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Quasi-periodic & Quasicrystals

10-fold symmetry!!

Fisher et al., Phys. Rev. B59, 308 (1999)

Single grain of icosahedral Ho-Mg-Zn quasicrystal

Bindi, et al., Science Report (2015)

Al71Ni24Fe5 quasicrystal from meteorite

Al –Mn (at 14%) alloy 

Projection from Higher Dimensional Periodic Crystals 
to Lower Dimensional Quasicrystals



Superconducting Quasicrystals

…...



Van der Waals Interlayer Quasi Crystals 

Appearance of higher order 
Umklapp features

Moon, 
Koshino, Son
PRB (2019)

• Weak interlayer interaction/ High energy QC features

• Long wavelength moire approximation



2D Atomic Quasi Crystal: Ta1.6Te
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van der Waals 2D Atomic Quasi Crystals: Superconducting!

•Can be cleaved down to monolayer!

• Quasicrystals & Approximants

Measurement was done on polycrystals



Opening Up 25-Year-Old Samples

Flux grown single crystals of
Ta-Te Quasicrystals and Approximants

TEM sample preparation

Samples are air-sensitive!

Selective Area Diffraction



Dodecagonal Atomic Clusters: Building Block

Decoration with atoms:Basic building blocks:
(prototiles)

&

Dodecagonal building blocks

High-Angle Annular Dark-Field Scanning Transmission 
Electron Microscopy (HAADF STEM)

Ta
Te



Approximants and Quasicrystals

Ta97Te60

Approximant tiling Quasicrystal Tiling

Inflation

Fibonacci Chain 

Ta181Te112

L L+S;   S L



Inflation Rules: Second Order Tiling 
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- Tiling can be done using larger squares and
triangles with a scaling factor of 2 + 3.

- Beyond the second-order tiling, it is
not possible to proceed in the same
way. The inflation rule does not apply.

Inflation

Type 
A

Type B
Inflation

Ambiguity of Substitution Rule

Ta
Te

Second Order Tiles

...

Many possible inflation possibility…
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Cut and Projection Method: Fibonacci Chain

A system without periodicity in real space can
exhibit periodicity in higher-dimensional space.

Parallel space
(Physical space)

Perpendicular space

Acceptance window

Fibonacci Chain L L+S;   S L
Higher dimension hyper lattice

𝜏 =
1 + 5

2

Slope:

Acceptance window



Physical Space and Perpendicular Space: Toward Higher Dimension
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The dodecagonal square-triangle tiling can be generated from 4D lattice.

2D physical Space 2D Perpendicular
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4D basis vectors
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Parallel (Physical)  space (𝑽∥)

1st tiling vertices
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𝑣

Perpendicular space (𝑽⊥)
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Cut and Projection Method: Fractal Acceptance Window

Dodecagonal Quasicrystal Tiling: 4D Hyper Lattice projection with acceptance windows
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Stampfli tiling Square-triangle tiling

Step 1 Step 2 Step 3

Square-triangle tiling with distorted hexagons

Inspired by Baake, et. al., Physica A 191 554 (1992) 

A fractal-shaped acceptance window is required to eliminate skinny rhombi in the Stampfli tiling.
Parallel (Physical)  space (𝑽∥)

Fractal acceptance window works
reasonable but not perfect.
Disorder in quasicrystal?

Fractal 
acceptance 
window



Second Order Tiling and Phason Flip Disorders Quasicrystals
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2045

1154

1133

2849

2853

2121

2114

- There exist defects that require rhombus tiles.

- There exist domains composed of only specific types of tiles.

- The distribution of second-order tiles is not isotropic.
- Statistically, it is not maximally entropic and does not exhibit 

perfect 12-fold symmetry.

