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Talk Roadmap

Setting the Stage   The central question: are topology and entanglement fundamentally linked?

Symbol & Topological Defects in Graphene   The Weyl symbol H(k,r), defect dimension D, graphene vacancies, index theorem

Two Qubits Go Topological   Cartan decomposition, Z₅ phases, Bell-state zero modes

Topological Sum Rule   Geometric phases, SWAP vs 3-CNOT, noise measurement

The Unified Picture   One framework connecting defects, qubits, and quantum gates

Orion & Akkermans  ·  Technion 2



Two Apparently Unrelated Questions

?
Can a crystal defect be topological?

ACT I  →  Graphene vacancies and the Weyl symbol operator

?
Is quantum entanglement a topological property?

ACT II  →  Two-qubit Hilbert space and Cartan decomposition

Answer: YES to both — and they are connected by the same mathematics.

Opening 3



Topological features : 
a general perspective 

Speaking of topology requires a clear framework
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Wigner-Dyson classification (d=0).

Schur’s Lemma: U U e 1T T
i* = g (due to the unitarity of that

matrix the multiple must be a phase). Considering the matrix
productU U U U U U U U UT T T T T T T T T( ) ( )* * *= = , we obtain
from the last equality U Ue eT T

i i=g g- which implies e 1i = og ,
and thus U U 1T T* = o .

We therefore conclude that there are three ways a
Hamiltonian H can respond to time-reversal symmetry. Let us
denote these three possibilities by T 0, 1, 1= + - :
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0, when the Hamiltonian is not time
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1, when the Hamiltonian is time
reversal invariant and 1

1, when the Hamiltonian is time
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We end by noting that in the case where T 12 = - , we have

A
2 2ˆ ˆ ˆ, ,y =

-
1 A( )ŷ- , and A

2 2ˆ ˆ ˆ†
, ,y =

-
1 A( ) ˆ †
y- . Since a state

with a number of q fermions is created from the Fock space
vacuum by applying q Fermion creation operators, we see that

when T 12 = - , the second quantized time-reversal operator
squares to the fermion parity operator,

1 1 , 14F Q2ˆ ( ) ( ) ( )ˆ ˆ, = - = -

where Q
A A A

ˆ ˆ ˆ†
å y y= is the particle number operator. On the

other hand, 1
2,̂ = when T 12 = .

Charge-conjugation (particle–hole) symmetry: There
turns out to be a similar way of classifying the behavior of
the first quantitzed Hamiltonian H under charge-conjugation
(particle–hole) symmetry. It is most convenient to first recall
the definition of the second quantized operator �̂ which
implements charge-conjugation (particle–hole) symmetry on
the fermion Fock space:

U U; ;

i i unitarity ,
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Figure 1. The ‘ten-fold way’. Listed are the ten generic symmetry classes of first quantized Hamiltonians. This is a complete list of
Hamiltonians which possess no unitarily realized symmetries. As reviewed in the text, the different symmetry classes can be characterized by
their different behaviors of the first quantized Hamiltonian under time-reversal (T), charge-conjugation (C), and chiral symmetry
(S T C·= ). The column ‘name (Cartan)’ lists the name given to the symmetric space appearing in the column ‘time evolution operator’ by
Élie Cartan in his classification scheme of symmetric spaces. The column ‘Anderson localization NLSM manifold G/H’ lists the (compact
sectors of the) target space of the non-linear sigma model describing Anderson localization physics in the corresponding symmetry class.

6

Phys. Scr. T168 (2016) 014001 A W W Ludwig

Remaining symmetries of a random Hamiltonian once  
all unitary symmetries have been exhausted (Anderson localisation).

Magnetic Field/Aharonov-Bohm magnetic flux

Time reversal symmetry T

Time reversal in the presence of spin-orbit
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Phys. Scr. T168 (2016) 014001 A W W Ludwig
Altland & Zirnbauer (1997) : Extend the Wigner-Dyson  

classification (d=0).

Time reversal symmetry (T) 
Particle-Hole symmetry (C) 
Their product S =T C (chiral 
symmetry)

Anti-unitary symmetries !

Elegant mathematical structure inherited  
from Cartan classification.
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Topology in Crystals – band topology

6
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(2d semiconductors)
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p-wave 
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(metallic oxide Sr2RuO4) 

TMDC WTe2
Kane Mele
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(conducting polymers)

Hybrid nanowires
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Relates theory to real materials



A  C  T    I    —    K  e  y    r  e  s  u  l  t

10

Topology lives in
the symbol, not
the Hamiltonian.

Defect dimension D navigates the tenfold table  ·  Index theorem: ν zero modes protected by topology  ·  Observable by STM



The Problem with Bloch Hamiltonians

Bloch’s theorem works beautifully when translation symmetry holds: 
H(k) encodes band topology in the Brillouin zone. But...

H(k) → band topology in the Brillouin zone

A defect — vacancy, adatom, Kekule distortion — breaks translation 
symmetry. 
  
Naive classification: graphene ∈ BDI class, d = 2 → no Z-topology.  
  
This conclusion is wrong. Understanding why is the entry point.

Graphene honeycomb

vacancy (k not good q. n.)

Naive tenfold: 
BDI, d=2 → No topology??

Defects ?
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that combine superconductivity, magnetism, and strong spin-
orbit interactions.49–52 Recently, we showed that the exis-
tence of a Majorana bound state at a point defect in a three
dimensional Bogoliubov de Gennes theory is related to a Z2
topological invariant that characterizes a family of Bogoliu-
bov de Gennes Hamiltonians HBdG!k ,r" defined for r on a
surface surrounding the defect.53 This suggests that a more
general formulation of topological defects and their corre-
sponding gapless modes should be possible.

In this paper we develop a general theory of topological
defects and their associated gapless modes in Bloch and
Bloch-BdG theories in all symmetry classes. As in Ref. 53,
we assume that far away from the defect the Hamiltonian
varies slowly in real space, allowing us to consider adiabatic
changes in the Hamiltonian as a function of the real space
position r. We thus seek to classify Hamiltonians H!k ,r",
where k is defined in a d-dimensional Brillouin zone !a torus
Td", and r is defined on a D-dimensional surface SD sur-
rounding the defect. A similar approach can be used to clas-
sify cyclic temporal variations in the Hamiltonian, which de-
fine adiabatic pumping cycles. Hereafter we will drop the
BdG subscript on the Hamiltonian with the understanding
that the symmetry class dictates whether it is a Bloch or BdG
Hamiltonian.

In Fig. 1 we illustrate the types of topological defects that
can occur in d=1, 2, or 3. For D=0 we regard S0 as two
points !#−1,+1$". Our topological classification then classi-
fies the difference of H!k ,+1" and H!k ,−1". A nontrivial
difference corresponds to an interface between two topologi-
cally distinct phases. For D=1 the one parameter families of
Hamiltonians describe line defects in d=3 and point defects
in d=2. For d=1 it could correspond to an adiabatic tempo-
ral cycle H!k , t". Similarly for D=2, the two parameter fam-
ily describes a point defect for d=3 or an adiabatic cycle for
a point defects in d=2.

Classifying the D parameter families of d-dimensional
Bloch-BdG Hamiltonians subject to symmetries leads to a
generalization of the periodic table discussed above. The
original table corresponds to D=0. For D!0 we find that for
a given symmetry class the topological classification !Z, Z2,
or 0" depends only on

" = d − D . !1.1"

Thus, all line defects with "=2 have the same topological
classification, irrespective of d, as do point defects with "
=1 and pumping cycles with "=0. Though the classifications
depend only on ", the formulas for the topological invariants
depend on both d and D.

This topological classification of H!k ,r" suggests a gen-
eralization of the bulk-boundary correspondence that relates
the topological class of the Hamiltonian characterizing the
defect to the structure of the protected modes associated with
the defect. This has a structure reminiscent of a mathematical
index theorem54 that relates a topological index to an analyti-
cal index that counts the number of zero modes.41,45,46,55–59

In this paper we will not attempt to prove the index theorem.
Rather, we will observe that the topological classes for
H!k ,r" coincide with the expected classes of gapless defect
modes. In this regards the dependence of the classification on
" in Eq. !1.1" is to be expected. For example, a point defect
at the end of a one-dimensional system !"=1−0" has the
same classification as a point defects in two dimensions !"
=2−1" and three dimensions !"=3−2".

We will begin in Sec. II by describing the generalized
periodic table. We will start with a review of the Altland
Zirnbauer symmetry classes44 and a summary of the proper-
ties of the table. In Appendix A we will justify this generali-
zation of the table by introducing a set of mathematical map-
pings that relate Hamiltonians in different dimensions and
different symmetry classes. In addition to establishing that
the classifications depend only on "=d−D, these mappings
allow other features of the table, already present for D=0 to
be easily understood, such as the pattern in which the clas-
sifications vary as a function of symmetry class as well as the
Bott periodicity of the classes as a function of d.

