acquires a toroidal moment, 

and their spatial arrangement yields a finite scalar toroidal monopole T0.ELECTRIC-FIELD-INDUCED MAGNETIC TOROIDAL … PHYSICAL REVIEW B 113, 094411 (2026)

FIG. 3. Antiferromagnetic order and magnetic toroidal
monopole. (a) Real-space distributions of the local magnetization
mα , the local electric polarization pα , and the local magnetic toroidal
moment tα in the low-temperature antiferromagnetically ordered
phase. (b) Temperature dependence of the antiferromagnetic order
parameter mb

AF. (c) Temperature dependence of the magnetic toroidal
monopole T0.

monopole associated with the antiferromagnetic order in this
system.

C. Electric-field-induced magnetic toroidal moment

When the magnetic toroidal monopole T0 is finite, the
electric field E can induce a net magnetic toroidal mo-
ment [20,21]. The observation of directional dichroism in
Co2SiO4 strongly suggests the existence of this electric-field-
induced magnetic toroidal moment [4]. Within the linear
response, this phenomenon is described by

tµ = X tE
µν E ν, (10)

where tµ represents the µ component of the induced magnetic
toroidal moment, defined as

t = tA + tB + tC + tD, (11)

FIG. 4. Electric-field-induced magnetic toroidal moment. (a)–
(c) Field-angle dependence of the induced components: (a) t a and
t b for E ⊥ c, (b) t b and t c for E ⊥ a, and (c) t a and t c for E ⊥ b.
Solid lines are the numerical results obtained within the mean-field
approximation, and dashed lines are fits to either cos θ or sin θ

functions. (d) Distribution of the induced toroidal-moment response
with respect to the electric-field direction, visualized on a sphere. The
color of each arrow indicates the magnitude of the magnetic toroidal

moment |t| =
√∑

µ(X tE
µµEµ)2, where X tE

µµ is the magnetoelectric co-
efficient estimated from the fitting in (a)–(c), for an electric field with
normalized amplitude |E| = 1.

and X tE
µν denotes the linear magnetoelectric coefficient.

We analyze this effect within our model by applying a suf-
ficiently weak electric field with magnitude E = |E| = 0.005.
Figures 4(a)–4(c) present the field-angle dependence of the
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FIG. 2. Temperature dependence of the dielectric constant from theory and experiment. Panels (a)–(c) show the theoretical results of
(a) εaa, (b) εbb, and (c) εcc. Temperature is normalized by the Néel temperature TN. Panels (d)–(f) show the corresponding experimental data of
(d) εaa, (e) εbb, and (f) εcc, normalized by the vacuum permittivity ε0.

Taken together, these results indicate that the proposed
minimal model reproduces the experimentally observed
temperature and field-direction dependences of the dielectric
constant at a qualitative level. This consistency between the
theoretical and experimental trends indicates that the present
model provides a plausible microscopic framework for under-
standing the magnetoelectric behavior in Co2SiO4.

B. Magnetic toroidal monopole at zero fields

Figure 3(a) displays typical spatial configurations of the
local magnetization mα and the local electric polarization pα ,
obtained from the mean-field calculation below T = TN at
E = 0. In the mean-field solution, all Co2 sites carry magnetic
moments of the same magnitude, with mA = mD pointing
along the negative b direction and mB = mC along the positive
b direction. Each Co2 ion possesses a mirror plane perpendic-
ular to the b axis (the ac plane), which forces the b component
of the local electric polarization to vanish (pb

α = 0). The A and
D sublattices are related by a 180° rotation about the b axis, up
to an appropriate lattice translation, yielding pA = −pD. Sim-
ilarly, the B and C sublattices satisfy pB = −pC. Furthermore,
the A and B sublattices are transformed into each other by
reflection across the bc plane, again up to an appropriate lat-
tice translation. This operation reverses only the a component
of the polarization while keeping the c component identical,
namely, pa

A = −pa
B and pc

A = pc
B. Similar relations also hold

between B and D sublattices: pa
C = −pa

D and pc
C = pc

D. As a
result of these three symmetry operations, the ac-plane mirror,
the 180° rotation about the b axis, and the bc-plane mirror, the
net electric polarization vanishes at E = 0.

The antiferromagnetic order shown in Fig. 3(a) is charac-
terized by

mAF = −mA + mB + mC − mD, (7)

whose b component mb
AF serves as the conventional order

parameter. As shown in Fig. 3(b), mb
AF develops below the

Néel temperature TN and exhibits a typical square-root-type T
dependence near TN.

The noncollinear configuration of mα and pα in the anti-
ferromagnetically ordered phase activates a magnetic toroidal
moment at each Co2 site. Following Refs. [4,19], the local
magnetic toroidal moment is defined as

tα = pα × mα, (8)

which, by definition, is perpendicular to both mα and pα . The
same symmetry relations that apply to pα also hold for tα:
tA = −tD, tB = −tC, t a

A = −t a
B, and t c

A = t c
B. The resultant tα

are shown in Fig. 3(a). This peculiar spatial configuration of
tα generates a magnetic toroidal monopole via the definition:

T0 = 1
3

∑

α

rα · tα, (9)

where rα denotes the position vector of the Co2 ion in sub-
lattice α, measured from the inversion center of the unit cell
shown by the black dot in Fig. 3(a).

Figure 3(c) presents the temperature dependence of T0.
Similar to mb

AF, it becomes finite below TN, while exhibiting
nonmonotonic behavior at low temperatures. Although the
magnitude of T0 depends on the choice of the unit cell, its
nonzero value is essential: T0 #= 0 implies that the coupling
between the magnetic toroidal moment (dipole) and the elec-
tric field is symmetry allowed, as mentioned in Sec. I. Notably,
T0 represents the lowest-rank (rank-0) scalar quantity among
magnetic toroidal multipoles, forming the most fundamental
element in this multipole series. Our results clearly demon-
strate the existence of the fundamental magnetic toroidal
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FIG. 2. Temperature dependence of the dielectric constant from theory and experiment. Panels (a)–(c) show the theoretical results of
(a) εaa, (b) εbb, and (c) εcc. Temperature is normalized by the Néel temperature TN. Panels (d)–(f) show the corresponding experimental data of
(d) εaa, (e) εbb, and (f) εcc, normalized by the vacuum permittivity ε0.

Taken together, these results indicate that the proposed
minimal model reproduces the experimentally observed
temperature and field-direction dependences of the dielectric
constant at a qualitative level. This consistency between the
theoretical and experimental trends indicates that the present
model provides a plausible microscopic framework for under-
standing the magnetoelectric behavior in Co2SiO4.

B. Magnetic toroidal monopole at zero fields

Figure 3(a) displays typical spatial configurations of the
local magnetization mα and the local electric polarization pα ,
obtained from the mean-field calculation below T = TN at
E = 0. In the mean-field solution, all Co2 sites carry magnetic
moments of the same magnitude, with mA = mD pointing
along the negative b direction and mB = mC along the positive
b direction. Each Co2 ion possesses a mirror plane perpendic-
ular to the b axis (the ac plane), which forces the b component
of the local electric polarization to vanish (pb

α = 0). The A and
D sublattices are related by a 180° rotation about the b axis, up
to an appropriate lattice translation, yielding pA = −pD. Sim-
ilarly, the B and C sublattices satisfy pB = −pC. Furthermore,
the A and B sublattices are transformed into each other by
reflection across the bc plane, again up to an appropriate lat-
tice translation. This operation reverses only the a component
of the polarization while keeping the c component identical,
namely, pa

A = −pa
B and pc

A = pc
B. Similar relations also hold

between B and D sublattices: pa
C = −pa

D and pc
C = pc

D. As a
result of these three symmetry operations, the ac-plane mirror,
the 180° rotation about the b axis, and the bc-plane mirror, the
net electric polarization vanishes at E = 0.

The antiferromagnetic order shown in Fig. 3(a) is charac-
terized by

mAF = −mA + mB + mC − mD, (7)

whose b component mb
AF serves as the conventional order

parameter. As shown in Fig. 3(b), mb
AF develops below the

Néel temperature TN and exhibits a typical square-root-type T
dependence near TN.

The noncollinear configuration of mα and pα in the anti-
ferromagnetically ordered phase activates a magnetic toroidal
moment at each Co2 site. Following Refs. [4,19], the local
magnetic toroidal moment is defined as

tα = pα × mα, (8)

which, by definition, is perpendicular to both mα and pα . The
same symmetry relations that apply to pα also hold for tα:
tA = −tD, tB = −tC, t a

A = −t a
B, and t c

A = t c
B. The resultant tα

are shown in Fig. 3(a). This peculiar spatial configuration of
tα generates a magnetic toroidal monopole via the definition:

T0 = 1
3

∑

α

rα · tα, (9)

where rα denotes the position vector of the Co2 ion in sub-
lattice α, measured from the inversion center of the unit cell
shown by the black dot in Fig. 3(a).

Figure 3(c) presents the temperature dependence of T0.
Similar to mb

AF, it becomes finite below TN, while exhibiting
nonmonotonic behavior at low temperatures. Although the
magnitude of T0 depends on the choice of the unit cell, its
nonzero value is essential: T0 #= 0 implies that the coupling
between the magnetic toroidal moment (dipole) and the elec-
tric field is symmetry allowed, as mentioned in Sec. I. Notably,
T0 represents the lowest-rank (rank-0) scalar quantity among
magnetic toroidal multipoles, forming the most fundamental
element in this multipole series. Our results clearly demon-
strate the existence of the fundamental magnetic toroidal
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๏ T0 + E → magnetic toroidal moment: 
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FIG. 3. Antiferromagnetic order and magnetic toroidal
monopole. (a) Real-space distributions of the local magnetization
mα , the local electric polarization pα , and the local magnetic toroidal
moment tα in the low-temperature antiferromagnetically ordered
phase. (b) Temperature dependence of the antiferromagnetic order
parameter mb

AF. (c) Temperature dependence of the magnetic toroidal
monopole T0.

monopole associated with the antiferromagnetic order in this
system.

