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Intro: Altermagnetism 

Pomeranchuk JETP (1958) 
Wu, Sun, Fradkin, Shou-Cheng Zhang PRB 2007 
Smejkal, Sinova, Jungwirth PRX 22 

→ Interaction-induced as a spin-dependent Pomeranchuk instability

→ Unusual spin transport: promising for spintronics and beyond…



Imprint non-trivial rotation symmetry: 

Anisotropic tight-binding 
Hamiltonian 
●NNN hopping:  
●Half filling: -AFM
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Altermagnetism represents a type of collinear magnetism, that is in some aspects distinct from
ferromagnetism and from conventional antiferromagnetism. In contrast to the latter, sublattices of opposite
spin are related by spatial rotations and not only by translations and inversions. As a result, altermagnets
have spin-split bands leading to unique experimental signatures. Here, we show theoretically how a d-wave
altermagnetic phase can be realized with ultracold fermionic atoms in optical lattices. We propose an
altermagnetic Hubbard model with anisotropic next-nearest neighbor hopping and obtain the Hartree-Fock
phase diagram. The altermagnetic phase separates in a metallic and an insulating phase and is robust over a
large parameter regime. We show that one of the defining characteristics of altermagnetism, the anisotropic
spin transport, can be probed with trap-expansion experiments.
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Introduction.—Collinear quantum magnets are usually
assumed to have either ferromagnetic or antiferromagnetic
order [1,2]. Ferromagnets break time-reversal symmetry
leading to spin-split bands and a net polarization of the
magnetic moment. Conventional antiferromagnets exhibit
zero net magnetization and are symmetric under translation
and spin inversion, leading to spin-degenerate bands.
However, recent studies have suggested refinements of
this dichotomy and proposed a new class of collinear
magnetism, that possess momentum dependent spin-split
bands without net magnetization [3–14], as recently con-
firmed experimentally in material candidates [15–19].
These collinear states, dubbed altermagnets [9,12,13],
are characterized by a rotational symmetry of the opposite
spin sublattices. For example, in a d-wave altermagnet on
the square lattice, sublattices are related by a spin flip
followed by a π=2 real-space rotation about a point on the
dual lattice; see Fig. 1(a) for an illustration.
Over the recent years, exciting progress has been made in

studying quantum magnetism with quantum simulators of
ultracold atoms [20]. For the square lattice Hubbard model
antiferromagnetic correlations of an extended range have
been observed at the lowest experimentally accessible
temperatures [21–24] and the consequences of doping
the antiferromagnetic state have been investigated [25–28].
Investigating the phenomena of altermagnetism with ultra-
cold atoms remains an interesting open avenue.
In this work, we show how d-wave altermagnetism can

be realized and characterized with ultracold atoms in
optical lattices. We analyze a square lattice Hubbard model
with uniform nearest-neighbor and alternating diagonal
hoppings and show how this model can be realized by 45°

rotated optical lattices. Performing a Hartree-Fock analysis
we find that this model stabilizes an altermagnetic phase in
an extended parameter range and analyze the robustness of

(a)

(b)

FIG. 1. The altermagnetic Hubbard model. (a) A Néel state on
an alternating anisotropic square lattice is a d-wave altermagnetic
state. It is invariant under a global spin flip (exchanging red and
blue dots) followed by a π=2 real-space rotation around the dual
square lattice (gray dot). The nearest-neighbor hopping t and the
alternating diagonal hopping t! of the altermagnetic Hubbard
model are indicated as well. (b) Spin-resolved band structure of
the altermagnetic state at zero temperature for t0=t ¼ 0.3, δ ¼ 0.9,
U=t ¼ 3.5 evaluated along the path indicated in the inset. Inset:
Fermi surface and magnetic Brillouin zone (gray shaded area).
The band structure obeys the symmetry shown in (a) and is
therefore spin-split without net magnetization, which are the key
characteristics of an altermagnet.
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AM beyond magnetic materials
●Cold atom Fermi-Hubbard quantum simulators