In Secs. III and IV we will outline the physical conse-
quences of this theory by discussing a number of examples
of line and point defects in different symmetry classes and
dimensions. The simplest example is that of a line defect in a
3D system with no symmetries. In Sec. III A we will show
that the presence of a 1D chiral Dirac fermion mode !analo-
gous to an integer quantum-Hall edge state" on the defect is
associated with an integer topological invariant that may be
interpreted as the winding number of the “#” term that char-
acterizes the magnetoelectric polarizability.10 This descrip-
tion unifies a number of methods for “engineering” chiral
Dirac fermions, which will be described in several illustra-
tive examples.

Related topological invariants and illustrative examples
will be presented in Secs. III B–III E for line defects in other
symmetry classes that are associated with gapless 1D helical
Dirac fermions, 1D chiral Majorana fermions, and 1D helical
Majorana fermions. In Sec. IV we will consider point defects
in 1D models with chiral symmetry such as the Jackiw-Rebbi
model45 or the Su, Schrieffer, Heeger model,47 and in super-
conductors without chiral symmetry that exhibit Majorana
bound states or Majorana doublets. These will also be related
to the early work of Jackiw and Rossi46 on Majorana modes
at point defects in a model with chiral symmetry.

t

t

d=1 d=2 d=3

D=0

D=1

D=2

FIG. 1. !Color online" Topological defects characterized by a D
parameter family of d-dimensional Bloch-BdG Hamiltonians. Line
defects correspond to d−D=2 while point defects correspond to d
−D=1. Temporal cycles for point defects correspond to d−D=0.
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The Symbol H(k,r): The Right Object

The Wigner/Weyl symbol generalises the Bloch Hamiltonian to non-periodic systems.
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Symbol of Graphene

Translation invariance and low energy limit
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(Bloch Hamiltonian)

Sublattice      Valley

Goft et al (2023) 

𝜎𝑖 = Pauli matrices

Neto et al (2009)
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Topology Lives in the Symbol, Not in the Hamiltonian

Hamiltonian 

Naive: cannot apply 
tenfold classification

✗  No spectral gap

→

Symbol 

✓  Spectral gap exists

Topology is encoded in the symbol, not the Hamiltonian. This distinction is invisible when translation symmetry holds.

Class s T P C ” = 0 1 2 3 4 5 6 7
A 0 0 0 0 Z 0 Z 0 Z 0 Z 0

AIII 1 0 0 1 0 Z 0 Z 0 Z 0 Z

AI 0 + 0 0 Z 0 0 0 2Z 0 Z2 Z2
BDI 1 + + 1 Z2 Z 0 0 0 2Z 0 Z2
D 2 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII 3 – + 1 0 Z2 Z2 Z 0 0 0 2Z
AII 4 – 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII 5 – – 1 0 2Z 0 Z2 Z2 Z 0 0
C 6 0 – 0 0 0 2Z 0 Z2 Z2 Z 0
CI 7 + – 1 0 0 0 2Z 0 Z2 Z2 Z

Table 1. Tenfold classification. The first five columns display the 10 symmetry classes labeled by s and defined by
their antiunitary symmetries T,P and chirality C. “+" (“≠") means that the relevant operator is a symmetry which
squares to 1 (≠1) and “0” the absence thereof. The last 8 columns indicate possible topological classes (0,Z,Z2) as
a function of the reduced dimension ” = d≠D.

The tenfold classification and quantum graphs

We start by considering Hamiltonians H(N,d,s) of a QG with N vertices. Among equivalent representations we
choose the tight-binding (TB) description, user friendly and easily interfacing with condensed matter systems. A
general TB model for a QG is the Bogoliubov-de Gennes (BdG) Hamiltonian,

H =
ÿ

i,j

tijc
†

i
cj +�c

†

i
c

†

j
+�†

cicj (1)

where ci(c†

i
) are fermionic operators, cic

†

j
+ c

†

j
ci = ”ij , at site i of a d-dimensional lattice. The hermitian hopping

matrix t can be random, and the matrix � accounts for anomalous coupling e.g. superconductivity. A normal metal
or insulator has � = 0 and U(1) gauge symmetry for particle conservation. If U(1) is broken, then � = 0. Spin
variable is not explicitly considered but can be added. The continuous description of a QG is restored from the TB
Hamiltonian in the low energy limit, meaning one can diagonalize the TB Hamiltonian and expand the spectrum
around low energy to achieve an equivalent continuous description. Hamiltonians H(N,d,s) in (1) are classified
using two anti-unitary symmetries S © T,P , which comes in three flavors: either it is absent, S = 0, or present
with S

2 = ±1. A third, chiral symmetry C, is the product C = PT . It is unitary but anti-commuting with the
Hamiltonian (1). Chiral symmetry exists when both P and T are present except for the case P = T = 0, so that
ten possible symmetry classes (T,P,C) exist which are labeled by the index s. It is worth noting that while the
10 (T,P,C) classes exhaust all possible Hamiltonians (1), it is not always that T or P correspond to the physical
symmetries of a given model. They can be indeed modified by additional symmetries such as U(1) or spin SU(2).

The geometric nature of the lattice is an important piece of information. It encodes the degrees of freedom in
the system, e.g., spin, atoms in the unit cell, orbitals, valleys. In the simplest case, the only degrees of freedom are
within a unit cell. Assuming they are all binary degrees freedom (taking only two values), one can write N = Ñ2�H ,
where �H is the number of degrees of freedom and Ñ the number of unit cells. In more complex scenarios, such
as when coupling between valleys is present this formula no longer holds. The degrees of freedom are encoded
within the Hamiltonian however in many cases they are di�cult to extract. This applies for infinite as well as
finite graphs. For (infinite) periodic lattices, this information is encoded in the Bravais lattice so that N rewrites
N = Ñ �H where �H is the number of degrees of freedom, e.g., spin, atoms in the unit cell, orbitals, valleys, and
Ñ the number of unit cells. This applies as well to finite graphs.

Symbol operator

The tenfold classification of Bravais lattices relies on translation symmetry, the use of Bloch theorem and the
corresponding Brillouin zone to identify topological features. For a finite size QG and/or in the presence of random

2/11

p components q+1 components

Dirac Symbols – It is so easy!

Anti commuting 
Dirac matrices

Symbol in Tenfold Classification with Defects

Teo and Kane (2010)
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What about topology?
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In math: Atiyah-Singer index theorem
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Zero modes count topology - and dislocations make it visible

No vacancy

Single vacancy 
Zero mode

We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic

a) )d)b

c)

α site
β site

2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.

LDOS
High

Low

a)

)c)b

FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic
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FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.
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FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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Topological winding# n = 1 = One dislocation!

Polaritons

Θ2 = 1, Ξ2 = 1, Π2 = 1 → BD1  

two dimensions   → 𝛿 = 𝑑 = 2

The massless Dirac – Coulomb system

Vacancies in graphene

The 10-fold wayModeling a vacancy using boundary conditions

STM measurements

Abstract

Graphene with vacancies exhibits:

• Localized stable accumulated charge 

at the vacancy site 

• 𝑁𝐴 − 𝑁𝐵 zero energy levels

• Localized stable accumulated spin at 

the vacancy site 

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0

Under-constraint by one eq.

We consider

• Single quantum Dirac 

field

• Massless (relativistic)

Low energy Dirac physics
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The problem of multiple scattering from vacancies is hard to solve (possible 

solution – variational ansatz for the multi vacancy wavefunction). 

Future endeavors

Abstract

Vacancies in Graphene: Topological Edge States, STM and Wavefunction Dislocations
Yuval Abulafia⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ ,Omrie Ovdat⁽ᵃ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003

We discuss topological features related to the physics of graphene with vacancies.
We provide a method to directly measure the topological invariant of graphene
with vacancies using STM. We show that the local charge density measured by the
STM can be related to the zero-energy mode winding number and therefore to the
topological invariant. We present evidence of a non-trivial dislocation pattern of
the vacancy wavefunction and calculate the related winding number.
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[6] W. P. Su, J. R. Schrieffer, and A. J. Heeger Phys. Rev. Lett. 42, 1698 (1979)
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𝐻 = − ෍
𝑹∈Λ𝐴,𝑖= 1,2,3

𝑡𝑎𝑹
†𝑏𝑹+𝒔𝑖 + ℎ. 𝑐.

• 2D honeycomb carbon lattice

• Two atoms in the unit cell form two triangular 
sublattices A and B 

A

B

𝐻 𝒌 = 𝚱 + 𝒒 = 𝑣𝐹 𝝈 ⋅ 𝒒
• Around the Dirac points, graphene Hamiltonian has a Dirac form

chiral symmetry• The Hamiltonian anti-commutes with 𝜎3 𝐻, 𝜎3 = 0

Measurement of 17𝑛𝑚 × 17𝑛𝑚 graphite sample after 𝐴𝑟+ ion irradiation 

Ugeda, et al (2010) Phys. Rev. Lett.