C. Electric-field-induced magnetic toroidal moment

When the magnetic toroidal monopole T0 is finite, the
electric field E can induce a net magnetic toroidal mo-
ment [20,21]. The observation of directional dichroism in
Co2SiO4 strongly suggests the existence of this electric-field-
induced magnetic toroidal moment [4]. Within the linear
response, this phenomenon is described by

tµ = X tE
µν E ν, (10)

where tµ represents the µ component of the induced magnetic
toroidal moment, defined as

t = tA + tB + tC + tD, (11)

FIG. 4. Electric-field-induced magnetic toroidal moment. (a)–
(c) Field-angle dependence of the induced components: (a) t a and
t b for E ⊥ c, (b) t b and t c for E ⊥ a, and (c) t a and t c for E ⊥ b.
Solid lines are the numerical results obtained within the mean-field
approximation, and dashed lines are fits to either cos θ or sin θ

functions. (d) Distribution of the induced toroidal-moment response
with respect to the electric-field direction, visualized on a sphere. The
color of each arrow indicates the magnitude of the magnetic toroidal

moment |t| =
√∑

µ(X tE
µµEµ)2, where X tE

µµ is the magnetoelectric co-
efficient estimated from the fitting in (a)–(c), for an electric field with
normalized amplitude |E| = 1.

and X tE
µν denotes the linear magnetoelectric coefficient.

We analyze this effect within our model by applying a suf-
ficiently weak electric field with magnitude E = |E| = 0.005.
Figures 4(a)–4(c) present the field-angle dependence of the
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Co2SiO4 strongly suggests the existence of this electric-field-
induced magnetic toroidal moment [4]. Within the linear
response, this phenomenon is described by
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toroidal moment, defined as
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FIG. 4. Electric-field-induced magnetic toroidal moment. (a)–
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efficient estimated from the fitting in (a)–(c), for an electric field with
normalized amplitude |E| = 1.

and X tE
µν denotes the linear magnetoelectric coefficient.

We analyze this effect within our model by applying a suf-
ficiently weak electric field with magnitude E = |E| = 0.005.
Figures 4(a)–4(c) present the field-angle dependence of the
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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Eac = E (cos θac, 0, sin θac), (14)
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either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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FIG. 3. Antiferromagnetic order and magnetic toroidal
monopole. (a) Real-space distributions of the local magnetization
mα , the local electric polarization pα , and the local magnetic toroidal
moment tα in the low-temperature antiferromagnetically ordered
phase. (b) Temperature dependence of the antiferromagnetic order
parameter mb

AF. (c) Temperature dependence of the magnetic toroidal
monopole T0.

monopole associated with the antiferromagnetic order in this
system.

C. Electric-field-induced magnetic toroidal moment

When the magnetic toroidal monopole T0 is finite, the
electric field E can induce a net magnetic toroidal mo-
ment [20,21]. The observation of directional dichroism in
Co2SiO4 strongly suggests the existence of this electric-field-
induced magnetic toroidal moment [4]. Within the linear
response, this phenomenon is described by

tµ = X tE
µν E ν, (10)

where tµ represents the µ component of the induced magnetic
toroidal moment, defined as

t = tA + tB + tC + tD, (11)

FIG. 4. Electric-field-induced magnetic toroidal moment. (a)–
(c) Field-angle dependence of the induced components: (a) t a and
t b for E ⊥ c, (b) t b and t c for E ⊥ a, and (c) t a and t c for E ⊥ b.
Solid lines are the numerical results obtained within the mean-field
approximation, and dashed lines are fits to either cos θ or sin θ

functions. (d) Distribution of the induced toroidal-moment response
with respect to the electric-field direction, visualized on a sphere. The
color of each arrow indicates the magnitude of the magnetic toroidal

moment |t| =
√∑

µ(X tE
µµEµ)2, where X tE

µµ is the magnetoelectric co-
efficient estimated from the fitting in (a)–(c), for an electric field with
normalized amplitude |E| = 1.

and X tE
µν denotes the linear magnetoelectric coefficient.

We analyze this effect within our model by applying a suf-
ficiently weak electric field with magnitude E = |E| = 0.005.
Figures 4(a)–4(c) present the field-angle dependence of the
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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induced t under E. Here, the electric field is rotated within the
ab, bc, and ac planes as

Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc

αmb
α, t b

α = 0, t c
α = pa

αmb
α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as

%t a
α = −εca

α Eamb
α, %t b

α = 0, %t c
α = εac

α Ecmb
α. (17)

Since pα is even under time reversal, Onsager reciprocity re-
quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that

X tE
aa = −X tE

cc = −
∑

α

εca
α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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Eab = E (cos θab, sin θab, 0), (12)

Ebc = E (0, cos θbc, sin θbc), (13)

Eac = E (cos θac, 0, sin θac), (14)

respectively. Each induced component tµ is well fitted by
either a cos θ or sin θ function (dashed lines), enabling ex-
traction of the coefficients X tE

µν in Eq. (10). The results reveal
that only the diagonal components of X tE

µν are nonzero:

X tE
aa = 0.188, X tE

bb = −3.748, X tE
cc = −0.188. (15)

Thus, the linear response is most pronounced along the an-
tiferromagnetic moment direction b, accompanied by much
weaker responses in the a and c directions, with X tE

aa = −X tE
cc .

The relation between these coefficients in the weaker re-
sponses is likely not coincidental and can be understood as
follows. At E = 0, the magnetic moment mα has only the b
component, so that tα is given by

t a
α = −pc
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α. (16)

Within the linear response regime, the local electric polariza-
tion pα varies linearly with E, and its change can be expressed
using a “local dielectric tensor” εα as %pα = εαE. Using this
expression, the Eµ-induced change in tµ

α is written as
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quires the corresponding response tensor εα to be symmetric,
and thus εca

α = εac
α holds. Therefore, one can understand that
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aa = −X tE

cc = −
∑
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α mb

α. (18)

We confirm that this relationship also holds in the calculations
for other olivine compounds presented in the Appendix.

Figure 4(d) displays the electric-field-direction dependence
of the induced magnetic toroidal moment calculated using
these coefficients. This plot clearly illustrates the highly
anisotropic nature of this response. The prominent response
along the b component results in the large nonlinear magneto-
electric response discussed in the next subsection.

D. Second-order magnetoelectric response

The induced magnetic toroidal moment t activates a non-
linear magnetoelectric effect [22]. Specifically, it induces
antisymmetric components of the magnetoelectric tensor, re-
sulting in a nonzero uniform magnetization

m = 1
4 (mA + mB + mC + mD) (19)

in the direction perpendicular to both E and t. This represents
a second-order magnetoelectric effect through a two-step cou-
pling mediated by the magnetic toroidal moment. In this
phenomenon, crystal anisotropy plays an important role. In
isotropic systems, the effective linear coupling between E and
t can be written as T0E · t, resulting in t ‖ E, and therefore,
no magnetization is induced via this mechanism. However,

FIG. 5. Electric-field angle dependence of the second-order mag-
netoelectric effect. A uniform magnetization mµ along the µ axis
is induced in the perpendicular direction to an applied electric field
E. Solid lines are the numerical results obtained within the mean-
field approximation, and dashed lines are fits to X mEE E 2 sin θ cos θ ,
where X mEE is the coefficient of the second-order magnetoelectric
response and θ is the rotation angle of E in the measurement plane.
The horizontal axis is θνγ with {µνγ } = {abc}, {bac}, or {cab},
corresponding respectively to the field rotations in the ab, bc, and
ac planes. For visibility, the data for µ = b are multiplied by 10.

as illustrated in Fig. 4(d), the induced t in our anisotropic
system is generally neither parallel nor antiparallel to E.
This obliqueness enables the emergence of an electric-field-
induced magnetization perpendicular to E in this second-order
magnetoelectric effect.

Figure 5 shows the angular dependence of the field-induced
magnetization m arising from this second-order magnetoelec-
tric effect. As in the previous subsection, a sufficiently weak
field with magnitude E = 0.005 is applied and rotated within
the ab, bc, and ac planes as Eqs. (12)–(14). The obtained
angular dependences are analyzed using a fitting function
proportional to E2 sin θ cos θ , which successfully reproduces
the data for all field-rotation planes. This confirms that the in-
duced perpendicular magnetization scales quadratically with
the electric field. Defining the nonlinear magnetoelectric ten-
sor by

mµ = X mEE
µνγ E νEγ , (20)

the fits yield

X mEE
abc = X mEE

acb = 0.1417, (21)

X mEE
bca = X mEE

bac = 0.0051, (22)

X mEE
cab = X mEE

cba = 0.1673; (23)

all other components are zero. The relatively small µ = b
component reflects that the magnetization along the easy axis
is less susceptible to modulation. These results indicate that an
antisymmetric toroidal-type magnetoelectric effect is induced
by the electric field in this system, which would be verified in
future experiments.

Finally, we remark on the nonlinear magnetoelectric re-
sponse from a symmetry perspective. As mentioned in Sec. I,
the magnetic point group of the antiferromagnetic state in
Co2SiO4 is mmm, indicating that this state is classified as
an altermagnet [5–8]. More specifically, the magnetic order
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ma ⇠ mc � mb→

Similar responses are found in other AFM olivines, such as Fe2GeS4, Fe2SiO4, Mn2GeO4, Mn2SiS4, …



commensurate spin-spiral metal and unconventional AHE

S. Okumura, M. M. Moritz, and Y. Motome, preprint (arXiv:2512.14071)

R. Yamada, M. T. Birch, P. R. Baral et al., Nature 646, 837 (2025)



Why spiral magnets?
๏ Coplanar spiral magnetic textures can activate odd-parity multipoles, including magnetic 

toroidal dipoles, within the broader multipole framework. 
๏ Among them, a commensurate spin spiral, which is P-odd but T-even with spatial translation 

by magnetic period, can generate odd-parity spin splitting in a metal: p-wave magnet.