●Direct real space detection of spin

● Longstanding challenge to reach low temperature (T/t~0.25)



●Optical lattice with additional 45deg rotated laser  
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Brillouin zone are ðπ=2a; π=2aÞ and ðπ=2a;−π=2aÞ; see
shaded area in the inset of Fig. 1(b).
Having established the altermagnetic state, we study its

robustness by tuning the system parameters and the
temperature. To this end, we compute the order parameter
δm as a function of U=t and t0=t for δ ¼ 0.2 and T ¼ 0 and
0.2t in Figs. 2(a) and 2(b). We will show below that the
hopping parameters can be controlled by the optical lattice.
Moreover, the interaction U is tunable by Feshbach
resonances in ultracold atomic systems [30]. The alter-
magnetic phase is stabilized for increasing diagonal hop-
ping t0, staggering δ, and interaction strength U. It can be
either metallic, characterized by the presence of small
Fermi surfaces, or a gapped insulator. A line cut though the
phase diagram unveils phase transitions from a normal
metal (NM) with vanishing δm over an altermagnetic metal
(AMM) to an altermagnetic insulator (AMI); see Fig. 2(c).
In addition, we find a kink in the order parameter δmwithin
the AMM at U=t ≈ 2.5. This is a Lifshitz transition at
which half of the Fermi pockets around ð$π=2a;$π=2aÞ
disappear. The second kink then indicates the transition
from AMM to AMI phase at which the Fermi surfaces
disappear. The altermagnetic phase occupies a large portion
of the phase diagram, because the underlying mechanism is
a consequence of the symmetry of the single-particle band
structure. The interactions are only required to establish
Néel order, which splits the bands appropriately. The spin
splitting is set by the anisotropy of the next-nearest
neighbor hopping t0δ. When decreasing t0δ to zero, the
spin-flip and C4-rotation symmetry of the altermagnet
regains the spin-flip and translation symmetry, and a
conventional antiferromagnet is realized.
Optical lattice for the altermagnetic band structure.—

The altermagnetic Hubbard model has uniform nearest-
neighbor and alternating diagonal hopping elements. Such
a single-particle band structure is realized when consider-
ing 45°-rotated counterpropagating and phase-locked lasers
of wave length λ and 2λ with different strengths, respec-
tively. Specifically, we consider the following lattice
potentials

V latt ¼ ErðVsq þ Vd;1 þ Vd;2Þ;
Vsq ¼ V0½sin2ðklxÞ þ sin2ðklyÞ';

Vd;1 ¼ V1

!
Δþsin2½klðxþ yÞ' þ Δ−sin2

!
kl
2
ðxþ yÞ

""
;

Vd;2 ¼ V1

!
Δþsin2½klðx − yÞ' þ Δ−cos2

!
kl
2
ðx − yÞ

""
; ð4Þ

where kl ¼ 2π=λ is the lattice wave vector, Er ¼
ðℏ2k2l =2mÞ is the recoil energy, m is the mass of the atoms,
and Δ$ ¼ ð1$ ΔÞ the potential staggering of strength Δ.
The potential consists of deep minima on a square lattice
and shallow minima on the dual lattice that are tuned by V0,
V1, and Δ; see inset of Fig. 3. For such an optical lattice

both the nearest neighbor and the diagonal tunneling are
sizeable.
The unit cell of the lattice is