Castro  Neto, at el (2009) .Rev. Mod. Phys.

• The Hamiltonain is invariant under   ൜
𝑥 → −𝑥
𝑦 → 𝑦 + 𝐴 ⟷ 𝐵 parity symmetry

Vacancy is created by the removal of a neutral carbon atom from the lattice, 

vacancy:

• Conserves the chiral symmetry

• Breaks the parity symmetry 

Ugeda, et al (2010) Phys. Rev. Lett.

Y Liu et al (2015) Nanotechnology

For weakly interacting systems, all insulators and superconductors can be 

topologically classified by three symmetries:

Time reversal:   

Θ2 = 0,±1

Particle hole:   

Ξ2 = 0,±1

Chirality:     

Π2 = 0, 1

"0“ no symmetry

" ± 1“ conserves the symmetry

Graphene with 

no impurities:

• Chirality is a multiplication of time reversal and particle hole 

Non interesting 

topology: 0

Graphene with 

vacancies:

Θ2 = 1, Ξ2 = 1, Π2 = 1 → BD1 Interesting 
topology:

𝒁 winding number 𝑑 = 2
𝐷 = 1 sphere 
surrounding 
the impurity 

→ 𝛿 = 𝑑 − 𝐷 = 1

Measuring topology via dislocations

STM – scanning tunneling microscopy

A measurement device based on one atom size 

tip. The STM move along the sample while 

applying bias voltage inducing a tunneling current 

from the tip to the sample. The measured data is 

proportional to the local charge density 𝜌 𝑟

+

Local charge density oscillations

• STM can detect Friedel oscillations or  spatial oscillations due to the sample  

lattice structure. 

Ugeda, et al (2010) Phys. Rev. Lett.

𝜌𝐹 𝑟 ~ kFr −2 cos 2𝑘𝐹𝑟

Friedel oscillations from a local charge in a 2d 

metal:

𝜌 𝑟 ~𝜌𝐹 𝑟 cos(ΔΚ ⋅ 𝑟 + 𝜑)

Oscillations from local charge in graphene

Dislocations of wavefronts

Dutreix, et al (2019) Nature.

Two dislocations One dislocation

Measurement results from Ugeda, et al (2010) 
Phys. Rev. Lett.

A difference in the number of maxima lines going in and out of the impurity
Graphene with an adatom Graphene with a vacancy

Graphene with 

adatom:

Θ2 = 1, Ξ2 = 0, Π2 = 0 → A1

𝑑 = 2,𝐷 = 1→ 𝛿 = 𝑑 − 𝐷 = 1

Non interesting 

topology: 0

Winding number topological invariant

For a chiral Hamiltonian, the winding number 𝑛 is related to the 

number of zero modes 

𝑛 = 𝑁+ − 𝑁− = 𝐼𝑛𝑑𝑒𝑥 𝐻

𝑁± are the number of zero modes with eigenvalues ±1 of Π the 

chirality operator. For graphene with vacancies Π = 𝜎3

𝜓𝑍𝑀 𝒓

What is the relation between the winding number and 𝜓𝑍𝑀 winding number?

Numerical tight binding simulation – graphene with a vacancy
𝜃𝜓𝑍𝑀 𝒓

STM dislocations relation to the zero modes and topology

In the case of particle hole symmetry, contributions to the local charge density 

𝜌 𝑟 are only from the zero modes.

𝜌 𝑟 = −
𝑒
2
|𝜓𝑍𝑀 𝒓 ቚ

2

Relates the STM dislocation pattern to the zero mode dislocation and the 

Hamiltonian topological invariant 

STM data → 𝜌 𝑟 → 𝜓𝑍𝑀 → 𝐼𝑛𝑑𝑒𝑥 𝐻 → 𝑛
topological 

winding 
number

Winding number from more than one vacancy: accumulating dislocations

In the case of more than one vacancy, each type of vacancy 𝐴 or 𝐵 contributes 

a dislocation in opposite directions   

• Two vacancies from the same sublattices – two dislocations 

• Two vacancies from the different sublattices – zero dislocations 

• Free (No potential)

• Infinite plane 

• Non trivial topology

𝐴𝑚, 𝐵𝑚 are determined by boundary conditions.

( ) ( ) 0iH\ \= − �� =r σ rZero mode solution for Dirac equation

𝜓 𝑟, 𝜃 = ෍
𝑚=0,1,2…

𝐵𝑚𝑒𝑖𝑚𝜃 0
𝑖𝑟−𝑚−1𝑒𝑖𝜃 + ෍

𝑚=−1,−2,…

𝐴𝑚𝑒𝑖𝑚𝜃 𝑟𝑚
0

• Each choice has a different physical content

Dirac equation 

solutions

Chiral boundary 

conditions
+

𝜌 𝒓 = −
𝑒
2෍

𝑛

𝑠𝑖𝑔𝑛 𝐸𝑛 𝜓𝑛
† 𝒓 𝜓𝑛 𝒓

𝑄 = ∫ 𝑑2𝑥𝜌 𝒓 = −
𝑒
2
𝑁𝐴 − 𝑁𝐵

𝑄 = −
𝑒
2
𝐼𝑛𝑑𝑒𝑥 𝐻

# 𝑜𝑓 𝑍𝑀
= 𝐼𝑛𝑑𝑒𝑥𝐻
= 𝑁𝐴 − 𝑁𝐵

𝑄 → −𝑄

No Friedel oscillations!
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We wish to obtain a model of graphene with vacancies, describing a vacancy using a
potential, such that the problem of multiple vacancies can be solved systematically.
Using this model, we could calculate the local density of states to analytically obtain
the measured dislocations. Finally, our main goal regarding the topological invariant
is to relate the topological invariant to the winding number of the zero-energy mode
wavefunction and provide an example that verify the theoretical “co-dimension”
analysis of Teo and Kane.

and

STM dislocation pattern - 

We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic

a) )d)b

c)
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2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.
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FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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nects spectral properties of specific elliptic operators to
topological numbers computed from a Weyl transform of
their symbol [30]. For chiral Hamiltonians,

H =

(
0 D†

D 0

)
, (1)

the analytical index, IndexD → dimkerD ↑ dimkerD†,
is a finite integer related by the index theorem to a bulk
topological number ω: IndexD = ω. Having D = D† im-
plies a vanishing index and hence the absence of TQS. A
nonzero index signals an imbalance in zero modes be-
tween D and D†. These zero modes need not corre-
spond to zero-energy states of H; crucially, however, both
IndexD and ω enumerate the number Nzm of TQS. The
topological integer ω either a Chern or a winding num-
ber, is connected to nontrivial Z or Z2 classes. We thus
obtain the chain of equalities,

Nzm = |IndexD| = |ω|. (2)

This equation provides the framework to construct, rec-
ognize, and characterize TQS. The operator D is the first
building block for establishing topology; designing topo-
logical materials requires creating specific potentials [34]
that shape D. The equality Nzm = |ω| expresses bulk-
edge correspondence between the number of topological
edge states and the bulk invariant.

Winding number from local density. For chiral Hamil-
tonians (1) with a localized potential, ω can be read o!
STM variations in local electronic density [34],

εϑ(r) = ↑Re
(
iF (r) sin ϖ eiω(r)

)
, (3)

via the winding number of the phase ϱ(r),

1

2ς

∮

C
↓ϱ(r) · dr = ω ↔ Z, (4)

for any contour C encircling the perturbation. Thus,
measurement of ω reduces to identifying an interference
pattern in εϑ(r) and evaluating its winding. Although
topological numbers are tied to the band structure, they
cannot be directly inferred from the energy spectrum;
instead, they emerge from the local wavefunction ampli-
tudes,

ϑ(r) = ↑ 1

ς

∫
dE Im

∑

n

|φn(r)|2

E ↑ En + i0+
, (5)

accessible through STM imaging. The key mechanism
connecting εϑ(r) to topology is a consequence of chiral
symmetry: all nonzero-energy eigenstates of (1) appear
in pairs ±En, so their contributions to εϑ cancel pairwise.
The density variation is therefore entirely determined by
the zero modes [40],

εϑ(r) =
e

2

∑

n

sign(En) |φn(r)|2, (6)

and the dislocation in εϑ(r) is a direct imprint of the
phase winding of the topological zero-mode wavefunc-
tion. STM thus provides access to the zero modes with-
out resolving individual wavefunctions.

