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Cuprate superconductors

Heavy fermion compounds

Pnictides

Strongly correlated systems

Nature 583, 579 (2020)

Nature Phys. 16, 926 (2020)

Pairing due to magnetic fluctuations
Variations of the Hubbard model ?



Superconductivity and strongly correlated phases in carbon compunds

Renormalization of the Fermi velocity

Nature 462, 192 (2009)

Nature 462, 196 (2009)

Landau levels

Alkali intercalated fullerenes, such as Rb3C60,  
𝑇𝑐 ∼ 10 − 40K

Graphite intercalation compounds, such as C6Ca, 
𝑛 ≥ 1014 cm−2, 𝑇𝑐 ∼ 1 − 10K

Superconductivity



Number of atoms: 𝑁 ≈ 104

Moiré unit length: 𝐿𝑀 ≈ 15 nm ~𝑑 𝑁

Radius of the charge distribution: 𝐿𝐶 ≈ 5 nm ~𝑑 𝑁

Coulomb energy:
𝐸𝐶 ≈

𝑒2

𝜖𝐿𝑐
~10 − 50 meV ~

𝑒2

𝜀𝑑

1

𝑁

Intraatomic (Hubbard) repulsion:
𝐸𝐻𝑢𝑏𝑏𝑎𝑟𝑑 = 𝑁 ×

𝑈

𝑁2
≈ 1 meV ~

𝑒2

𝑑
×

1

𝑁

Electron-phonon coupling, LA: 𝑔 =
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2 2
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Electron-phonon coupling, TA: 𝑔 =
𝑡𝛽 2

𝜇
×

1

Τ3𝐿𝑀
2 2

≈ 1 meV ~
𝑡𝛽 2

𝜇
×

1
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Interactions in twisted bilayer graphene



𝜖 = 66𝑉𝐻 𝐴𝐴 − 𝑉𝐻 𝐴𝐵 ≈ 5meV

⚫ The bands are significantly distorted if
𝑒2

𝜖𝐿𝑀
≥ 𝑊

⚫ The edges of the Brillouin Zone, K and M, are 
shifted, while the center, , is not.

⚫ The bandwidth is increased, although the density of 
states at the Fermi energy remains high (pinning of 
van Hove singularities).

Shapes and widths of the bands:  theory

Chiral modelNon chiral model

Effect of an electrostatic (Hartree) potential





Cascade of phase transitions in twisted bilayer graphene

Nature 582, 203 (2020). Nature 589, 536 (2021).Nature 582, 198 (2020)

arXiv:2101.04123 

Nature Materials (2021) 

The mean field (HF) cascade

Douglas R. Hartree Vladimir A. Fock

⚫ The long range Coulomb interaction
gives a qualitative explanation of the
band deformations, and of the broken
symmetry phases of twisted bilayer
graphene.

⚫ It does not identify details of the
broken symmetry phases.



Superconductivity in twisted bilayer graphene. Some theoretical models

Electron-phonon coupling:

F. Wu, E. Hwang, S. Das Sarma, Phys. Rev. B 99, 165112 (2018)

F. Wu, A. H. MacDonald, I. Martin, Phys. Rev. Lett. 121, 257001 (2019)

B. Lian, Z. Wang, B. A. Bernevig, Phys. Rev. Lett. 122, 257002 (2019)

Electron-electron coupling: effect of van Hove singularities:

Y. Lin, R. M. Nandkishore, Phys. Rev. B 21, 214521 (2018)

J. Gonzalez, T. Stauber, Phys. Rev. Lett. 122, 026801 (2019)

Electron-electron interaction: soft modes due to the proximity to broken symmetry phases:

H. C. Po, L. Zou, A. Vishwanath, T. Senthil, Phys. Rev. X 8, 031089 (2018)

M. Christos, S. Sachdev, M. S. Scheurer, Nature Comm. 14, 7134 (2023)

Electron-electron interactions: similarity to Landau levels, skyrmions:

E. Khalaf, S. Chatterjee, N. Bultinck, M. P. Zaletel, A. Vishwanath, Science Advances, eabf5299 (2021)
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J. Yu, B. A. Foutty, Y. H. Kwan, M. E. Barber, K. Watanabe, T. Taniguchi, Z. X. Shen, S. A. Parameswaran, B. E. Feldman, Nature Comm. 14, 6679 

(2023)

Electron-electron interactions: diagrammatic methods (Kohn-Luttinger) based on the 

Coulomb interaction:

T. Cea, F. G., Proc. Nat. Acad. Sci. 118, e2107874118 (2021)

G. Savit, E. Berg, A. Stern, Y. Oreg, Phys. Rev. Lett. 127, 247703 (2022)

V. Kozii, M. P. Zaletel, N. Bultnick, Phys. Rev. B 106, 235157 (2022)

T. Cea, F. G., Proc. Nat. Acad. Sci. 118, e2107874118 (2021)

V. T. Phong, P. A. Pantaleon, T. Cea, F. G., Phys. Rev. B 104, L121116 (2022)
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A. Jimeno-Pozo, H. Sainz-Cruz, T. Cea, P. Pantaleon, F. G., Phys. Rev. B 107, L161106 (2023)
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Long range interactions and superconductivity: the Kohn-Luttinger mechanism

Phys. Rev. Lett. 15, 524 (1965)

Superconductivity mediated by

electron-hole pairs

Walter Kohn Joaquin M. Luttinger



𝑈1, 𝑈2 > 0, 𝑈2 > 𝑈1

M

M’

𝑈1

𝑈2

+

+

- -

d-wave superconductivity in cuprates



Low energy excitations and charge excitations:

Electron-hole pairs, plasmons, and phonons

PNAS 116, 20829 (2019)

electron-hole pairs

PNAS 118, e2107874118 (2021)

plasmon

phonon

plasmon

electron-hole pairs



⚫ Longitudinal phonons modify the

susceptibility.

⚫ The bare interaction is the

repulsive Coulomb coupling

Phys. Rev. Lett. 15, 524 (1965)

−𝑘

𝑘 + Ԧ𝑞

𝑘

+

−𝑘 − Ԧ𝑞

−𝑘𝑘 −𝑘

=

−𝑘 − Ԧ𝑞 𝑘 + Ԧ𝑞𝑘 + Ԧ𝑞

−𝑘𝑘

RPA resummation

−𝑘 − Ԧ𝑞

Repulsive interactions and pairing



Dependence on dielectric constant

Critical temperatures

Bands, densities of states,

magic angle

Results: critical temperature

⚫ The critical temperature is significantly enhanced by the

electron-phonon interaction.

⚫ Superconductivity correlates with the density of states at the

Fermi level.

⚫ The effect of external screening depends on the strength of 

the electron-phonon interaction.

⚫ Order parameter. Finite gap in each valley

⚫ Consistent with spin singlet/valley triplet or with
spin triplet/valley singlet superconductivity.



Superconductivity in twisted trilayers



Superconductivity in twisted multilayers



Superconductivity in twisted trilayers: theory



Superconductivity in graphene without a moiré superlattice



Superconductivity in graphene without a moiré superlattice: theory



Screened interaction in real space

Rhombohedral trilayer

Superconductivity graphene without a moiré superlattice:effective attraction

Order parameter and intervalley interactions

𝑉𝑠𝑐𝑟 Ԧ𝑞 =
𝑉𝐶 Ԧ𝑞

1 − 𝑉𝐶 Ԧ𝑞 𝜒 Ԧ𝑞
≈

1

𝜒 Ԧ𝑞

SOC, due to flavor polarization, 

lowers screening, and increases 

both repulsion and attraction

Effect of spin-orbit coupling
Bernal bilayer



⚫ Lack of Cooper divergence, 
1st order transition?

⚫ Does the symmetries 
change in the 
superconducting phase?

⚫ Role of trigonal distortion.

Quarter metal phase



arXiv:2412.01577

Tuning repulsive interactions and superconductivity



Twisted double bilayer and helical trilayer  graphene

ee+ph+G ee+G ee+ph ee

TBG ~2K ~10mK ~10mK < 1mK

TDBG ~10mK < 1mK < 1mK ≪ 1mK

hTTG ≪ 1mK ≪ 1mK ?? ??

arXiv:2401.09667, PNAS 121 (32) e2405259121 (2024)



Long range electron-electron interactions and superconductivity in 

graphene stacks

⚫ Strongest interaction in twisted bilayer graphene

⚫ Few adjustable parameters, 𝜖 ≈ 6 − 10
⚫ Describes well general trends
⚫ Broken symmetry phases not included