A. B. Hellenes et al., arXiv:2309.01607
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FIG. 1. Unconventional p-wave phases. (A) Cartoon
of parity-breaking Cooper-pairing gap function in p-wave
superfluid 3He. (B) Spin-polarized Fermi surfaces of a model
band structure of an unconventional p-wave magnet. The
parity breaking is complemented by an anisotropic symmetry
breaking of the Fermi surfaces. (C) Cartoon of a coplanar
non-collinear spin arrangement on the crystal with the spin
arrangement that realizes the unconventional p-wave phase.
The spin arrangement breaks the inversion symmetry and
exhibits the spin symmetry [C2→||t]. The corresponding
[C2→||E] symmetry in the momentum space protects the
momentum-independent spin axis along the C2→ spin rotation
axis marked by out-of-plane arrow direction. (D) Spin
polarised energy bands corresponding to the model in panels
(B,C).

and that the spin polarization of these isosurfaces is
collinear. In the following model and DFT calculations,
we will focus on this p-wave order. We predict a large
spontaneous anisotropy of the resistivity as a readily
detectable experimental signature of this unconventional
magnetic phase.

Before presenting the DFT results, we first summarize
the symmetry guidelines that led us to the identification
of material candidates for the unconventional p-wave
magnetism. Remarkably, to find materials with
oppositely shifted o!-centered energy isosurfaces (Fermi
surfaces) with opposite collinear spin polarizations in
the momentum space, we discard collinear magnetic
orderings in the real-space crystal structure. This
follows from the earlier complete classification of collinear
magnets by the non-relativistic spin-symmetry groups
showing that they only host even-parity band structures
[21]. Instead, we focus on non-collinear coplanar non-
centrosymmetric magnets with a non-relativistic spin
symmetry [C2→||t], where C2→ is a 180↑ spin-space
rotation around the axis perpendicular to the plane of

the coplanar magnetic moments in the crystal, and t is a
lattice translation. (Throughout the text, the spin-space
transformations are on the left of the double vertical bar
and the real-space transformations on the right.)

The [C2→||t] symmetry combined with the non-
centrosymmetric magnetic crystal structure in real-space
allows for a compensated magnetic phase with zero net
magnetization, and a momentum-space energy spectrum,
satisfying parity-breaking:

E(k, ω→) →= E(↑k, ω→), (1)

and time-reversal symmetry:

E(k, ω→) = E(↑k, ↑ω→). (2)

Here ω→ is the spin polarization and k is the momentum.
Remarkably, the spin symmetry in the momentum
space, [C2→||E] (E is the real-space identity), protects a
momentum-independent spin-polarization ω→ along the
C2→ rotation axis. In other words, the coplanar spin
arrangement on the crystal enforces a collinear spin
polarization in the momentum space perpendicular to
the spins on the crystal. This starkly contrasts the spin-
quantization axis in the spin-polarized band structure
of collinear ferromagnets and altermagnets, which is
oriented along the magnetic moments of the crystal.
Finally, the position of momentum space nodal surfaces
with a vanishing spin polarization can be constrained by
symmetries combining spin and crystal space rotations
(proper or improper).

In Fig. 1(C), we show 2D model of a p-wave magnetic
lattice that fulfils the above specified spin symmetry
criteria. We highlight the opposite spin sublattices
related by the [C2→||t] symmetry by dark blue and purple
arrows in Fig. 1(C). We consider an e!ective minimal
Hamiltonian:

H = 2t(cos
kx

2
ε1 +cos ky)+2tJ(sin

kx

2
ω1ε2 +cos kyω2ε3).

(3)
Here, the Pauli matrices ω and ε correspond to the
spin and site degree of freedom, respectively, and we
consider electron hopping among the grey nonmagnetic
sites parameterized by t. The p-wave spin splitting
arises from the additional exchange-dependent hopping
parametrized by tJ . This hopping modulation captures
the exchange field from the magnetic atoms felt by the
electron hopping among the grey nonmagnetic sites. We
set tJ = 0.25t. The magnetic ordering doubles the
size of the nonmagnetic unit cell of the square lattice
and exhibits the [C2→||t] symmetry. The corresponding
magnetic unit cell, outlined by the black box in Fig. 1(C),
includes two nonmagnetic atoms.

In Fig. 1(B) and (D) we show the model Fermi surface
and band structure, which fulfils Eqs.(1) and (2), and we
show the p-wave modulation of the Fermi surface with
single spin degenerate nodal line (marked by grey line
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FIG. 1. Unconventional p-wave phases. (A) Cartoon
of parity-breaking Cooper-pairing gap function in p-wave
superfluid 3He. (B) Spin-polarized Fermi surfaces of a model
band structure of an unconventional p-wave magnet. The
parity breaking is complemented by an anisotropic symmetry
breaking of the Fermi surfaces. (C) Cartoon of a coplanar
non-collinear spin arrangement on the crystal with the spin
arrangement that realizes the unconventional p-wave phase.
The spin arrangement breaks the inversion symmetry and
exhibits the spin symmetry [C2→||t]. The corresponding
[C2→||E] symmetry in the momentum space protects the
momentum-independent spin axis along the C2→ spin rotation
axis marked by out-of-plane arrow direction. (D) Spin
polarised energy bands corresponding to the model in panels
(B,C).

and that the spin polarization of these isosurfaces is
collinear. In the following model and DFT calculations,
we will focus on this p-wave order. We predict a large
spontaneous anisotropy of the resistivity as a readily
detectable experimental signature of this unconventional
magnetic phase.

Before presenting the DFT results, we first summarize
the symmetry guidelines that led us to the identification
of material candidates for the unconventional p-wave
magnetism. Remarkably, to find materials with
oppositely shifted o!-centered energy isosurfaces (Fermi
surfaces) with opposite collinear spin polarizations in
the momentum space, we discard collinear magnetic
orderings in the real-space crystal structure. This
follows from the earlier complete classification of collinear
magnets by the non-relativistic spin-symmetry groups
showing that they only host even-parity band structures
[21]. Instead, we focus on non-collinear coplanar non-
centrosymmetric magnets with a non-relativistic spin
symmetry [C2→||t], where C2→ is a 180↑ spin-space
rotation around the axis perpendicular to the plane of

the coplanar magnetic moments in the crystal, and t is a
lattice translation. (Throughout the text, the spin-space
transformations are on the left of the double vertical bar
and the real-space transformations on the right.)

The [C2→||t] symmetry combined with the non-
centrosymmetric magnetic crystal structure in real-space
allows for a compensated magnetic phase with zero net
magnetization, and a momentum-space energy spectrum,
satisfying parity-breaking:

E(k, ω→) →= E(↑k, ω→), (1)

and time-reversal symmetry:

E(k, ω→) = E(↑k, ↑ω→). (2)

Here ω→ is the spin polarization and k is the momentum.
Remarkably, the spin symmetry in the momentum
space, [C2→||E] (E is the real-space identity), protects a
momentum-independent spin-polarization ω→ along the
C2→ rotation axis. In other words, the coplanar spin
arrangement on the crystal enforces a collinear spin
polarization in the momentum space perpendicular to
the spins on the crystal. This starkly contrasts the spin-
quantization axis in the spin-polarized band structure
of collinear ferromagnets and altermagnets, which is
oriented along the magnetic moments of the crystal.
Finally, the position of momentum space nodal surfaces
with a vanishing spin polarization can be constrained by
symmetries combining spin and crystal space rotations
(proper or improper).

In Fig. 1(C), we show 2D model of a p-wave magnetic
lattice that fulfils the above specified spin symmetry
criteria. We highlight the opposite spin sublattices
related by the [C2→||t] symmetry by dark blue and purple
arrows in Fig. 1(C). We consider an e!ective minimal
Hamiltonian:

H = 2t(cos
kx

2
ε1 +cos ky)+2tJ(sin

kx

2
ω1ε2 +cos kyω2ε3).

(3)
Here, the Pauli matrices ω and ε correspond to the
spin and site degree of freedom, respectively, and we
consider electron hopping among the grey nonmagnetic
sites parameterized by t. The p-wave spin splitting
arises from the additional exchange-dependent hopping
parametrized by tJ . This hopping modulation captures
the exchange field from the magnetic atoms felt by the
electron hopping among the grey nonmagnetic sites. We
set tJ = 0.25t. The magnetic ordering doubles the
size of the nonmagnetic unit cell of the square lattice
and exhibits the [C2→||t] symmetry. The corresponding
magnetic unit cell, outlined by the black box in Fig. 1(C),
includes two nonmagnetic atoms.

In Fig. 1(B) and (D) we show the model Fermi surface
and band structure, which fulfils Eqs.(1) and (2), and we
show the p-wave modulation of the Fermi surface with
single spin degenerate nodal line (marked by grey line
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FIG. 1. Unconventional p-wave phases. (A) Cartoon
of parity-breaking Cooper-pairing gap function in p-wave
superfluid 3He. (B) Spin-polarized Fermi surfaces of a model
band structure of an unconventional p-wave magnet. The
parity breaking is complemented by an anisotropic symmetry
breaking of the Fermi surfaces. (C) Cartoon of a coplanar
non-collinear spin arrangement on the crystal with the spin
arrangement that realizes the unconventional p-wave phase.
The spin arrangement breaks the inversion symmetry and
exhibits the spin symmetry [C2→||t]. The corresponding
[C2→||E] symmetry in the momentum space protects the
momentum-independent spin axis along the C2→ spin rotation
axis marked by out-of-plane arrow direction. (D) Spin
polarised energy bands corresponding to the model in panels
(B,C).

and that the spin polarization of these isosurfaces is
collinear. In the following model and DFT calculations,
we will focus on this p-wave order. We predict a large
spontaneous anisotropy of the resistivity as a readily
detectable experimental signature of this unconventional
magnetic phase.