Chiral phases and fermion doubling. In condensed
matter, chiral phases arise on non-Bravais bipartite lat-
tices that support extra pseudospin degrees of freedom,
appearing as pairs of degenerate points (K,K

→) in the
Brillouin zone where the gap vanishes. The low-energy
behavior is governed by a Dirac-like equation; hence,
(K,K

→) are known as Dirac points or valleys. The ex-
istence of valley pairs—fermion doubling—is a universal
consequence of the Nielsen-Ninomiya no-go theorem [41],
which requires extra fermion species for massless chiral
fermions on a lattice. For lattice Hamiltonians, the topo-
logical requirement of two valleys is independent of per-
turbations so long as they preserve chirality and massless
fermions [42].

Application to graphene. We consider a honeycomb lat-
tice, representative of graphene in the nearest-neighbor
tight-binding approximation. The two Dirac points
(K,K

→) carry opposite winding numbers, yielding a non-
topological phase. We then insert a spatially localized
potential coupling the two valleys, tuned to either pre-
serve or break chiral symmetry.

For the chirality-preserving vacancy potential, the in-
tervalley coupling lifts the zero total winding number,
rendering the perturbed lattice topological. This is re-
vealed by a distinct interference pattern in εϑ(r), com-
puted numerically (Fig. 1a) and observed experimen-
tally [43] (Fig. 4a). We extract the topological signal
through the following protocol. First, we form rεϑ(r):
since the relevant oscillations decay as 1/r, this prod-
uct tends to a constant amplitude at large r, concentrat-
ing the spectral weight in Fourier space into sharp, well-
localized peaks rather than di!use rings. We then com-
pute FT(rεϑ); its magnitude (Fig. 1b) reveals three pairs
of diametrically opposed satellite points reflecting the
honeycomb symmetry—a direct manifestation of fermion
doubling. We select one such pair of peaks and retain
the full complex Fourier values, amplitude and phase to-
gether, within a window centered on those two points,
setting all other Fourier components, including the dc
term, to zero. The inverse FT of this complex filtered
spectrum directly yields the dislocation image (Fig. 1c),
in which a clear wavefront dislocation is visible. The
same protocol is applied identically to the adatom case;
the presence or absence of a dislocation in the result is
therefore a direct, protocol-independent diagnostic of the
topological character of the perturbation.

The intervalley contribution to εϑ(r) for a vacancy
reads [34]

εϑ!K(r) = F (r) [cosϱ(r, 0)↑ cosϱ(r, 2)] , (7)

where r = (r, ϖ) is measured from the vacancy, F (r) de-
cays at infinity, !K → K↑K → connects the two valleys,
and

ϱ(r, n) → !K · r + nϖ. (8)

Local charge density
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Made experimental — STM data on a graphene vacancy
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Y. Abula)a & E. Akkermans, PRL submi�ed (2026)

(a) Raw STM image of a graphene monovacancy (Ugeda et al., 2010) with wavefront guides — one 

wavefront terminates at the defect. (b) A8er the same Fourier )lter applied to �ght-binding numerics: 

a single disloca�on, ν = 1.

Numerical �ght-binding rδρ(r) a8er the iden�cal protocol — same disloca�on, same 

topology.

Exis�ng STM data already contains the topological informa�on.

No new instrumenta�on needed — the disloca�on is recovered by re-analysis of published images.  Next slide: how.
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The Vltering protocol — how the disloca�on is revealed
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(a)  r · δρ(r)

input — �ght-binding or STM

→
FT

(b)  | FT( r · δρ ) |

six satellite peaks — pick one pair

→
)lter + IFT

(c)  Vltered r · δρ

a single wavefront disloca�on, ν = 1

①  Pre-weight: form  r · δρ(r).
δρ has a 1/r tail; mul�plying by r Ja�ens it, concentra�ng Fourier weight into sharp peaks rather 

than diKuse rings.
 

②  Fourier-transform.
| FT(r·δρ) | shows six satellite peaks — three intervalley pairs at ±ΔK_n related by C₃ symmetry. 

This sextet is fermion doubling itself.
 

③  Filter — keep one diametrically opposite pair, complex-valued.
Set all other components (including DC) to zero. Crucially retain BOTH amplitude AND phase 

within the window.

④  Inverse-transform.
The )ltered density isolates the intervalley interference. The phase winding of the zero-mode 

wavefunc�on prints as a disloca�on in the wavefronts.
 

⑤  The same window discriminates automa�cally.
Adatom: |FT| acquires Friedel-oscilla�on rings at 2k_F around the Dirac points (broken chiral 

symmetry). The two-peak window excludes them — no disloca�on in the IFT.
 

Iden�cal protocol on STM data and numerics.
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Quan�ta�ve: contour-independent winding number
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Winding-number contour integral vs. contour radius, on the same )ltered density.

Direct measurement
 

Integrate χ around contours of growing radius:∇
 

       (1/2π)   χ · dr  =  ν∮ ∇
 

Vacancy (blue):  ν = 1 — Lat across all radii  genuine topological invariant.⇒
 

Adatom (red):  winding wanders and averages to zero — Friedel oscilla.ons 

con�ne it locally.
 

Same protocol, opposite verdict — discrimina�ng, not just detec�ng, 

topology.
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nects spectral properties of specific elliptic operators to
topological numbers computed from a Weyl transform of
their symbol [30]. For chiral Hamiltonians,

H =

(
0 D†

D 0

)
, (1)

the analytical index, IndexD → dimkerD ↑ dimkerD†,
is a finite integer related by the index theorem to a bulk
topological number ω: IndexD = ω. Having D = D† im-
plies a vanishing index and hence the absence of TQS. A
nonzero index signals an imbalance in zero modes be-
tween D and D†. These zero modes need not corre-
spond to zero-energy states of H; crucially, however, both
IndexD and ω enumerate the number Nzm of TQS. The
topological integer ω either a Chern or a winding num-
ber, is connected to nontrivial Z or Z2 classes. We thus
obtain the chain of equalities,

Nzm = |IndexD| = |ω|. (2)

This equation provides the framework to construct, rec-
ognize, and characterize TQS. The operator D is the first
building block for establishing topology; designing topo-
logical materials requires creating specific potentials [34]
that shape D. The equality Nzm = |ω| expresses bulk-
edge correspondence between the number of topological
edge states and the bulk invariant.

Winding number from local density. For chiral Hamil-
tonians (1) with a localized potential, ω can be read o!
STM variations in local electronic density [34],

εϑ(r) = ↑Re
(
iF (r) sin ϖ eiω(r)

)
, (3)

via the winding number of the phase ϱ(r),

1

2ς

∮

C
↓ϱ(r) · dr = ω ↔ Z, (4)

for any contour C encircling the perturbation. Thus,
measurement of ω reduces to identifying an interference
pattern in εϑ(r) and evaluating its winding. Although
topological numbers are tied to the band structure, they
cannot be directly inferred from the energy spectrum;
instead, they emerge from the local wavefunction ampli-
tudes,

ϑ(r) = ↑ 1

ς

∫
dE Im

∑

n

|φn(r)|2

E ↑ En + i0+
, (5)

accessible through STM imaging. The key mechanism
connecting εϑ(r) to topology is a consequence of chiral
symmetry: all nonzero-energy eigenstates of (1) appear
in pairs ±En, so their contributions to εϑ cancel pairwise.
The density variation is therefore entirely determined by
the zero modes [40],

εϑ(r) =
e

2

∑

n

sign(En) |φn(r)|2, (6)

and the dislocation in εϑ(r) is a direct imprint of the
phase winding of the topological zero-mode wavefunc-
tion. STM thus provides access to the zero modes with-
out resolving individual wavefunctions.

Chiral phases and fermion doubling. In condensed
matter, chiral phases arise on non-Bravais bipartite lat-
tices that support extra pseudospin degrees of freedom,
appearing as pairs of degenerate points (K,K

→) in the
Brillouin zone where the gap vanishes. The low-energy
behavior is governed by a Dirac-like equation; hence,
(K,K

→) are known as Dirac points or valleys. The ex-
istence of valley pairs—fermion doubling—is a universal
consequence of the Nielsen-Ninomiya no-go theorem [41],
which requires extra fermion species for massless chiral
fermions on a lattice. For lattice Hamiltonians, the topo-
logical requirement of two valleys is independent of per-
turbations so long as they preserve chirality and massless
fermions [42].

Application to graphene. We consider a honeycomb lat-
tice, representative of graphene in the nearest-neighbor
tight-binding approximation. The two Dirac points
(K,K

→) carry opposite winding numbers, yielding a non-
topological phase. We then insert a spatially localized
potential coupling the two valleys, tuned to either pre-
serve or break chiral symmetry.