Electronic bands

Coulomb 

potential

Deformation potential

and elastic constants

𝑎(Å) 𝑣𝐹 𝑒𝑉Å 𝛾1 𝑒𝑉 𝛾3 𝑒𝑉 𝛾4 𝑒𝑉 Δ′ 𝑒𝑉 𝑔𝐴𝐴 𝑒𝑉 𝑔𝐴𝐵 𝑒𝑉 𝑑𝐺 𝑛𝑚 𝜖 𝐷 𝑒𝑉 𝜆 𝑒𝑉Å−2 𝜇 𝑒𝑉Å−2
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Phys. Rev. B 111,174523 (2025)

arXiv:2408.16075

Other recent RPA+KL calculations of superconductivity



Ԧ𝑞1

Ԧ𝑞2

Ԧ𝑞3

Ԧ𝑞4

Ԧ𝑞5

𝐾, 𝑘 + Ԧ𝑞

𝐾′, −𝑘𝐾, 𝑘

𝐾′, −𝑘 − Ԧ𝑞

e h

𝑉Ԧ𝐺,𝐺′ Ԧ𝑞, 𝜔 = 𝑉Ԧ𝐺,𝐺′
0 Ԧ𝑞, 𝜔 1 − Π Ԧ𝐺,𝐺′ Ԧ𝑞, 𝜔

−1

Spin, valley, …, waves

𝐾, 𝑘 𝐾′, −𝑘

𝐾, 𝑘 + Ԧ𝑞 𝐾′, −𝑘 − Ԧ𝑞

𝑉Ԧ𝐺,𝐺′ Ԧ𝑞, 𝜔 = 𝑉Ԧ𝐺,𝐺′
0 Ԧ𝑞, 𝜔 1 + Π Ԧ𝐺,𝐺′ Ԧ𝑞, 𝜔

−1

Charge fluctuations

Soft spin and valley modes, broken symmetries



Three dimensional rhombohedral graphite

Bernal graphite ABABAB Rhombohedral graphite ABABAB

About 10% of natural graphite shows rhombohedral stacking (M. Dresselhaus, private communication)



Flat bands in thick rhombohedral multilayers

𝑘𝑐

𝑘𝑐 ≈
𝛾1

𝑣𝐹
≈ 0.11 Å−1

𝜌𝑐 =
𝑘𝑐

2

4𝜋
≈ 1013cm−2

Su-Schrieffer-Heeger model for each value of 𝑘∥

Rev. Mod. Phys. 90, 15001 (2018)

Nodal line semimetal

Drumhead surface states

arXiv:2503.09692



Surface electrons in the presence of a gate.

⚫ Metallic bulk: 
Finite density of states at the Fermi level. The field induced by
the gate is screened within the Thomas-Fermi length: 

𝑙𝑇𝐹~ 𝑒2𝑁 𝐸𝐹
−1

.

⚫ Semiconducting bulk:
The potential induced by the gate shifts the conduction
(valence) band down (up).  Electrons (holes) flow to the surface
region and screen the gate. Band bending at the surface.

⚫ Rhombohedral graphene: 
Vanishing density of sates density of states at the Fermi level, 
but zero gap.
There is a flat band at the surface, even in the absence of a 

gate. The band is at the neutrality point (nodal system, 
drumhead band).



Nature 643, 654 (2025)

Superconductivity in untwisted tetralayers

Nature 639, 342 (2025)
4 layers



More experiments arXiv:2507.18598

6 layers

arXiv:2507.22026

6 layers

arXiv:2508.15909 6 layers



arXiv:2511.16578

7 layers

arXiv:2511.17423

13 layers

More experiments

6 layers

5 layers



Some calculations in a fully polarized tetralayer

arXiv:2412.07145,

Chinese Physics Lett., in 

press

Phys. Rev. Lett. 136, 026603 (2026)



⚫ A variety of polarized phases
⚫ Multiple Lifschitz transitions.
⚫ Significant trigonal warping 

The HF density of states shows 

an unphysical dip at the Fermi 

energy. 

The bands are not suited for 

the calculation of 

superconductivity.



⚫ Calculations carried out  using 
the RPA screened interaction.

⚫ Trigonal warping suppresses 
the Cooper instability.

⚫ Narrow slice in phase space 
where superconductivity 
appears.

Superconductivity.

Critical temperature
Superconductivity.

Order parameter

⚫ p-wave superconductivity
⚫ No degeneracy between 𝑝+ and 𝑝− .
⚫ The gap in not pinned to the Fermi 

surface
⚫ Gapless superconductivity, due to the 

par breaking effects oftrigonal 
warping. Similar to s-wave 
superconductors with magnetic 
impurities.



arXiv.2503.15471

arXiv.2503.12650arXiv.2503.05697

Other works on quarter metal superconductivity



Phase diagrams of rhombohedral multilayers 

⚫ Same succession of unpolarized, half metal, and quarter metal phases in all systems
⚫ Polarized phases stronger on the electron side
⚫ Nematic phases, which break 𝐶3, also possible
⚫ Polarized phases favored by increased band splittings induced by the exchange term
⚫ Trigonal warping leads to three hot spots at the Fermi surface, leading to p-wave SC