Before presenting the DFT results, we first summarize
the symmetry guidelines that led us to the identification
of material candidates for the unconventional p-wave
magnetism. Remarkably, to find materials with
oppositely shifted o!-centered energy isosurfaces (Fermi
surfaces) with opposite collinear spin polarizations in
the momentum space, we discard collinear magnetic
orderings in the real-space crystal structure. This
follows from the earlier complete classification of collinear
magnets by the non-relativistic spin-symmetry groups
showing that they only host even-parity band structures
[21]. Instead, we focus on non-collinear coplanar non-
centrosymmetric magnets with a non-relativistic spin
symmetry [C2→||t], where C2→ is a 180↑ spin-space
rotation around the axis perpendicular to the plane of

the coplanar magnetic moments in the crystal, and t is a
lattice translation. (Throughout the text, the spin-space
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the spins on the crystal. This starkly contrasts the spin-
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kx

2
ε1 +cos ky)+2tJ(sin

kx

2
ω1ε2 +cos kyω2ε3).

(3)
Here, the Pauli matrices ω and ε correspond to the
spin and site degree of freedom, respectively, and we
consider electron hopping among the grey nonmagnetic
sites parameterized by t. The p-wave spin splitting
arises from the additional exchange-dependent hopping
parametrized by tJ . This hopping modulation captures
the exchange field from the magnetic atoms felt by the
electron hopping among the grey nonmagnetic sites. We
set tJ = 0.25t. The magnetic ordering doubles the
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Spiral magnets are toroidal-adjacent odd-parity systems — unconventional responses?



๏ Several candidates have been reported: CeNiAsO [A. B. Hellenes et al., arXiv:2309.01607; H. Zhou et al., 
arXiv:2509.07351], NiI2 [Q. Song et al., Nature 642, 64 (2025)], and Gd(Ru1−δRhδ)4Al12 [R. Yamada, M. T. Birch, 
P. R. Baral et al., Nature 646, 837 (2025)]. 

๏ An unconventional AHE was reported in Gd(Ru1−δRhδ)4Al12.
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Model
๏ spin-charge coupled model with a commensurate spin spiral cf. B. Brekke et al., Phys. Rev. Lett. 133, 236703 (2024)
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Spin spirals represent a fundamental class of noncollinear yet coplanar magnetic structures that
give rise to diverse emergent phenomena reflecting spin chirality. We investigate metallic systems
hosting commensurate spin spirals and uncover an unconventional anomalous Hall e!ect (AHE)
induced by spiral magnetism. The spin spiral introduces odd-parity spin splitting with polarization
perpendicular to the helical plane, forming spin-nodal lines in the electronic structure. In the pres-
ence of spin–orbit coupling, we find that these nodal lines become gapped by finite magnetization,
concentrating the Berry curvature near the gap and generating a distinctive AHE. We identify the
interplay among the spin–orbit coupling, helical plane orientation, and magnetization direction as
the key ingredient for this spiral-induced AHE, which is expected to occur across a wide range of
materials hosting commensurate spin spirals.

O!-diagonal transport phenomena in solids, particu-
larly various Hall responses, constitute a central theme
in condensed matter physics. The conventional Hall ef-
fect arises from the Lorentz force exerted on charge car-
riers under an external magnetic field1, which explic-
itly breaks time-reversal symmetry. In contrast, the
anomalous Hall e!ect (AHE) in ferromagnets occurs even
in the absence of a magnetic field2. This originates
from Berry curvature3, skew scattering4,5, and side-jump
mechanisms6 due to the synergy of net magnetization and
spin–orbit coupling (SOC), which exemplifies the quan-
tum interplay between spin, charge, and topology7. Be-
yond these relativistic mechanisms, the discovery of the
topological Hall e!ect (THE) in noncoplanar magnets,
such as pyrochlores8, highlights an alternative origin
based on scalar spin chirality, interpreted as a real-space
Berry curvature9,10. These developments have spurred
intense research on topological transport phenomena in
systems with nontrivial spin textures, such as magnetic
skyrmions11 and hedgehogs12.

In recent years, antiferromagnets have emerged as a
fertile platform for unconventional Hall responses. De-
spite having no net magnetization, many antiferromag-
nets break time-reversal symmetry and exhibit significant
Hall responses. For instance, THE without magnetiza-
tion was proposed for all-in-all-out spin structures13–15

and observed in pyrochlore iridates16,17 and interca-
lated transition-metal dichalcogenides18,19. In contrast,
a coplanar 120↑ antiferromagnetic structure gives rise to
a remarkably large AHE20,21, attributed to the interplay
between SOC and magnetic octupoles22. Furthermore,
collinear antiferromagnets that lack local inversion sym-
metry due to parity-breaking environments, referred to
as altermagnets23,24, have recently attracted attention as
a new class of AHE hosts, where SOC again plays a piv-
otal role25,26.

Despite these developments, AHE in spiral magnets
hosting noncollinear yet coplanar spin textures remains
largely unexplored. Such spirals represent a common
class of compensated magnets, often stabilized in chi-

ral27,28, frustrated29, and itinerant magnets30–32. In
particular, commensurate spin spirals have recently at-
tracted growing interest as a platform for “p-wave mag-
netism” characterized by nonrelativistic odd-parity spin
splitting33–36, for which a distinctive AHE has been re-
ported experimentally37. Nevertheless, the Hall response
in commensurate single-Q spirals has received little at-
tention, as prior studies focused mainly on more complex
incommensurate or multiple-Q spin textures.

Here, we theoretically propose the emergence of AHE
in spin–charge coupled systems with commensurate spin
spirals, as shown in Fig. 1. Our numerical calcula-
tions reveal that the spiral-induced anomalous Hall ef-
fect (SiAHE) stems from Berry curvature sharply concen-
trated along spin-nodal lines created by odd-parity spin
splitting. This SiAHE is distinct from the conventional
AHE and THE due to the nonmonotonic dependence
of magnetization, which bridges between a momentum-
space Berry curvature and a real-space spin texture.

FIG. 1. Schematic picture of the spiral-induced AHE.
The red arrow illustrates electron flow on a spin spiral order
with the yz helical plane and spiral pitch L = 4. The blue
arrows and circles on the square lattice denote localized spins
and their helical planes, respectively. The green and purple
arrows represent the net magnetization Mz and the spiral
propagation vector Q along the x axis, respectively.
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lines along the !-Y and X-S lines. All these nodal lines
open gaps under finite Mz, generating Berry curvature
that drives SiAHE. Figure 4c shows ωxy as a function of
εF for J = 2.0. Each peak of ωxy corresponds to the
energy at the spin-nodal lines. This demonstrates that
SiAHE caused by spin-nodal lines is not limited to low-
energy states, but is ubiquitously observed across a wide
range of electron filling.

Thus far, we have focused on an even-period spiral
with L = 4. However, the phenomenon is universal for
commensurate spirals, including those with odd periods.
This is demonstrated in Figs. 4b and 4d for L = 5, where
the symmetries C

x
ωT and C

x
QTx remain preserved. Ir-

respective of the parity of L, 2(L → 1) spin-nodal lines
appear for a magnetic period L along the !-Y and X-S
lines at the zone boundaries of the folded BZ. Reflecting
the Berry curvature accumulated along the spin-nodal
lines, the peak structures appear in the AHC with an
intensity comparable to that of the even-period case in
Fig. 4c.

Low-energy e!ective model. Finally, we discuss the
necessary conditions for SiAHE, adopting a low-energy
e”ective model in the continuum limit. In the vicinity
of the ! point, the model is described by the two-level
Hamiltonian as H

e!
k ↑ d

0
kω

0 + dk · ω, where ω
0 is an

idendity matrix, d0k = t(k2x + k
2
y), d

ε
k = →pkx, dϑk = ϑ̃ky,

and d
µ
k = →m̃; p is the spin polarization parameter, per-

turbatively obtained as p = J2

2t
sinQ

(1→cosQ)2
37, and ϑ̃ and m̃

are reduced SOC and magnetization, respectively. The
Berry curvature in this low-energy model is expressed by
#z

k± = ↓ϖ
εϑµ

d
µ
kϱkxd

ε
kϱkyd

ϑ
k/(2|dk|

3) for the upper (+)
and lower (→) bands: hence, all spin components x, y, z
are necessary for nonzero ωxy among ς, φ, and µ. Consid-
ering this necessary condition, Table I summarizes which
spin component of SOC and which orientation of uniform
magnetization are required for SiAHE. As the spin po-
larization is induced perpendicular to the helical plane,
the remaining two components must be completed with
SOC and uniform magnetization. From the expression
for the Berry curvature #z

k±, it is clear that its sign is re-
versed when the spin components are swapped between
SOC and magnetization. Furthermore, the sign of ωxy

depends not only on the sign of the SOC and magnetiza-
tion, but also on the spiral chirality, since the coe$cient
p is an odd function of Q.