For the chirality-preserving vacancy potential, the in-
tervalley coupling lifts the zero total winding number,
rendering the perturbed lattice topological. This is re-
vealed by a distinct interference pattern in εϑ(r), com-
puted numerically (Fig. 1a) and observed experimen-
tally [43] (Fig. 4a). We extract the topological signal
through the following protocol. First, we form rεϑ(r):
since the relevant oscillations decay as 1/r, this prod-
uct tends to a constant amplitude at large r, concentrat-
ing the spectral weight in Fourier space into sharp, well-
localized peaks rather than di!use rings. We then com-
pute FT(rεϑ); its magnitude (Fig. 1b) reveals three pairs
of diametrically opposed satellite points reflecting the
honeycomb symmetry—a direct manifestation of fermion
doubling. We select one such pair of peaks and retain
the full complex Fourier values, amplitude and phase to-
gether, within a window centered on those two points,
setting all other Fourier components, including the dc
term, to zero. The inverse FT of this complex filtered
spectrum directly yields the dislocation image (Fig. 1c),
in which a clear wavefront dislocation is visible. The
same protocol is applied identically to the adatom case;
the presence or absence of a dislocation in the result is
therefore a direct, protocol-independent diagnostic of the
topological character of the perturbation.

The intervalley contribution to εϑ(r) for a vacancy
reads [34]

εϑ!K(r) = F (r) [cosϱ(r, 0)↑ cosϱ(r, 2)] , (7)

where r = (r, ϖ) is measured from the vacancy, F (r) de-
cays at infinity, !K → K↑K → connects the two valleys,
and

ϱ(r, n) → !K · r + nϖ. (8)

2

nects spectral properties of specific elliptic operators to
topological numbers computed from a Weyl transform of
their symbol [30]. For chiral Hamiltonians,

H =

(
0 D†

D 0

)
, (1)

the analytical index, IndexD → dimkerD ↑ dimkerD†,
is a finite integer related by the index theorem to a bulk
topological number ω: IndexD = ω. Having D = D† im-
plies a vanishing index and hence the absence of TQS. A
nonzero index signals an imbalance in zero modes be-
tween D and D†. These zero modes need not corre-
spond to zero-energy states of H; crucially, however, both
IndexD and ω enumerate the number Nzm of TQS. The
topological integer ω either a Chern or a winding num-
ber, is connected to nontrivial Z or Z2 classes. We thus
obtain the chain of equalities,

Nzm = |IndexD| = |ω|. (2)

This equation provides the framework to construct, rec-
ognize, and characterize TQS. The operator D is the first
building block for establishing topology; designing topo-
logical materials requires creating specific potentials [34]
that shape D. The equality Nzm = |ω| expresses bulk-
edge correspondence between the number of topological
edge states and the bulk invariant.

Winding number from local density. For chiral Hamil-
tonians (1) with a localized potential, ω can be read o!
STM variations in local electronic density [34],

εϑ(r) = ↑Re
(
iF (r) sin ϖ eiω(r)

)
, (3)

via the winding number of the phase ϱ(r),

1

2ς

∮

C
↓ϱ(r) · dr = ω ↔ Z, (4)

for any contour C encircling the perturbation. Thus,
measurement of ω reduces to identifying an interference
pattern in εϑ(r) and evaluating its winding. Although
topological numbers are tied to the band structure, they
cannot be directly inferred from the energy spectrum;
instead, they emerge from the local wavefunction ampli-
tudes,

ϑ(r) = ↑ 1

ς

∫
dE Im

∑

n

|φn(r)|2

E ↑ En + i0+
, (5)

accessible through STM imaging. The key mechanism
connecting εϑ(r) to topology is a consequence of chiral
symmetry: all nonzero-energy eigenstates of (1) appear
in pairs ±En, so their contributions to εϑ cancel pairwise.
The density variation is therefore entirely determined by
the zero modes [40],

εϑ(r) =
e

2

∑

n

sign(En) |φn(r)|2, (6)

and the dislocation in εϑ(r) is a direct imprint of the
phase winding of the topological zero-mode wavefunc-
tion. STM thus provides access to the zero modes with-
out resolving individual wavefunctions.

Chiral phases and fermion doubling. In condensed
matter, chiral phases arise on non-Bravais bipartite lat-
tices that support extra pseudospin degrees of freedom,
appearing as pairs of degenerate points (K,K

→) in the
Brillouin zone where the gap vanishes. The low-energy
behavior is governed by a Dirac-like equation; hence,
(K,K

→) are known as Dirac points or valleys. The ex-
istence of valley pairs—fermion doubling—is a universal
consequence of the Nielsen-Ninomiya no-go theorem [41],
which requires extra fermion species for massless chiral
fermions on a lattice. For lattice Hamiltonians, the topo-
logical requirement of two valleys is independent of per-
turbations so long as they preserve chirality and massless
fermions [42].

Application to graphene. We consider a honeycomb lat-
tice, representative of graphene in the nearest-neighbor
tight-binding approximation. The two Dirac points
(K,K

→) carry opposite winding numbers, yielding a non-
topological phase. We then insert a spatially localized
potential coupling the two valleys, tuned to either pre-
serve or break chiral symmetry.

For the chirality-preserving vacancy potential, the in-
tervalley coupling lifts the zero total winding number,
rendering the perturbed lattice topological. This is re-
vealed by a distinct interference pattern in εϑ(r), com-
puted numerically (Fig. 1a) and observed experimen-
tally [43] (Fig. 4a). We extract the topological signal
through the following protocol. First, we form rεϑ(r):
since the relevant oscillations decay as 1/r, this prod-
uct tends to a constant amplitude at large r, concentrat-
ing the spectral weight in Fourier space into sharp, well-
localized peaks rather than di!use rings. We then com-
pute FT(rεϑ); its magnitude (Fig. 1b) reveals three pairs
of diametrically opposed satellite points reflecting the
honeycomb symmetry—a direct manifestation of fermion
doubling. We select one such pair of peaks and retain
the full complex Fourier values, amplitude and phase to-
gether, within a window centered on those two points,
setting all other Fourier components, including the dc
term, to zero. The inverse FT of this complex filtered
spectrum directly yields the dislocation image (Fig. 1c),
in which a clear wavefront dislocation is visible. The
same protocol is applied identically to the adatom case;
the presence or absence of a dislocation in the result is
therefore a direct, protocol-independent diagnostic of the
topological character of the perturbation.

The intervalley contribution to εϑ(r) for a vacancy
reads [34]

εϑ!K(r) = F (r) [cosϱ(r, 0)↑ cosϱ(r, 2)] , (7)

where r = (r, ϖ) is measured from the vacancy, F (r) de-
cays at infinity, !K → K↑K → connects the two valleys,
and

ϱ(r, n) → !K · r + nϖ. (8)

P I L L A R  A  ·  8 / 9

Quan�ta�ve: contour-independent winding number
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Winding-number contour integral vs. contour radius, on the same )ltered density.

Direct measurement
 

Integrate χ around contours of growing radius:∇
 

       (1/2π)   χ · dr  =  ν∮ ∇
 

Vacancy (blue):  ν = 1 — Lat across all radii  genuine topological invariant.⇒
 

Adatom (red):  winding wanders and averages to zero — Friedel oscilla.ons 

con�ne it locally.
 

Same protocol, opposite verdict — discrimina�ng, not just detec�ng, 

topology.
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topology.
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(a) (b)

(c)

FIG. 1: Honeycomb lattice with a vacancy at the origin.
(a) Numerical rωε(r) for a 36→ 57 tight-binding model

with periodic boundary conditions; a 36→ 30 region
surrounding the vacancy is shown. (b) |FT(rωε)|; the
inset shows six satellite points from three intervalley

pairs (one pair marked by red squares). Two
diametrically opposite points are filtered. (c) Inverse

FT of the filtered data with restored phase, revealing a
clear wavefront dislocation.

Expression (7) is equivalent to (3), in full agreement with
numerics (Fig. 3b) and STM data (Fig. 4a). Its Fourier
transform reveals both fermion doubling (Fig. 3a) and
a single-dislocation interference pattern (Fig. 3b), giving
a winding number ϑ = ±1. Solving Dϖ = 0 confirms
IndexD = ϑ = ±1 [34], corresponding to Nzm = 1 via
Eq. (2). To make the winding-number extraction explicit
and quantitative, we numerically evaluate Eq. (4) by in-
tegrating ↑ϱ along circular contours of increasing radius
encircling the defect in the filtered tight-binding density.
The results are shown in Fig. 2: the vacancy yields ϑ = 1
to within numerical precision for every contour radius
r/a ↓ [2, 18], directly confirming contour independence.
The adatom, subjected to the identical procedure, yields
a winding that oscillates and decays to zero at large r, a
direct visual demonstration that the two cases are topo-
logically distinct without requiring any change of proto-
col.

Adatom potential: a non-topological counterexample.