“Giant” spin-orbit coupling in rhombohedral graphite

arXiv:1004.0881

Spin Orbit Interaction in Graphite

G. Dresselhaus and M. S. Dresselhaus

Physical Review 140, A401 (1965) 



ℋ𝑠𝑜𝑐
𝑎𝑡 = 𝜆𝑎𝑡 ෍

𝑛

𝐿𝑛 Ԧ𝑠𝑛

ℋ𝑠𝑜𝑐

= ෍

𝑛=1

𝑛=𝑁𝐿

𝜆1𝜏𝑧
𝑛𝜎𝑧

𝑛𝑠𝑧
𝑛 + 𝜆2 −1 𝑛𝜏𝑧

𝑛𝑠𝑧
𝑛 + 𝜆3 −1 𝑛 𝜎𝑦

𝑛𝑠𝑥
𝑛 − 𝜏𝑧

𝑛𝜎𝑥
𝑛𝑠𝑦

𝑛 + ෍

𝑛=1

𝑛=𝑁𝐿−1

𝜆4𝜎𝑧
𝑛 𝜇𝑦

𝑛.𝑛+1𝑠𝑥
𝑛 − 𝜏𝑧

𝑛𝜇𝑥
𝑛.𝑛+1𝑠𝑦

𝑛

Kane Mele term Spin flip+interlayer hopping

Spin-orbit in rhombohedral multilayers

Calculation including all p and s orbitals in the valence shell

Projection onto the 𝑝𝑧 orbitals 

Atomic spin-orbit coupling

Symmetry allowed terms

In collaboration with A. Stern, G. 

Parra-Martínez, A. Herando-Pozo, 

J. Silva



𝜆1 ≈
𝜆𝑎𝑡

2

𝜖𝜋 − 𝜖𝜎

𝜆4 ≈
3𝜆𝑎𝑡 ҧ𝑡

𝜖𝜋 − 𝜖𝜎

Layer 1

Layer 2

𝜋

𝜎

Spin orbit couplings: Kane-Mele, interlayer jump +spin flip



Fermi Surface topology, R4G

𝜆4 = 0 𝜆4 = 1 meV

Hartree Fock

phase

diagram



Rhombohedral graphene. A toy model. 

Tight binding hamiltonian

Bands with shift due to displacement field.

Approximate quadratic dispersion.

𝜖𝑘 =
𝑘2

2𝑚∗

ൿ|𝑘 = 𝑁− Τ1 2 ෍

𝑛

𝑣𝐹𝑘𝑒𝑖𝜙𝑘

𝑡∥

𝑛

| ۧ𝑛, 𝐴

Flat band dispersion

Consider only the flat band of a semiinfinite

stack (Berry trashcan approximation),

arXiv:2503.09692

SSH  approximation

In collaboration with A. Bernevig and Y. Sao



Radius of the flat band:

𝑘𝑐 =
𝑣𝐹

𝑡∥

𝜆𝑙 =
𝜌 𝜖𝐹

2𝜋
׬

0

2𝜋
𝑑𝜃 𝑒𝑖𝑙𝜃 ×

𝑀𝐾,𝐾′ 𝑘1, 𝑘2

𝑀𝐾,𝐾 𝑘1, 𝑘2

× 𝑣𝑠𝑐𝑟 𝑞 ≈
1

2𝜋
׬

0

2𝜋
𝑑𝜃 𝑒𝑖𝑙𝜃 ×

𝑀𝐾,𝐾′ 𝑘1, 𝑘2

𝑀𝐾,𝐾 𝑘1, 𝑘2

×
𝜒0 0

𝑛𝑓𝜒0 𝑞

Fermi surface

Pairing due to long range interactions (Kohn-Luttinger) 

Dimensionless coupling constant

See also:

screened potential

𝑣𝑠𝑐𝑟 𝑞 =
𝑣0 𝑞

1 + 𝑛𝑓𝑣0 𝑞 𝜒0 𝑞
≈

1

𝑛𝑓𝜒0 𝑞

susceptibility

𝜒0 𝑞 = ෍

𝑘′′

𝑘′′ 𝑘′′ + Ԧ𝑞
2 𝑛𝑘′′+𝑞 − 𝑛𝑘′′

𝜖𝑘′′+𝑞 − 𝜖𝑘′′

Linear equation for the gap

∆𝑙 𝑇𝑐 ≈ − log
𝑊

𝑇𝑐
𝜆𝑙∆𝑙 𝑇𝑐

Gap at zero temperature

∆𝑙≈ 𝑊𝑒− Τ1 𝜆𝑙

System dependent parameters, 𝑒2, 𝑚∗, drop out, only dimensionless form factors

remain



Quarter metal. Superconducting coupling constant

Screened

Coulomb 

interaction

Negative

Hubbard U



Domain walls in quarter metals

In collaboration with V. T. Phong, E. Mele, E. 