Discussion
We theoretically demonstrate that commensurate spin
spirals can induce a characteristic AHE via odd-parity
spin splitting in the electronic band structure, under spe-
cific conditions involving SOC and magnetization. Our
results not only explain a recent experimental observa-
tion of AHE in a metallic p-wave magnet with a com-
mensurate spin spiral in a Gd compound37, but also pro-
vide design principles applicable to a wide variety of spi-
ral magnets. The resulting SiAHE exhibits a nonmono-

TABLE I. Presence of AHE for a given helical plane
and corresponding spin polarization. Notations of ω and
µ follow the e!ective model. The sign ± represents the ap-
pearance of AHC, which flips its sign in the case of →.

helical plane εϑ xy yz zx

spin polarization ↑szk↓ ↑sxk↓ ↑syk↓

ω

µ
x y z x y z x y z

x - ± - - - - - - →
y → - - - - ± - - -

z - - - - → - ± - -

tonic magnetization dependence despite arising from a
much simpler single-Q spin texture, compared to complex
multiple-Q spin configurations that generate THE. Un-
like the previously proposed chiral Hall e”ect by higher-
order gradients of the real-space spin textures40,41, the
SiAHE originates purely from momentum-space Berry
curvature and is thus conceptually distinct. Importantly,
the SiAHE can manifest as a planar Hall response driven
by in-plane magnetization42, in stark contrast to the con-
ventional AHE of ferromagnets.
The SiAHE is highly sensitive to the helical plane ori-

entation and the SOC type, yet remarkably insensitive to
details such as the Fermi energy, spin-charge coupling, or
even the parity of the spiral pitch. This establishes the
SiAHE as a robust and universal signature of commen-
surate spin spiral states, realized across a broad class of
materials such as rare-earth compounds RBe13 (R = Tb,
Dy, Ho, Er)43. Since the e”ect directly reflects the spi-
ral chirality, topology of spin-nodal lines, and anisotropic
spin splitting in the electronic structure, it o”ers a power-
ful electrical probe of spiral spin textures without relying
on scattering experiments. More broadly, our work deep-
ens the insights into topological properties arising from
odd-parity spin splitting44–48, and opens avenues toward
electrical control in spiral magnets49–52 and nonlinear
functionalities in noncolinear magnetic textures39,53–59.

Methods
Model Hamiltonian. We consider a spin–charge cou-
pled model with SOC on a square lattice, whose Hamil-
tonian is given by

H = →t

∑

↑lj↓s

c
†
lscjs + iϑ

∑

↑lj↓ss→
glj · c

†
lsωss→cjs→ + h.c.

→J

∑

lss→

c
†
lsωss→cls→ · Sl, (1)

where cls(c
†
ls) is an annihilation (creation) operator for

an s-spin electron at site l (s =↔ or ↗), ω = (ωx
,ω

y
,ω

z)
are Pauli matrices, and Sl is the localized spin at site l,
treated as a classical vector with fixed length |Sl| = 1.
The first term describes nearest-neighbor hopping of itin-
erant electrons with the transfer integral t. The second
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lines along the !-Y and X-S lines. All these nodal lines
open gaps under finite Mz, generating Berry curvature
that drives SiAHE. Figure 4c shows ωxy as a function of
εF for J = 2.0. Each peak of ωxy corresponds to the
energy at the spin-nodal lines. This demonstrates that
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Discussion
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results not only explain a recent experimental observa-
tion of AHE in a metallic p-wave magnet with a com-
mensurate spin spiral in a Gd compound37, but also pro-
vide design principles applicable to a wide variety of spi-
ral magnets. The resulting SiAHE exhibits a nonmono-
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magnetization are required for SiAHE. As the spin po-
larization is induced perpendicular to the helical plane,
the remaining two components must be completed with
SOC and uniform magnetization. From the expression
for the Berry curvature #z

k±, it is clear that its sign is re-
versed when the spin components are swapped between
SOC and magnetization. Furthermore, the sign of ωxy

depends not only on the sign of the SOC and magnetiza-
tion, but also on the spiral chirality, since the coe$cient
p is an odd function of Q.

Discussion
We theoretically demonstrate that commensurate spin
spirals can induce a characteristic AHE via odd-parity
spin splitting in the electronic band structure, under spe-
cific conditions involving SOC and magnetization. Our
results not only explain a recent experimental observa-
tion of AHE in a metallic p-wave magnet with a com-
mensurate spin spiral in a Gd compound37, but also pro-
vide design principles applicable to a wide variety of spi-
ral magnets. The resulting SiAHE exhibits a nonmono-

TABLE I. Presence of AHE for a given helical plane
and corresponding spin polarization. Notations of ω and
µ follow the e!ective model. The sign ± represents the ap-
pearance of AHC, which flips its sign in the case of →.

helical plane εϑ xy yz zx

spin polarization ↑szk↓ ↑sxk↓ ↑syk↓

ω

µ
x y z x y z x y z

x - ± - - - - - - →
y → - - - - ± - - -

z - - - - → - ± - -

tonic magnetization dependence despite arising from a
much simpler single-Q spin texture, compared to complex
multiple-Q spin configurations that generate THE. Un-
like the previously proposed chiral Hall e”ect by higher-
order gradients of the real-space spin textures40,41, the
SiAHE originates purely from momentum-space Berry
curvature and is thus conceptually distinct. Importantly,
the SiAHE can manifest as a planar Hall response driven
by in-plane magnetization42, in stark contrast to the con-
ventional AHE of ferromagnets.
The SiAHE is highly sensitive to the helical plane ori-

entation and the SOC type, yet remarkably insensitive to
details such as the Fermi energy, spin-charge coupling, or
even the parity of the spiral pitch. This establishes the
SiAHE as a robust and universal signature of commen-
surate spin spiral states, realized across a broad class of
materials such as rare-earth compounds RBe13 (R = Tb,
Dy, Ho, Er)43. Since the e”ect directly reflects the spi-
ral chirality, topology of spin-nodal lines, and anisotropic
spin splitting in the electronic structure, it o”ers a power-
ful electrical probe of spiral spin textures without relying
on scattering experiments. More broadly, our work deep-
ens the insights into topological properties arising from
odd-parity spin splitting44–48, and opens avenues toward
electrical control in spiral magnets49–52 and nonlinear
functionalities in noncolinear magnetic textures39,53–59.

Methods
Model Hamiltonian. We consider a spin–charge cou-
pled model with SOC on a square lattice, whose Hamil-
tonian is given by

H = →t

∑

↑lj↓s

c
†
lscjs + iϑ

∑

↑lj↓ss→
glj · c

†
lsωss→cjs→ + h.c.

→J

∑

lss→

c
†
lsωss→cls→ · Sl, (1)

where cls(c
†
ls) is an annihilation (creation) operator for

an s-spin electron at site l (s =↔ or ↗), ω = (ωx
,ω

y
,ω

z)
are Pauli matrices, and Sl is the localized spin at site l,
treated as a classical vector with fixed length |Sl| = 1.
The first term describes nearest-neighbor hopping of itin-
erant electrons with the transfer integral t. The second

antisymmetric SOC from P breaking

 spiral running along  
pitch , phase 
yz x

L = 4 φ = π/4

<latexit sha1_base64="4BFeD7vW1YLmqCS+J+KznU2hatY=">AAAB/HicbVDLSsNAFL2pr1pfUZciDBbBjSURRTdC0Y3LCvYBbQmT6aSddvJgZiKUEDf+ihsRNwp+g7/g3zhpg9DWAwOHc85w7z1uxJlUlvVjFJaWV1bXiuuljc2t7R1zd68hw1gQWichD0XLxZJyFtC6YorTViQo9l1Om+7oNvObj1RIFgYPahzRro/7AfMYwUpLjnmYdFwP9VMn4cMUXaNT9CcMeeqYZatiTYAWiZ2TMuSoOeZ3pxeS2KeBIhxL2batSHUTLBQjnKalTixphMkI92kyWT5Fx1rqIS8U+gUKTdSZHPalHPuuTvpYDeS8l4n/ee1YeVfdhAVRrGhApoO8mCMVoqwJ1GOCEsXHmmAimN4QkQEWmCjdV0mfbs8fukgaZxX7omLdn5erN3kJRTiAIzgBGy6hCndQgzoQeIZX+IBP48l4Md6M92m0YOR/9mEGxtcvn9eT5g==</latexit>glj = �gjl

2

energy model reveals the conditions for a finite SiAHE
in terms of SOC type and magnetization direction. The
sign of SiAHE is highly sensitive to the helical plane ori-
entation and the spiral chirality, making it a powerful
electrical probe for resolving spiral spin textures.

We investigate Hall responses in a two-dimensional
electronic system that mimics an itinerant magnet, where
electron motion is affected by coupling to a spin spiral
texture. Specifically, we consider a spin–charge coupled
model with SOC on a square lattice, whose Hamiltonian
is given by

H = −t
∑

〈lj〉s

c†lscjs + iλ
∑

〈lj〉ss′
glj · c

†
lsσss′cjs′ + h.c.

−J
∑

lss′

c†lsσss′cls′ · Sl, (1)

where cls(c
†
ls) is an annihilation (creation) operator for

an s-spin electron at site l (s =↑ or ↓), σ = (εx,εy,εz)
are Pauli matrices, and Sl is the localized spin at site l,
treated as a classical vector with fixed length |Sl| = 1.
The first term describes nearest-neighbor hopping of itin-
erant electrons with the transfer integral t. The second
term denotes antisymmetric SOC arising from the lack of
inversion symmetry, characterized by its amplitude λ and
the g-vector glj = −gjl. The third term represents the
onsite coupling between itinerant electrons and localized
spins with strength J .

We consider a spin spiral state of localized spins char-
acterized by a propagation vector Q = (Q, 0, 0) along the
x direction, where Q = 2π

L for spiral pitch L. The spin
configuration is given as

Sl = Sαβ;µ
l ∝ êα cosQl + êβ sinQl +mêµ, (2)

where αβ denotes the helical plane and µ represents the
magnetization direction; êα is the unit vector along the α
direction; Ql = Q·rl+ϕ with position vector rl and phase
ϕ; and m parametrizes the uniform magnetization. The
net magnetization Mµ is obtained as Mµ = 1

N

∑
l Sl · êµ,

where N is the total number of sites. In the following
calculations, we set t = 1 as an energy unit, the am-
plitude of SOC λ = 0.01, and the total number of sites
N = 2002L. As a representative case, we take L = 4 and
ϕ = π

4 (Fig. 1). The details of calculations are described
in the Supplemental Materials [38].