To demonstrate the discriminating power of this method,
we examine an adatom potential that breaks chiral sym-
metry and is not expected to harbor TQS [34]. STM
images and tight-binding calculations (Fig. 5a) appear
superficially similar to the vacancy case. However, apply-

FIG. 2: Winding-number contour integral
(2ς)→1

∮
C ↑ϱ · dr as a function of contour radius r/a,

evaluated numerically on the filtered tight-binding
densities for both defect types. The vacancy (blue)

yields ϑ = 1 independent of contour size, the hallmark
of a genuine topological invariant. The adatom (red)

yields a winding that decays to zero at large r,
confirming the absence of a global topological invariant

and demonstrating that the same protocol
unambiguously discriminates the two cases.

(a) (b)

FIG. 3: Intervalley density variation from Eq. (7) for a
vacancy. (a) |FT(ωε)| with F (r) = r

→2, showing two
fermion-doubling peaks. (b) Real-space plot exhibiting

a single wavefront dislocation.

ing the same filtering yields a markedly di!erent result
(Fig. 5b): the interference pattern shows no wavefront
dislocation.

The intervalley density variation for the adatom is [26,
34]

ωεad(r) = fA(kF r) cosϱ0(r)↔ fB(kF r) cosϱ2(r), (9)

where the radial functions fA,B have similar long-range
behavior to F (r) in Eq. (7). Applying the same proto-
col, the Fourier transform (Fig. 6a) shows the expected
coupling between the Dirac points, but now surrounded
by additional rings arising from Friedel oscillations [26]
produced by the broken chiral symmetry. These rings
are not intervalley-scattering satellites: they encode in-
travalley charge redistribution at wavevector 2kF . The
two-peak filter window therefore automatically excludes

4

(a) (b)

FIG. 4: STM measurements of graphene with a
vacancy [43]. (a) Raw data with added wavefront guides
(dashed lines); one wavefront terminates at the vacancy.
(b) After FT filtering to two intervalley contributions,

clearly showing one wavefront dislocation.

(a) (b)

FIG. 5: Graphene with an adatom (ωF = 0.6t,
V0 = →3t). (a) Local electronic density from
tight-binding simulation of a 36↑ 56 lattice.

(b) Filtered image after subtracting the pristine density
ε0 and focusing on two Dirac points; no wavefront

dislocation is present.

them, and the resulting filtered image (Fig. 6c) shows
no dislocation, confirming the absence of TQS without
requiring any modification of the protocol.

It is instructive to contrast the two cases. For the
vacancy, the dislocation constitutes a wavefunction sin-
gularity extending to the system boundaries, invariant
under chirality-preserving perturbations. The winding
number ϑ is therefore contour-independent. For the
adatom, local dislocations may arise but are confined
by Friedel oscillations, preventing a contour-independent
winding number. At large distances (Fig. 7), disloca-
tions with alternating ±1 windings average to zero for
infinite systems. We emphasize the distinction between
the phase ϖ(r, n) and its winding, compared to the ge-
ometric Berry phase around Dirac points in pristine
graphene [26]: only the former reveals the topology of
the full Hamiltonian. This contrast is also relevant to
charge-density dislocations observed near defects in non-
topological scenarios [44, 45], where Friedel oscillations
limit dislocation extent [26, 46].

Discussion. We have presented a general method
to identify and measure topological invariants through

(a) (b)

(c)

FIG. 6: Adatom density from Eq. (9). (a) |FT(ϱεad)|
showing Friedel oscillation rings around the Dirac

points in addition to the intervalley peaks.
(b) r

2
ϱεad(r) with ωF = 0.6t, V0 = →3t; the r

2 prefactor
is used here purely for visualization to compensate the
faster amplitude decay, while the filtering protocol uses
rϱε in both cases. (c) After applying the same two-peak
filter as for the vacancy: no dislocations are detected.

wavefront dislocations in the local electronic density. The
connection between ASIT and STM imaging provides a
direct, quantitative route to determine winding numbers
without relying on indirect transport or spectral signa-
tures. The method distinguishes topological from non-
topological states by the presence or absence of contour-
independent dislocations in ϱε(r), demonstrated here
through a reanalysis of existing graphene STM data [43]
and validated against tight-binding numerics. This re-
analysis constitutes a proof of concept: the raw STM
images already contain the topological information, re-
coverable through the filtering procedure described here
without any new instrumentation. This result establishes
the condensed matter foundation for a broader class of
topological diagnostics based on wavefront dislocations.

The mechanism identified here, that the dislocation in
any observable built from zero modes inherits a contour-
independent phase winding equal to ϑ, extends beyond
the local electronic density. Since ϱε(r) is determined by
the zero-mode wavefunctions via Eq. (6), the same filter-
ing and winding-number protocol applies equally to the
wavefunction ς(r) itself in platforms where it is directly
measurable, such as AMO systems [40]. The principle
also extends beyond chiral symmetry classes: in Chern
insulators (class A) a vacancy induces a Z2 defect invari-
ant ϑ = C ·m mod 2, and wavefunction dislocations sig-

2

nects spectral properties of specific elliptic operators to
topological numbers computed from a Weyl transform of
their symbol [30]. For chiral Hamiltonians,

H =

(
0 D†

D 0

)
, (1)

the analytical index, IndexD → dimkerD ↑ dimkerD†,
is a finite integer related by the index theorem to a bulk
topological number ω: IndexD = ω. Having D = D† im-
plies a vanishing index and hence the absence of TQS. A
nonzero index signals an imbalance in zero modes be-
tween D and D†. These zero modes need not corre-
spond to zero-energy states of H; crucially, however, both
IndexD and ω enumerate the number Nzm of TQS. The
topological integer ω either a Chern or a winding num-
ber, is connected to nontrivial Z or Z2 classes. We thus
obtain the chain of equalities,

Nzm = |IndexD| = |ω|. (2)

This equation provides the framework to construct, rec-
ognize, and characterize TQS. The operator D is the first
building block for establishing topology; designing topo-
logical materials requires creating specific potentials [34]
that shape D. The equality Nzm = |ω| expresses bulk-
edge correspondence between the number of topological
edge states and the bulk invariant.

Winding number from local density. For chiral Hamil-
tonians (1) with a localized potential, ω can be read o!
STM variations in local electronic density [34],

εϑ(r) = ↑Re
(
iF (r) sin ϖ eiω(r)

)
, (3)

via the winding number of the phase ϱ(r),

1

2ς

∮

C
↓ϱ(r) · dr = ω ↔ Z, (4)

for any contour C encircling the perturbation. Thus,
measurement of ω reduces to identifying an interference
pattern in εϑ(r) and evaluating its winding. Although
topological numbers are tied to the band structure, they
cannot be directly inferred from the energy spectrum;
instead, they emerge from the local wavefunction ampli-
tudes,

ϑ(r) = ↑ 1

ς

∫
dE Im

∑

n

|φn(r)|2

E ↑ En + i0+
, (5)

accessible through STM imaging. The key mechanism
connecting εϑ(r) to topology is a consequence of chiral
symmetry: all nonzero-energy eigenstates of (1) appear
in pairs ±En, so their contributions to εϑ cancel pairwise.
The density variation is therefore entirely determined by
the zero modes [40],

εϑ(r) =
e

2

∑

n

sign(En) |φn(r)|2, (6)

and the dislocation in εϑ(r) is a direct imprint of the
phase winding of the topological zero-mode wavefunc-
tion. STM thus provides access to the zero modes with-
out resolving individual wavefunctions.

Chiral phases and fermion doubling. In condensed
matter, chiral phases arise on non-Bravais bipartite lat-
tices that support extra pseudospin degrees of freedom,
appearing as pairs of degenerate points (K,K

→) in the
Brillouin zone where the gap vanishes. The low-energy
behavior is governed by a Dirac-like equation; hence,
(K,K

→) are known as Dirac points or valleys. The ex-
istence of valley pairs—fermion doubling—is a universal
consequence of the Nielsen-Ninomiya no-go theorem [41],
which requires extra fermion species for massless chiral
fermions on a lattice. For lattice Hamiltonians, the topo-
logical requirement of two valleys is independent of per-
turbations so long as they preserve chirality and massless
fermions [42].

Application to graphene. We consider a honeycomb lat-
tice, representative of graphene in the nearest-neighbor
tight-binding approximation. The two Dirac points
(K,K

→) carry opposite winding numbers, yielding a non-
topological phase. We then insert a spatially localized
potential coupling the two valleys, tuned to either pre-
serve or break chiral symmetry.