Prada, P. San-Jose, F. Lobo

Electronic structure of the domain wall in the

normal state.

The transmision vanishes unless:

⚫ The barrier has the armchair orientation.

⚫ There is intervalley coherence at the barrier.

Electronic structure of the domain wall in the

superconducting state.

⚫ Topological superconductivity.

⚫ Existence of Majorana states.

arXiv:2605.13303



Electronic bands

Coulomb 

potential

Deformation potential

and elastic constants

𝑎(Å) 𝑣𝐹 𝑒𝑉Å 𝛾1 𝑒𝑉 𝛾3 𝑒𝑉 𝛾4 𝑒𝑉 Δ′ 𝑒𝑉 𝑔𝐴𝐴 𝑒𝑉 𝑔𝐴𝐵 𝑒𝑉 𝑑𝐺 𝑛𝑚 𝜖 𝐷 𝑒𝑉 𝜆 𝑒𝑉Å−2 𝜇 𝑒𝑉Å−2

2.46 5.253 0.4 0.32 0.044 0.05 0.797 0.0975 40 10 20 3.25 9.44

Rhombohedral

graphene stacks show a 

rich electronic behavior

all the way to the 3D 

limit

⚫ The long range Coulomb interaction plays

a major role inthe electronic properties of

graphene stacks.

⚫ The main trends of the superconducting

properties are reasonably described using

standard parameters,
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⚫ Electronic charge fluctuations describe a pairing 
mechanism which is not suppressed by repulsive 
interactions. It is described by few adjustable 
parameters.

⚫ The role of charge fluctuations is enhanced in 
systems with complex electronic wavefunctions, like 
twisted bilayer graphene. The strength  of Umklapp 
processes correlates with the critical temperature.

⚫ f-wave symmetry is a possible order parameter in 
twisted bilayer graphene.

⚫ Superconductivity in a fully polarized is influenced by 
trigonal warping, and can be gapless.



Nature 638, 93 (2025)

Superconducting stiffness: recent results 

Superconducting stiffness: power law dependence on temperature

Nature 638, 99 (2025)



Pair breaking due to interlayer scattering

⚫ The relevant energy scales are the superconducting gap, ∆, and the scattering time 

due to intervalley processes, 𝜏𝑖𝑣.

⚫  The superconducting phase is always gapless near the critical temperature.

⚫ The superconductor is gapless at all temperatures if ∆ 𝑇 = 0  ≤ Τℏ 𝜏𝑖𝑣.

Estimates: ∆ 𝑇 = 0 ~0.5 meV, 𝑣𝐹~ Τ𝑣𝐹
𝐺 50 , ℓ𝑖𝑣~50 − 500 nm, Τℏ 𝜏𝑖𝑣 ~0.02 − 0.2 meV

⚫ Pair breaking due to intervalley scattering in a nodeless f-wave superconductor is 

equivalent to scattering by magnetic impurities in a conventional s-wave 

superconductor.



Dissipation in TBG Josephson junctions

𝐶 = 32 𝑓𝐹
𝑅 = 2.5 𝑘Ω

𝐼𝑐 ≈ 10 𝑛𝐴

Τ𝜔𝑝 2𝜋 = 4.9 𝐺𝐻𝑧

𝑇 ≈ 10 𝑚𝐾 
𝜓 𝜙 =

2

𝜋

2𝐸𝐶

𝐸𝐽

Τ1 4

𝑒
−

1
4

𝐸𝐽

2𝐸𝐶
𝜙2

𝜙2 =
8𝐸𝐶

𝐸𝐽

Quantum   effects

𝜙2 ≈0.99

𝐻 = 𝐸𝐶
෠𝑄2 + 𝐸𝐽

෠𝜙2

2
෠𝑄, ෠𝜙 = 2𝑖

෠𝑄  = 2𝑖𝜕𝜙

𝐸𝐽 ≈ 0.021 𝑚𝑒𝑉
𝐸𝐶 ≈ 0.0025 𝑚𝑒𝑉

ℏ𝜔𝑝 ≈ 0.02 𝑚𝑒𝑉
𝑄 ≈ 2.5
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