We begin by examining the electronic band structure
under coupling to the spin spiral. Figure 2 shows the re-
sults for the yz spiral state illustrated in Fig. 1. For small
J , the parabolic bands exhibit a slight shift along the
propagation direction of the spin spiral, kx, [Fig. 2(a)],
while for large J , the band splitting becomes pronounced
and the band bottom reaches the first Brillouin zone (BZ)
edge [Fig. 2(b)]. Each shifted band carries spin polariza-
tion 〈sxk〉 perpendicular to the yz helical plane, with its
sign determined by the spiral chirality, which explicitly
breaks space inversion symmetry. This odd-parity band

splitting accompanied by spin polarization has recently
been termed “p-wave magnet” for commensurate spirals
with even periods [33, 34], although it is a general prop-
erty of spin spirals with any period and can be explained
by a U(1) gauge transformation [39, 40].
The electronic band structure without SOC exhibits

a spin-unpolarized nodal line along the intersections of
the spin-split bands, as shown in Fig. 2. In the absence
of SOC, this spin nodal line is protected by spin sym-
metries Cx

πT and Cx
QTx, comprising a θ-spin rotation

around the x axis perpendicular to the yz helical plane,
Cx

θ , a time-reversal operation, T , and a one-site transla-
tion in the x direction, Tx. The operation Cx

πT enforces
〈sxk〉 = −〈sx−k〉, and Cx

QTx implies 〈syk〉 = 〈szk〉 = 0. These
spin symmetries ensure the appearance of the spin-nodal
lines at kx = 0 and φ, a defining feature of odd-parity
spin splitting in spin spirals [33, 37].
The symmetries Cx

πT and Cx
QTx are generally broken

by the introduction of SOC and uniform magnetization.
To simplify the later discussion, hereafter we assume
the antisymmetric SOC only on the y bonds, namely,
gll+êy = êν , thereby excluding the conventional AHE due
to SOC. The dashed lines in the right panels of Figs. 2(a)
and 2(b) show the band structures with SOC (ν = y) and
magnetization (µ = z), under which the spin spiral de-
velops a solitonic modulation within the helical plane. In

FIG. 2. Low-energy electronic band structures for the yz
spiral state at (a) J = 0.8 and (b) J = 2.0. The left panels
show the band dispersions for λ = m = 0; the lowest-energy
bands are projected onto the bottom plane. The right panels
plot the energy dispersions along the X̄ΓX line at ky = 0. The
dashed lines show the results with SOC (ε = y, λ = 0.01)
and magnetization [µ = z, (a) m = 0.03, (b) m = 0.10].
The horizontal lines represent the Fermi levels εF used for
the AHC calculations in Fig. 3(a) and the Fermi surfaces in
Figs. 3(b) and 3(c). In both (a) and (b), the color plots
visualize the expectation value of the spin polarization along
the x direction, 〈sxk〉.
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energy model reveals the conditions for a finite SiAHE
in terms of SOC type and magnetization direction. The
sign of SiAHE is highly sensitive to the helical plane ori-
entation and the spiral chirality, making it a powerful
electrical probe for resolving spiral spin textures.

We investigate Hall responses in a two-dimensional
electronic system that mimics an itinerant magnet, where
electron motion is affected by coupling to a spin spiral
texture. Specifically, we consider a spin–charge coupled
model with SOC on a square lattice, whose Hamiltonian
is given by

H = −t
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〈lj〉s
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†
lsσss′cjs′ + h.c.

−J
∑
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where cls(c
†
ls) is an annihilation (creation) operator for

an s-spin electron at site l (s =↑ or ↓), σ = (εx,εy,εz)
are Pauli matrices, and Sl is the localized spin at site l,
treated as a classical vector with fixed length |Sl| = 1.
The first term describes nearest-neighbor hopping of itin-
erant electrons with the transfer integral t. The second
term denotes antisymmetric SOC arising from the lack of
inversion symmetry, characterized by its amplitude λ and
the g-vector glj = −gjl. The third term represents the
onsite coupling between itinerant electrons and localized
spins with strength J .

We consider a spin spiral state of localized spins char-
acterized by a propagation vector Q = (Q, 0, 0) along the
x direction, where Q = 2π

L for spiral pitch L. The spin
configuration is given as

Sl = Sαβ;µ
l ∝ êα cosQl + êβ sinQl +mêµ, (2)

where αβ denotes the helical plane and µ represents the
magnetization direction; êα is the unit vector along the α
direction; Ql = Q·rl+ϕ with position vector rl and phase
ϕ; and m parametrizes the uniform magnetization. The
net magnetization Mµ is obtained as Mµ = 1

N

∑
l Sl · êµ,

where N is the total number of sites. In the following
calculations, we set t = 1 as an energy unit, the am-
plitude of SOC λ = 0.01, and the total number of sites
N = 2002L. As a representative case, we take L = 4 and
ϕ = π

4 (Fig. 1). The details of calculations are described
in the Supplemental Materials [38].

We begin by examining the electronic band structure
under coupling to the spin spiral. Figure 2 shows the re-
sults for the yz spiral state illustrated in Fig. 1. For small
J , the parabolic bands exhibit a slight shift along the
propagation direction of the spin spiral, kx, [Fig. 2(a)],
while for large J , the band splitting becomes pronounced
and the band bottom reaches the first Brillouin zone (BZ)
edge [Fig. 2(b)]. Each shifted band carries spin polariza-
tion 〈sxk〉 perpendicular to the yz helical plane, with its
sign determined by the spiral chirality, which explicitly
breaks space inversion symmetry. This odd-parity band

splitting accompanied by spin polarization has recently
been termed “p-wave magnet” for commensurate spirals
with even periods [33, 34], although it is a general prop-
erty of spin spirals with any period and can be explained
by a U(1) gauge transformation [39, 40].
The electronic band structure without SOC exhibits

a spin-unpolarized nodal line along the intersections of
the spin-split bands, as shown in Fig. 2. In the absence
of SOC, this spin nodal line is protected by spin sym-
metries Cx

πT and Cx
QTx, comprising a θ-spin rotation

around the x axis perpendicular to the yz helical plane,
Cx

θ , a time-reversal operation, T , and a one-site transla-
tion in the x direction, Tx. The operation Cx

πT enforces
〈sxk〉 = −〈sx−k〉, and Cx

QTx implies 〈syk〉 = 〈szk〉 = 0. These
spin symmetries ensure the appearance of the spin-nodal
lines at kx = 0 and φ, a defining feature of odd-parity
spin splitting in spin spirals [33, 37].
The symmetries Cx

πT and Cx
QTx are generally broken

by the introduction of SOC and uniform magnetization.
To simplify the later discussion, hereafter we assume
the antisymmetric SOC only on the y bonds, namely,
gll+êy = êν , thereby excluding the conventional AHE due
to SOC. The dashed lines in the right panels of Figs. 2(a)
and 2(b) show the band structures with SOC (ν = y) and
magnetization (µ = z), under which the spin spiral de-
velops a solitonic modulation within the helical plane. In

FIG. 2. Low-energy electronic band structures for the yz
spiral state at (a) J = 0.8 and (b) J = 2.0. The left panels
show the band dispersions for λ = m = 0; the lowest-energy
bands are projected onto the bottom plane. The right panels
plot the energy dispersions along the X̄ΓX line at ky = 0. The
dashed lines show the results with SOC (ε = y, λ = 0.01)
and magnetization [µ = z, (a) m = 0.03, (b) m = 0.10].
The horizontal lines represent the Fermi levels εF used for
the AHC calculations in Fig. 3(a) and the Fermi surfaces in
Figs. 3(b) and 3(c). In both (a) and (b), the color plots
visualize the expectation value of the spin polarization along
the x direction, 〈sxk〉.
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Complementing these results, a low-energy model reveals
the conditions for a finite SiAHE in terms of SOC type
and magnetization direction. The sign of SiAHE is highly
sensitive to the helical plane orientation and the spiral
chirality, making it a powerful electrical probe for resolv-
ing spiral spin textures.

Results
Spin-charge coupled model. We investigate Hall re-
sponses in a two-dimensional electronic system that mim-
ics an itinerant magnet, where electron motion is af-
fected by coupling to a spin spiral texture (see Meth-
ods for details). The spin spiral state of localized spins
is characterized by a propagation vector Q = (Q, 0, 0)
along the x direction, where Q = 2ω

L for spiral pitch

L. The spin configuration is given as Sl = Sεϑ;µ
l →

êε cosQl + êϑ sinQl + mêµ, where ωε denotes the he-
lical plane and µ represents the magnetization direction;
êε is the unit vector along the ω direction; Ql = Q·rl+ϑ

with position vector rl and phase ϑ; and m parametrizes
the uniform magnetization. As a representative case, we
take L = 4 and ϑ = ω

4 (see Fig. 1).