For the chirality-preserving vacancy potential, the in-
tervalley coupling lifts the zero total winding number,
rendering the perturbed lattice topological. This is re-
vealed by a distinct interference pattern in εϑ(r), com-
puted numerically (Fig. 1a) and observed experimen-
tally [43] (Fig. 4a). We extract the topological signal
through the following protocol. First, we form rεϑ(r):
since the relevant oscillations decay as 1/r, this prod-
uct tends to a constant amplitude at large r, concentrat-
ing the spectral weight in Fourier space into sharp, well-
localized peaks rather than di!use rings. We then com-
pute FT(rεϑ); its magnitude (Fig. 1b) reveals three pairs
of diametrically opposed satellite points reflecting the
honeycomb symmetry—a direct manifestation of fermion
doubling. We select one such pair of peaks and retain
the full complex Fourier values, amplitude and phase to-
gether, within a window centered on those two points,
setting all other Fourier components, including the dc
term, to zero. The inverse FT of this complex filtered
spectrum directly yields the dislocation image (Fig. 1c),
in which a clear wavefront dislocation is visible. The
same protocol is applied identically to the adatom case;
the presence or absence of a dislocation in the result is
therefore a direct, protocol-independent diagnostic of the
topological character of the perturbation.

The intervalley contribution to εϑ(r) for a vacancy
reads [34]

εϑ!K(r) = F (r) [cosϱ(r, 0)↑ cosϱ(r, 2)] , (7)

where r = (r, ϖ) is measured from the vacancy, F (r) de-
cays at infinity, !K → K↑K → connects the two valleys,
and

ϱ(r, n) → !K · r + nϖ. (8)
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We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic

a) )d)b

c)

α site
β site

2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.

LDOS
High

Low
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)c)b

FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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Zero modes count topology - and dislocations make it visible
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(a) (b)

FIG. 4: STM measurements of graphene with a
vacancy [43]. (a) Raw data with added wavefront guides
(dashed lines); one wavefront terminates at the vacancy.
(b) After FT filtering to two intervalley contributions,

clearly showing one wavefront dislocation.

(a) (b)

FIG. 5: Graphene with an adatom (ωF = 0.6t,
V0 = →3t). (a) Local electronic density from
tight-binding simulation of a 36↑ 56 lattice.

(b) Filtered image after subtracting the pristine density
ε0 and focusing on two Dirac points; no wavefront

dislocation is present.

them, and the resulting filtered image (Fig. 6c) shows
no dislocation, confirming the absence of TQS without
requiring any modification of the protocol.

It is instructive to contrast the two cases. For the
vacancy, the dislocation constitutes a wavefunction sin-
gularity extending to the system boundaries, invariant
under chirality-preserving perturbations. The winding
number ϑ is therefore contour-independent. For the
adatom, local dislocations may arise but are confined
by Friedel oscillations, preventing a contour-independent
winding number. At large distances (Fig. 7), disloca-
tions with alternating ±1 windings average to zero for
infinite systems. We emphasize the distinction between
the phase ϖ(r, n) and its winding, compared to the ge-
ometric Berry phase around Dirac points in pristine
graphene [26]: only the former reveals the topology of
the full Hamiltonian. This contrast is also relevant to
charge-density dislocations observed near defects in non-
topological scenarios [44, 45], where Friedel oscillations
limit dislocation extent [26, 46].

Discussion. We have presented a general method
to identify and measure topological invariants through

(a) (b)

(c)

FIG. 6: Adatom density from Eq. (9). (a) |FT(ϱεad)|
showing Friedel oscillation rings around the Dirac

points in addition to the intervalley peaks.
(b) r

2
ϱεad(r) with ωF = 0.6t, V0 = →3t; the r

2 prefactor
is used here purely for visualization to compensate the
faster amplitude decay, while the filtering protocol uses
rϱε in both cases. (c) After applying the same two-peak
filter as for the vacancy: no dislocations are detected.

wavefront dislocations in the local electronic density. The
connection between ASIT and STM imaging provides a
direct, quantitative route to determine winding numbers
without relying on indirect transport or spectral signa-
tures. The method distinguishes topological from non-
topological states by the presence or absence of contour-
independent dislocations in ϱε(r), demonstrated here
through a reanalysis of existing graphene STM data [43]
and validated against tight-binding numerics. This re-
analysis constitutes a proof of concept: the raw STM
images already contain the topological information, re-
coverable through the filtering procedure described here
without any new instrumentation. This result establishes
the condensed matter foundation for a broader class of
topological diagnostics based on wavefront dislocations.

The mechanism identified here, that the dislocation in
any observable built from zero modes inherits a contour-
independent phase winding equal to ϑ, extends beyond
the local electronic density. Since ϱε(r) is determined by
the zero-mode wavefunctions via Eq. (6), the same filter-
ing and winding-number protocol applies equally to the
wavefunction ς(r) itself in platforms where it is directly
measurable, such as AMO systems [40]. The principle
also extends beyond chiral symmetry classes: in Chern
insulators (class A) a vacancy induces a Z2 defect invari-
ant ϑ = C ·m mod 2, and wavefunction dislocations sig-

2

nects spectral properties of specific elliptic operators to
topological numbers computed from a Weyl transform of
their symbol [30]. For chiral Hamiltonians,

H =

(
0 D†

D 0

)
, (1)

the analytical index, IndexD → dimkerD ↑ dimkerD†,
is a finite integer related by the index theorem to a bulk
topological number ω: IndexD = ω. Having D = D† im-
plies a vanishing index and hence the absence of TQS. A
nonzero index signals an imbalance in zero modes be-
tween D and D†. These zero modes need not corre-
spond to zero-energy states of H; crucially, however, both
IndexD and ω enumerate the number Nzm of TQS. The
topological integer ω either a Chern or a winding num-
ber, is connected to nontrivial Z or Z2 classes. We thus
obtain the chain of equalities,

Nzm = |IndexD| = |ω|. (2)

This equation provides the framework to construct, rec-
ognize, and characterize TQS. The operator D is the first
building block for establishing topology; designing topo-
logical materials requires creating specific potentials [34]
that shape D. The equality Nzm = |ω| expresses bulk-
edge correspondence between the number of topological
edge states and the bulk invariant.

Winding number from local density. For chiral Hamil-
tonians (1) with a localized potential, ω can be read o!
STM variations in local electronic density [34],

εϑ(r) = ↑Re
(
iF (r) sin ϖ eiω(r)

)
, (3)

via the winding number of the phase ϱ(r),

1

2ς

∮

C
↓ϱ(r) · dr = ω ↔ Z, (4)

for any contour C encircling the perturbation. Thus,
measurement of ω reduces to identifying an interference
pattern in εϑ(r) and evaluating its winding. Although
topological numbers are tied to the band structure, they
cannot be directly inferred from the energy spectrum;
instead, they emerge from the local wavefunction ampli-
tudes,

ϑ(r) = ↑ 1

ς

∫
dE Im

∑

n

|φn(r)|2

E ↑ En + i0+
, (5)

accessible through STM imaging. The key mechanism
connecting εϑ(r) to topology is a consequence of chiral
symmetry: all nonzero-energy eigenstates of (1) appear
in pairs ±En, so their contributions to εϑ cancel pairwise.
The density variation is therefore entirely determined by
the zero modes [40],

εϑ(r) =
e

2

∑

n

sign(En) |φn(r)|2, (6)

and the dislocation in εϑ(r) is a direct imprint of the
phase winding of the topological zero-mode wavefunc-
tion. STM thus provides access to the zero modes with-
out resolving individual wavefunctions.

Chiral phases and fermion doubling. In condensed
matter, chiral phases arise on non-Bravais bipartite lat-
tices that support extra pseudospin degrees of freedom,
appearing as pairs of degenerate points (K,K

→) in the
Brillouin zone where the gap vanishes. The low-energy
behavior is governed by a Dirac-like equation; hence,
(K,K

→) are known as Dirac points or valleys. The ex-
istence of valley pairs—fermion doubling—is a universal
consequence of the Nielsen-Ninomiya no-go theorem [41],
which requires extra fermion species for massless chiral
fermions on a lattice. For lattice Hamiltonians, the topo-
logical requirement of two valleys is independent of per-
turbations so long as they preserve chirality and massless
fermions [42].

Application to graphene. We consider a honeycomb lat-
tice, representative of graphene in the nearest-neighbor
tight-binding approximation. The two Dirac points
(K,K

→) carry opposite winding numbers, yielding a non-
topological phase. We then insert a spatially localized
potential coupling the two valleys, tuned to either pre-
serve or break chiral symmetry.

For the chirality-preserving vacancy potential, the in-
tervalley coupling lifts the zero total winding number,
rendering the perturbed lattice topological. This is re-
vealed by a distinct interference pattern in εϑ(r), com-
puted numerically (Fig. 1a) and observed experimen-
tally [43] (Fig. 4a). We extract the topological signal
through the following protocol. First, we form rεϑ(r):
since the relevant oscillations decay as 1/r, this prod-
uct tends to a constant amplitude at large r, concentrat-
ing the spectral weight in Fourier space into sharp, well-
localized peaks rather than di!use rings. We then com-
pute FT(rεϑ); its magnitude (Fig. 1b) reveals three pairs
of diametrically opposed satellite points reflecting the
honeycomb symmetry—a direct manifestation of fermion
doubling. We select one such pair of peaks and retain
the full complex Fourier values, amplitude and phase to-
gether, within a window centered on those two points,
setting all other Fourier components, including the dc
term, to zero. The inverse FT of this complex filtered
spectrum directly yields the dislocation image (Fig. 1c),
in which a clear wavefront dislocation is visible. The
same protocol is applied identically to the adatom case;
the presence or absence of a dislocation in the result is
therefore a direct, protocol-independent diagnostic of the
topological character of the perturbation.