Second order tiles
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300 K

110 K

𝐾𝑡𝑡 𝐾𝑡𝑟 𝐾𝑡𝑠
𝐾𝑡𝑟 𝐾𝑟𝑟 𝐾𝑟𝑠
𝐾𝑡𝑠 𝐾𝑟𝑠 𝐾𝑠𝑠

=
1.042 0.002 −0.167
0.002 1.012 −0.013
−0.167 −0.013 0.948 12−fold

𝐾𝑡𝑡 0 0
0 𝐾𝑡𝑡 0
0 0 𝐾𝑠𝑠

𝐶 = 𝐶phonon + 𝐶phason + 𝐶coupling

𝐼 𝑮∥ + ∆𝒒 ∝ exp −
1
2∆𝒒

𝑇𝐶−1 𝑮 ∆𝒒

𝑮 = 𝑮∥ + 𝑮⊥

𝑮∥

𝑮∥ + ∆𝒒

= 𝐶phonon(𝑮∥, T) + 𝐶phason(𝑮⊥) + 𝐶coupling(𝑮∥, 𝑮⊥, T)

-2,-2,2,2 0,0,1,1

-1,-1,2,2

0,-1,-1,1

1,0,0,0

1,-1,0,0

-2,-2,2,2

0,-1,-1,1 1,-1,0,0

-1,-1,2,2 -1,-1,2,2

1,0,0,0

measured
fit

• If the phason contribution is temperature-independent, temperature-dependent
diffraction patterns can be used to isolate the peak broadening caused by phonon
fluctuations and phonon–phason coupling.

𝐾𝑡𝑡 ≈ 𝐾𝑟𝑟 > 𝐾𝑠𝑠 ≫ 𝐾𝑡𝑟, 𝐾𝑡𝑠, 𝐾𝑟𝑠
• The phason elastic constant becomes comparable to that of the 12-fold quasicrystalline

phase.

Temperature Dependent Diffraction: Phonon versus Phason Elastic Constants
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phason strain field in perpendicular space 

𝑥

𝑦

phason strain field in real space 

𝑼𝑥 field    (𝑈 = 𝑼𝑥,𝑼𝑦 ) 𝑼𝑦 field

• The direction of the local phason strain
field follows the elongation observed in
perpendicular space.

• Larger local phason strain is
observed in approximant-like
domains, while QC-like domains
retain relatively small phason
strain.

Phason Strain Field in Second Order Tiling



Glovebox: H2O Concentration 5 - 40 ppb

E-beam Cr evaporation source
Small Thermal Au evaporation source

Argon ion milling
Thermoelectric cooled sample stage

Direct connection to 
argon glovebox

Evaporator: P < 5 x 10-8

mBar

• Stacking
• Selection
✓ Deposition
✓ Etch
✓ Packaging  e  ni  e a  anta es 

                
          

                      .

  i  lit o  ap y to 
 i e ent s bst ate

                     

Device Fabrication

5 m

QC

5 m

AC



Electrical Transport Characteristics

dd Ta1.6 Te
Ta181Te112

𝑡~10 𝑛𝑚, 𝐿~6𝜇𝑚,𝑊~4𝜇𝑚

𝑛 = 3.506 × 1022 𝑐𝑚−3

μ = 0.525 𝑐𝑚2/𝑉𝑠

𝒌𝑭𝒍 = 𝟑. 𝟓𝟒𝟒

𝑡~150 𝑛𝑚, 𝐿~8𝜇𝑚,𝑊~5𝜇𝑚

𝑛 = 5.944 × 1021 𝑐𝑚−3

μ = 3.619 𝑐𝑚2/𝑉𝑠

𝒌𝑭𝒍 = 𝟕. 𝟒𝟖𝟏

AC: Ta181Te112QC: dd Ta1.6 Te

Temperature Dependent Resistivity

2K

5K

10K

15K

2K

5K

10K

15K

QC AC

Magneto Resistivity

Hall Resistivity

dd Ta1.6 Te
Ta181Te112



Superconductivity in QC and AC
AC (Ta181Te112)

- Superconducting Tc of QC TaTe: ~0.9 K
- Superconductivity has also been observed in the approximant crystal.Coherence length 𝜉 = Φ0

2𝜋𝐻𝑐2(𝑇)
≈ 18.2 nm (T = 0.3K)

QC (Ta(3+2√3)/4Te)

Tc
(QC) > Tc

(AC)

(QC) < (AC)



Summary and Outlook
Outlook

- Atomically thin 2D QC and AC TaTe samples were
analyzed using TEM.

- Information from higher-dimensional space was utilized
in the analysis.

- Quasicrystals contain phason strain disorders

- Superconductivity in QC and AC has been observed

Thermodynamic measurement: sensing higher dimensional effect

Quasicrystal moire

Systematic studies of ACs and QC in the 2D limits

Breakdown of Dulong-Petit 
law in QC specific heat

Can we control phason disorder in 2D dd-quasicrystals?
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