Odd-parity spin splitting and spin symmetries.
We begin by examining the electronic band structure on
the spin spiral with a coupling constant J . Figure 2 shows
the results for the yz spiral state illustrated in Fig. 1. For
small J , the parabolic bands exhibit a slight shift along

FIG. 2. Odd-parity spin splitting and spin-nodal lines.
a, b Low-energy electronic band structures for ω = m = 0 in
the yz spiral state at a J = 0.8 and b J = 2.0. In the left
panels, the lowest-energy bands are projected onto the bottom
plane. The right panels plot the energy dispersions along the
X̄!X line at ky = 0. The dashed lines show the results with
SOC (ε = y, ω = 0.01) and magnetization (µ = z, m = 0.03 in
a, m = 0.10 in b). The horizontal lines represent the Fermi
levels ϑF used for the AHC calculations in Fig. 3a and the
Fermi surfaces in Figs. 3b and 3c. In both a and b, the color
plots visualize the expectation value of the spin polarization
along the x direction, →sxk↑.

the propagation direction of the spin spiral, kx, (Fig. 2a),
while for large J , the band splitting becomes pronounced
and the band bottom reaches the first Brillouin zone (BZ)
edge (Fig. 2b). Each shifted band carries spin polariza-
tion ↑s

x
k↓ perpendicular to the yz helical plane, with its

sign determined by the spiral chirality, which explicitly
breaks space inversion symmetry. This odd-parity band
splitting accompanied by spin-nodal lines has recently
been termed “p-wave magnet” for commensurate spirals
with even periods33,34, although it is a general property
of spin spirals with any period and can be explained by
a U(1) gauge transformation38,39.
The electronic band structure without SOC exhibits

a spin-unpolarized nodal line along the intersections of
the spin-split bands, as shown in Fig. 2. In the absence
of SOC, this spin nodal line is protected by spin sym-
metries C

x
ωT and C

x
QTx, comprising a ϖ-spin rotation

around the x axis perpendicular to the yz helical plane,
C

x
ϖ , a time-reversal operation, T , and a one-site transla-

tion in the x direction, Tx. The operation C
x
ωT enforces

↑s
x
k↓ = ↔↑s

x
→k↓, and C

x
QTx implies ↑syk↓ = ↑s

z
k↓ = 0. These

spin symmetries ensure the appearance of the spin-nodal
lines at kx = 0 and ϱ, a defining feature of odd-parity
spin splitting in spin spirals33,37.
The symmetries C

x
ωT and C

x
QTx are generally broken

by the introduction of SOC ς and uniform magnetization
m. To simplify the later discussion, hereafter we assume
the antisymmetric SOC only on the y bonds, thereby ex-
cluding the conventional AHE due to SOC. The dashed
lines in the right panels of Figs. 2a and 2b show the band
structures with SOC (φ = y) and magnetization (µ = z),
under which the spin spiral develops a solitonic modu-
lation within the helical plane. In this situation, time-
reversal symmetry is broken and the spin-nodal lines be-
come gapped, while the kx-dependent spin polarization
is preserved.

Spiral-induced anomalous Hall e!ect. The gap
opening at the spin-nodal lines gives rise to an enor-
mous Hall response, which we call the SiAHE. Figure 3a
shows the dependence of the anomalous Hall conductiv-
ity (AHC) ↼xy on the net magnetization Mz for J = 0.8
and 2.0 at several electron densities ne. Here, the Fermi
energy ↽F is adjusted to keep ne fixed while varying Mz.
In all cases, ↼xy is an odd function of Mz and exhibits a
nonlinear dependence with a sharp increase near Mz = 0.
This characteristic behavior originates from Berry curva-
ture concentrated along the gapped spin-nodal lines. Fig-
ure 3b and 3c show the Berry curvature distribution !z

k in
the two lowest-energy bands at J = 2.0 for m = 0.1 and
0.5, respectively. These plots reveal pronounced Berry
curvature along the ”-Y line in both bands, as well as
along the X-S line in the second-lowest energy band,
where the spin expectation value vanishes at m = 0.
At small ne, the AHC decreases rapidly with increasing

Mz for both J = 0.8 and 2.0, as shown by the light-blue
and green lines in Fig. 3a, respectively. In these cases, the
SiAHE is dominated by contributions from the lowest-
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Complementing these results, a low-energy model reveals
the conditions for a finite SiAHE in terms of SOC type
and magnetization direction. The sign of SiAHE is highly
sensitive to the helical plane orientation and the spiral
chirality, making it a powerful electrical probe for resolv-
ing spiral spin textures.

Results
Spin-charge coupled model. We investigate Hall re-
sponses in a two-dimensional electronic system that mim-
ics an itinerant magnet, where electron motion is af-
fected by coupling to a spin spiral texture (see Meth-
ods for details). The spin spiral state of localized spins
is characterized by a propagation vector Q = (Q, 0, 0)
along the x direction, where Q = 2ω

L for spiral pitch

L. The spin configuration is given as Sl = Sεϑ;µ
l →

êε cosQl + êϑ sinQl + mêµ, where ωε denotes the he-
lical plane and µ represents the magnetization direction;
êε is the unit vector along the ω direction; Ql = Q·rl+ϑ

with position vector rl and phase ϑ; and m parametrizes
the uniform magnetization. As a representative case, we
take L = 4 and ϑ = ω

4 (see Fig. 1).

Odd-parity spin splitting and spin symmetries.
We begin by examining the electronic band structure on
the spin spiral with a coupling constant J . Figure 2 shows
the results for the yz spiral state illustrated in Fig. 1. For
small J , the parabolic bands exhibit a slight shift along

FIG. 2. Odd-parity spin splitting and spin-nodal lines.
a, b Low-energy electronic band structures for ω = m = 0 in
the yz spiral state at a J = 0.8 and b J = 2.0. In the left
panels, the lowest-energy bands are projected onto the bottom
plane. The right panels plot the energy dispersions along the
X̄!X line at ky = 0. The dashed lines show the results with
SOC (ε = y, ω = 0.01) and magnetization (µ = z, m = 0.03 in
a, m = 0.10 in b). The horizontal lines represent the Fermi
levels ϑF used for the AHC calculations in Fig. 3a and the
Fermi surfaces in Figs. 3b and 3c. In both a and b, the color
plots visualize the expectation value of the spin polarization
along the x direction, →sxk↑.
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and the band bottom reaches the first Brillouin zone (BZ)
edge (Fig. 2b). Each shifted band carries spin polariza-
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splitting accompanied by spin-nodal lines has recently
been termed “p-wave magnet” for commensurate spirals
with even periods33,34, although it is a general property
of spin spirals with any period and can be explained by
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a spin-unpolarized nodal line along the intersections of
the spin-split bands, as shown in Fig. 2. In the absence
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spin symmetries ensure the appearance of the spin-nodal
lines at kx = 0 and ϱ, a defining feature of odd-parity
spin splitting in spin spirals33,37.
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by the introduction of SOC ς and uniform magnetization
m. To simplify the later discussion, hereafter we assume
the antisymmetric SOC only on the y bonds, thereby ex-
cluding the conventional AHE due to SOC. The dashed
lines in the right panels of Figs. 2a and 2b show the band
structures with SOC (φ = y) and magnetization (µ = z),
under which the spin spiral develops a solitonic modu-
lation within the helical plane. In this situation, time-
reversal symmetry is broken and the spin-nodal lines be-
come gapped, while the kx-dependent spin polarization
is preserved.

Spiral-induced anomalous Hall e!ect. The gap
opening at the spin-nodal lines gives rise to an enor-
mous Hall response, which we call the SiAHE. Figure 3a
shows the dependence of the anomalous Hall conductiv-
ity (AHC) ↼xy on the net magnetization Mz for J = 0.8
and 2.0 at several electron densities ne. Here, the Fermi
energy ↽F is adjusted to keep ne fixed while varying Mz.
In all cases, ↼xy is an odd function of Mz and exhibits a
nonlinear dependence with a sharp increase near Mz = 0.
This characteristic behavior originates from Berry curva-
ture concentrated along the gapped spin-nodal lines. Fig-
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๏ Berry curvature concentrates near the gapped nodal lines, contributing to unconventional AHE.

Berry curvature and AHE

The spiral-induced AHE exhibits distinct M dependence from the conventional AHE and THE. 
It appears universally for general electron filling, J, λ, and period of spin spiral. 

anomalous Hall conductivity

Mz (magnetization along z)

σxy

3

FIG. 3. (a) Net magnetization Mz dependence of the AHC
σxy in the yz spiral state for several parameter sets of J and
ne. (b, c) Color plots of the Berry curvature Ωz

k of the lowest
(left) and the second-lowest (right) energy bands for J = 2.0
at (b) m = 0.1 (Mz ∼ 0.05) and (c) m = 0.5 (Mz ∼ 0.3). The
black rectangles denote the first BZ. The orange and green
lines represent the Fermi surfaces at ne = 0.014 and 0.050,
respectively.

this situation, time-reversal symmetry is broken and the
spin-nodal lines become gapped, while the kx-dependent
spin polarization is preserved.

Strikingly, the gap opening at the spin-nodal lines gives
rise to an enormous Hall response, which we call the
SiAHE. Figure 3(a) shows the dependence of the anoma-
lous Hall conductivity (AHC) σxy on the net magnetiza-
tion Mz for J = 0.8 and 2.0 at several electron densities
ne. Here, the Fermi energy εF is adjusted to keep ne

fixed while varying Mz. In all cases, σxy is an odd func-
tion of Mz and exhibits a nonlinear dependence with a
sharp increase near Mz = 0. This characteristic behavior
originates from Berry curvature concentrated along the
gapped spin-nodal lines. Figure 3(b) and 3(c) show the

FIG. 4. (a) Full electronic band structure along the repre-
sentative symmetric lines in the first BZ, colored by the spin
polarization 〈szk〉, at J = 2.0, ε = 0.01, and Mz ∼ 0.05 (m =
0.1). The high-symmetry points are denoted in Fig. 3(b). (b)
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to the emergence of spin-nodal lines and anisotropic
Fermi surfaces arising from odd-parity spin splitting un-
der spin spirals. To further examine this relationship
beyond the low-energy states, we systematically investi-
gate the Fermi energy dependence of the AHC. As shown
in Fig. 4(a), the full band structure contains twelve spin-
nodal lines along the Γ-Y and X-S lines. All these nodal
lines open gaps under finite Mz, generating Berry cur-
vature that drives SiAHE. Figure 4(b) shows σxy as a
function of εF for J = 2.0. Each peak of σxy corresponds
to the energy at the spin-nodal lines. This demonstrates
that SiAHE caused by spin-nodal lines is a universal phe-
nomenon, not limited to low-energy states, but present
across a wide range of electron filling.