The intervalley contribution to εϑ(r) for a vacancy
reads [34]

εϑ!K(r) = F (r) [cosϱ(r, 0)↑ cosϱ(r, 2)] , (7)

where r = (r, ϖ) is measured from the vacancy, F (r) de-
cays at infinity, !K → K↑K → connects the two valleys,
and

ϱ(r, n) → !K · r + nϖ. (8)
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Two more measurable signatures

Akkermans · Technion · SPICE QMQI 2026 13

Frac�onal charge

Q  =  − e/2 · ν
 

Integrated δρ around the vacancy saturates at e/2; adatom: 0. Direct, gauge-invariant 

readout of the Z₂ invariant.

Chiral current reversal

Edge current    vacancy-mode current⇄
 

Vacancy zero mode circulates opposite to the chiral edge — exact analogue of a vortex in 

a p-wave superconductor (Majorana physics in disguise).

Three independent signatures, one invariant.   Disloca�ons · e/2 charge · current reversal  →  all agree on ν = C·m mod 2.
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Two-Qubit Entanglement
is Topological

Orion & Akkermans — PRB 111, 245408 (2025)

• The Woocers concurrence operator equals the &me-reversal operator — not a coincidence

• The space of two-qubit Hamiltonians has �ve disconnected topological phases ( ₅)ℤ

• Bell states are topological zero modes at phase boundaries



14

B R I D G E

The same framework classiVes two qubits

Tenfold classi)ca�on → an entangling two-qubit Hamiltonian is a 4-site quantum graph

Time-reversal-invariant H₂q maps to a 4-site chiral la5ce with two hopping pairs.
Energy crossings vs. γ de)ne )ve topological sectors π₀(R₀(4)) = ₅ ;  zero modes are Bell ℤ
states.

Same chiral structure  ·  same index theorem  ·  same Z / Z₂ invariants  —  now the “la#ce sites” are computa�onal basis states.

P I L L A R  B  ·  1 / 4

Entangling two-qubit Hamiltonians and their topology

Akkermans · Technion · SPICE QMQI 2026 16
Three disconnected classes:  νH = −1, 0, +1.

Cartan decomposi�on
 

Splits U(4) into local single-qubit ops and a 3-parameter entangling core:
 

  He = cx σx σx + cy σy σy + cz σz σz⊗ ⊗ ⊗
 

Hamiltonian topological number
 

  νH  =  ½  ( n+  −  n− )
 

Signed imbalance of posi.ve vs. nega.ve eigenvalues — three disconnected sectors for 

entangling H.
 

Nontrivial topology (νH ≠ 0) is a necessary condi�on for a gate to entangle.

Topological Dislocations in Two-Qubit Systems Research Notes 2026

(The factor sinω0 = C2q concentrates spectral weight, analogous to the factor r
in r εϑ(r).)

Step 4. Spherical harmonic decomposition. Decompose F in spherical harmonics
on the Schmidt sphere: F =

∑
ω,m

Fωm Yωm(ω0, ϖ0). The topological signal con-
centrates in the m = ϱH component (analog of intervalley satellite peaks in the
Fourier transform of r εϑ(r)).

Step 5. Filtering and dislocation identification. Retain only the m = ±ϱH compo-
nents; inverse transform to obtain Ffiltered. A clear vortex appears if ϱH →= 0.

Step 6. Winding number evaluation. Evaluate ϱH = (2ς)→1
∮
C
↑ argFfiltered · dl on

any closed contour C encircling the vortex core. The result is a topological
integer.

The full pipeline is shown in fig. 4.

Figure 4: Full detection protocol for two-qubit topological dislocations. Trivial
case (ϱH = 0, top row) and topological case (ϱH = +1, bottom row). Column 1: raw
geometric phase map on Schmidt sphere. Column 2: magnitude |F| = C2q. Column
3: spectral decomposition (proxy for spherical harmonic transform), showing the m = ϱH
satellite peak (cyan dashed line). Column 4: filtered result — no dislocation for the
trivial case (top right), clear vortex with quantised winding ϱH = +1 for the topological
case (bottom right, white star).

Practical numbers for transmon hardware. A 20 ↓ 36 grid requires 720 initial
states, each needing 3 Pauli measurements (↔XX↗, ↔Y Y ↗, ↔XY ↗) at 1000 shots each:
↘ 2.2↓ 10

6 shots per Hamiltonian setting. At typical transmon measurement rates, this
corresponds to ↘ 40minutes per Hamiltonian setting, well within T2 ↭ 50µs coherence
times of current processors.

9
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Θ = 𝜎𝑦 ⊗ 𝜎𝑦 𝐾
Antiunitary Time Reversal 

Consider 2 distinguishable qubits, described by ۧ|𝜓 :

Wootters (1998)

𝐾: Complex conjugate operator
𝜎𝑦: 2 × 2 Pauli matrix

𝐶𝜓 ≡ 𝜓 Θ 𝜓  ∈ 0,1
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Geometric phase γ/π vs. concurrence C₂q for two implementa�ons of SWAP², applied to symmetric 

ini�al states.

The two implementa�ons trace topologically dis�nct loops on the Schmidt sphere — diKerent 

solid angles, diKerent phases.

SWAP₁ (Heisenberg, νH = +1)  vs.  SWAP₂ (3-CNOT, νH undergoes change):  iden�cal unitary, ν-dis�nguishable.



Conclusions and Open Directions

Topology is a necessary condition for entanglement.

The Weyl symbol H(k,r) is the right object for topological classification — not the Hamiltonian.

O p e n  d i r e c t i o n s

• Extension to N > 2 qubits via Uhlmann concurrences and multi-qubit Cartan decompositions 
• Topological modes in condensed matter (Hubbard model, quantum dot arrays) as protected distinguishable qubits 
• Pre-calibration diagnostics: geometric phases identify which topological class is most noise-robust

Bell states are zero-dimensional topological zero modes — maximally entangled states at phase boundaries.
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A perfect gate is represented by G = e
≠iHgT , i.e. a chosen Hamiltonian applied for a specifically chosen time interval.

To test the robustness of our models for quantum gates we have opted for a physical microscopical description of
noise, such that the Hamiltonian is modified in specific ways by random variables. We are focusing on single-qubit
and two-qubit gates as these are the types of gates implemented in most quantum systems. We divide our noise
models into two types: single-qubit and two-qubit.

Single qubit noise is modeled by the addition of constant magnetic fields, chosen at random. then the noise is
modeled by

Hg,B = Hg + B̨1 · ‡̨ ¢ I + I ¢ B̨2 · ‡̨

GB = e
≠iHg,BT

where B̨1, B̨2 are 6 independent random variables. Note that although the noise comes from a single-qubit e�ect, which
by itself cannot change the entanglement, it might create entangling and disentangling terms from the commutation
relations of the noise with Hg.

This model is known to be physical for systems such as quantum dots, where the exact magnetic field on each dot
changes each initialization and is not always easy to negate. From another perspective, when averaged over many
realizations GB might not be unitary. GB can then be interpreted as a lossy gate.

Two-qubit noise is modeled by modifying three parameters, –, —, “ which are su�cient for the non-local description
of any two-qubit gate. Any U(4) gate can be decomposed as [1, 2]:

U = K2 e
≠i(–‡x¢‡x+—‡y¢‡y+“‡z¢‡z)

K1

where K1,2 œ SU(2) ¢ SU(2) are local operations. This means that 2-qubit gates can be decomposed into a single
non-local operation preceded (K1) and followed (K2) by a local operation. This non-local part is characterized by 3
real parameters.

Thus we reduce any 2-qubit operation to

H2qg = –‡x ¢ ‡x + —‡y ¢ ‡y + “‡z ¢ ‡z

and look at

G = e
≠iH2qgT

as the representative of all 2-qubit phenomena. To model 2-qubit noise, we insert a random imperfection to each of
–, —, “ determined by the gate modeled,

H2qg,N = – (1 + ”1) ‡x ¢ ‡x + — (1 + ”2) ‡y ¢ ‡y + “ (1 + ”3) ‡z ¢ ‡z

where ”i are independent random variables.
Such a model might describes imperfections in gate implementation. In quantum dots, for example, imperfections

in the voltage barrier between dots might cause random anisotropy in the S̨ · S̨ between qubits. Similar to the
single-qubit case, G2qg,N might no be unitary, and interpreted as such.
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