Finally, we discuss the necessary conditions for SiAHE,
adopting a low-energy e”ective model in the continuum
limit. In the vicinity of the Γ point, the model is de-
scribed by the two-level Hamiltonian as

Heff
k = t(k2x + k2y)σ

0 − pkxσ
ρ + λ̃kyσ

ν − m̃σµ

↑ d0kσ
0 + dk · σ, (3)

where σ0 is an idendity matrix, p is the spin po-
larization parameter, perturbatively obtained as p =
J2

2t
sinQ

(1−cosQ)2 [37]; λ̃ and m̃ are reduced SOC and
magnetization, respectively. The Berry curvature
in this low-energy model is expressed by Ωz

k± =
↓ερνµdµk∂kxd

ρ
k∂kyd

ν
k/(2|dk|3) for the upper (+) and lower

(−) bands: hence, all spin components x, y, z are nec-
essary for nonzero σxy among ρ, φ, and µ. Consider-
ing this necessary condition, Table I summarizes which
spin component of SOC and which orientation of uniform
magnetization are required for SiAHE. As the spin po-
larization is induced perpendicular to the helical plane,
the remaining two components must be completed with
SOC and uniform magnetization. From the expression
for the Berry curvature Ωz

k±, it is clear that its sign is re-
versed when the spin components are swapped between
SOC and magnetization. Furthermore, the sign of σxy

depends not only on the sign of the SOC and magnetiza-
tion, but also on the spiral chirality, since the coefficient
p in Eq. (3) is an odd function of Q.

To summarize, we have theoretically demonstrated
that commensurate spin spirals can induce a character-
istic AHE via odd-parity spin splitting in the electronic
band structure, under specific conditions involving SOC
and magnetization. Our results not only explain a re-
cent experimental observation of AHE in a metallic p-
wave magnet with a commensurate spin spiral in a Gd
compound [37], but also provide design principles appli-
cable to a wide variety of spiral magnets. The resulting
SiAHE exhibits a nonmonotonic magnetization depen-
dence despite arising from a much simpler single-Q spin
texture, compared to complex multiple-Q spin configura-
tions that generate THE. Unlike the previously proposed
chiral Hall e”ect by higher-order gradients of the real-

TABLE I. Presence of AHE for a given helical plane and
corresponding spin polarization. Notations of ν and µ follows
Eq. (3). The sign ± represents the appearance of AHC, which
flips its sign in the case of ∓.

helical plane εβ xy yz zx

spin polarization 〈szk〉 〈sxk〉 〈syk〉

ν

µ
x y z x y z x y z

x - ± - - - - - - ∓
y ∓ - - - - ± - - -

z - - - - ∓ - ± - -

space spin textures [41, 42], the SiAHE originates purely
from momentum-space Berry curvature and is thus con-
ceptually distinct. Importantly, the SiAHE can manifest
as a planar Hall response driven by in-plane magnetiza-
tion [43], in stark contrast to the conventional AHE of
ferromagnets.
The SiAHE is highly sensitive to the helical plane ori-

entation and the SOC type, yet remarkably insensitive to
details such as the Fermi energy, spin-charge coupling, or
even the parity of the spiral pitch [38]. This establishes
the SiAHE as a robust and universal signature of com-
mensurate spin spiral states. Since the e”ect directly
reflects the spiral chirality, topology of spin-nodal lines,
and anisotropic spin splitting in the electronic structure,
it o”ers a powerful electrical probe of spiral spin textures
without relying on scattering experiments. More broadly,
our work deepens the insights into topological properties
arising from odd-parity spin splitting [44–48], and opens
avenues toward electrical control in spiral magnets [49–
52] and nonlinear functionalities in noncolinear magnetic
textures [40, 53–59].
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our work deepens the insights into topological properties
arising from odd-parity spin splitting [44–48], and opens
avenues toward electrical control in spiral magnets [49–
52] and nonlinear functionalities in noncolinear magnetic
textures [40, 53–59].
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to the emergence of spin-nodal lines and anisotropic
Fermi surfaces arising from odd-parity spin splitting un-
der spin spirals. To further examine this relationship
beyond the low-energy states, we systematically investi-
gate the Fermi energy dependence of the AHC. As shown
in Fig. 4(a), the full band structure contains twelve spin-
nodal lines along the Γ-Y and X-S lines. All these nodal
lines open gaps under finite Mz, generating Berry cur-
vature that drives SiAHE. Figure 4(b) shows σxy as a
function of εF for J = 2.0. Each peak of σxy corresponds
to the energy at the spin-nodal lines. This demonstrates
that SiAHE caused by spin-nodal lines is a universal phe-
nomenon, not limited to low-energy states, but present
across a wide range of electron filling.

Finally, we discuss the necessary conditions for SiAHE,
adopting a low-energy e”ective model in the continuum
limit. In the vicinity of the Γ point, the model is de-
scribed by the two-level Hamiltonian as

Heff
k = t(k2x + k2y)σ

0 − pkxσ
ρ + λ̃kyσ

ν − m̃σµ

↑ d0kσ
0 + dk · σ, (3)

where σ0 is an idendity matrix, p is the spin po-
larization parameter, perturbatively obtained as p =
J2

2t
sinQ

(1−cosQ)2 [37]; λ̃ and m̃ are reduced SOC and
magnetization, respectively. The Berry curvature
in this low-energy model is expressed by Ωz

k± =
↓ερνµdµk∂kxd

ρ
k∂kyd

ν
k/(2|dk|3) for the upper (+) and lower

(−) bands: hence, all spin components x, y, z are nec-
essary for nonzero σxy among ρ, φ, and µ. Consider-
ing this necessary condition, Table I summarizes which
spin component of SOC and which orientation of uniform
magnetization are required for SiAHE. As the spin po-
larization is induced perpendicular to the helical plane,
the remaining two components must be completed with
SOC and uniform magnetization. From the expression
for the Berry curvature Ωz

k±, it is clear that its sign is re-
versed when the spin components are swapped between
SOC and magnetization. Furthermore, the sign of σxy

depends not only on the sign of the SOC and magnetiza-
tion, but also on the spiral chirality, since the coefficient
p in Eq. (3) is an odd function of Q.

To summarize, we have theoretically demonstrated
that commensurate spin spirals can induce a character-
istic AHE via odd-parity spin splitting in the electronic
band structure, under specific conditions involving SOC
and magnetization. Our results not only explain a re-
cent experimental observation of AHE in a metallic p-
wave magnet with a commensurate spin spiral in a Gd
compound [37], but also provide design principles appli-
cable to a wide variety of spiral magnets. The resulting
SiAHE exhibits a nonmonotonic magnetization depen-
dence despite arising from a much simpler single-Q spin
texture, compared to complex multiple-Q spin configura-
tions that generate THE. Unlike the previously proposed
chiral Hall e”ect by higher-order gradients of the real-

TABLE I. Presence of AHE for a given helical plane and
corresponding spin polarization. Notations of ν and µ follows
Eq. (3). The sign ± represents the appearance of AHC, which
flips its sign in the case of ∓.

helical plane εβ xy yz zx

spin polarization 〈szk〉 〈sxk〉 〈syk〉

ν

µ
x y z x y z x y z

x - ± - - - - - - ∓
y ∓ - - - - ± - - -

z - - - - ∓ - ± - -

space spin textures [41, 42], the SiAHE originates purely
from momentum-space Berry curvature and is thus con-
ceptually distinct. Importantly, the SiAHE can manifest
as a planar Hall response driven by in-plane magnetiza-
tion [43], in stark contrast to the conventional AHE of
ferromagnets.
The SiAHE is highly sensitive to the helical plane ori-

entation and the SOC type, yet remarkably insensitive to
details such as the Fermi energy, spin-charge coupling, or
even the parity of the spiral pitch [38]. This establishes
the SiAHE as a robust and universal signature of com-
mensurate spin spiral states. Since the e”ect directly
reflects the spiral chirality, topology of spin-nodal lines,
and anisotropic spin splitting in the electronic structure,
it o”ers a powerful electrical probe of spiral spin textures
without relying on scattering experiments. More broadly,
our work deepens the insights into topological properties
arising from odd-parity spin splitting [44–48], and opens
avenues toward electrical control in spiral magnets [49–
52] and nonlinear functionalities in noncolinear magnetic
textures [40, 53–59].
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• The sign of  depends not only on 
the signs of SOC and M, but also on 
the spiral chirality, as p changes its 
sign under .

σxy

Q → − Q

The spiral-induced AHE is highly sensitive to the spiral-plane orientation and the chirality,  
providing a robust and universal hallmark of commensurate spin spirals.

cf. J. Mitscherling et al., arXiv:2603.09736



outlook 
• impacts of electron correlation and fluctuations beyond mean-field pictures 
• connection to unconventional superconductivity

Summary and outlook

take-home messages 
• Magnetic toroidics provides a compact language bridging symmetry 

breaking and unconventional responses in compensated magnets. 
- The canonical toroidal metal shows how odd-parity magnetic order in a metal 

directly produces transport and ME responses. 
• The same concept extends naturally to 
✓AFM olivine (S-type altermagnets) → nonlinear ME responses 

Y. Kato, T. Hayashida, K. Matsumoto, T. Kimura, and Y. Motome, Phys. Rev. B 113, 094411 (2026)


✓ spin-spiral magnets (p-wave magnets)→ unconventional spin-spiral AHE 
S. Okumura, M. M. Moritz, and Y. Motome, preprint (arXiv:2512.14071)

R. Yamada, M. T. Birch, P. R. Baral et al., Nature 646, 837 (2025)
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