ffiffiffi
2

p
a ×

ffiffiffi
2

p
a, where a is the

lattice constant of the square lattice, with primitive lattice
vectors a1 and a2; see inset of Fig. 3. We numerically solve
the Schrödinger equation of a single particle in this optical
lattice potential by standard techniques (see, e.g., Ref. [31])
and show the lowest two bands in Fig. 3. We then fit the
lowest bands to the tight-binding Hamiltonian of the
altermagnetic Hubbard model and obtain the uniform
nearest-neighbor hopping t and the staggered diagonal
hoppings t$ ¼ t0ð1$ δÞ. The diagonal hopping elements
are sizable for this lattice because of the potential minima at
the dual lattice sites. The tight-binding band structure
reproduces well the lowest two bands; Fig. 3. The
tight-binding parameters are tunable by V0, V1, and Δ
which characterize the optical lattice; see Supplemental
Material [29]. Here, we have considered deep optical
lattices, leading to comparatively low absolute scales of
the hopping. Shallower lattices provide larger absolute
hopping scales, while at the same time giving rise to longer-
ranged hoppings. As a consequence, more complex tight-
binding models are needed for quantitative agreement.
However, we find that the band structure of shallower
lattice potentials still posses the same symmetries and the
same anisotropic behavior as the deep lattice; see
Supplemental Material [29]. Larger effective energy scales
will be advantageous in experiments to access the required
temperatures and obtain homogeneous parameters through-
out the system.
Experimental signatures.—The altermagnetic state man-

ifests itself in a vanishing net magnetization but has a

FIG. 3. Effective band structure of the optical lattice. Lowest
two bands, solid lines, obtained from solving the Schrödinger
equation of a particle in an optical lattice potential with
V0 ¼ 4Er, V1=V0 ¼ 2.2, and Δ ¼ 0.6; see Eq. (4). Bands
obtained from a tight-binding model with uniform nearest-
neighbor hopping t and the alternating diagonal hopping ampli-
tudes t$ ¼ t0ð1$ δÞ, dashed line, agree well with the full band
structure. The effective parameters of the tight-binding model are
t ¼ 2.2 × 10−3Er, t0=t ¼ 0.16, δ ¼ 0.83 and the energy offset is
E0 ¼ 13.81Er. Inset: Illustration of the optical lattice potential.
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pronounced spin-polarized Fermi surface, which can be
probed by spin-resolved transport [6,32]. One way to probe
such anomalous transport with ultracold atoms is to release
the trapping potential and to subsequently measure the
spin-resolved densities while the atomic cloud expands;
see, e.g., Refs. [33–37]. To characterize such an expansion
experiment, we first determine the conductivity tensor and
then use Einstein’s relation for the diffusion constant to
obtain an effective hydrodynamic description of the expan-
sion dynamics.
The conductivity tensor for both spin-up and spin-down

atoms are 2 × 2 matrices with elements σsαβ, where
α; β∈ fx̃; ỹg indicate the spatial direction along the primi-
tive lattice vectors fa1; a2g of the two-site unit cell and
s∈ f↑;↓g is the spin state. Since the bands are fully spin
polarized, the conductivity is diagonal in spin basis, see
Eq. (3). The transverse Hall contribution to the conductivity
vanishes, σsαβ ¼ 0 for α ≠ β, due to the momentum-
inversion symmetry of Eq. (3). From the spin-flip and
π=2 rotation symmetry in real space, we further deduce that
the conductivity tensor of spin-up and spin-down are
related by σ↑αα ¼ σ↓ᾱ;ᾱ, where ᾱ is the direction orthogonal
to α. We use the Kubo formula to evaluate the diagonal dc
conductivity tensor [38–40], see also Supplemental
Material [29]

σsαα ¼ −
ℏ
πV

Z
∞

−∞
dϵ

df
dϵ

X

m;n;k

jhψmðkÞjvsαjψnðkÞij2

×
Γ

ðϵ − ϵnÞ2 þ Γ2

Γ
ðϵ − ϵmÞ2 þ Γ2

; ð5Þ

where vsα ¼ ð1=ℏÞ∇kαHsðkÞ is the spin dependent velocity,
f is the Fermi-Dirac distribution function, ϵn and jψnðkÞi
are the eigenenergies and eigenstates of Eq. (3), respec-
tively, Γ is an positive infinitesimal that we use for the
numerical evaluation of the integral.
In order to compute the relaxation dynamics, we relate

the conductivity matrix with the diffusion matrix by the
Einstein relation [38],

σsαβ ¼
nsDs

αβ

T
; ð6Þ

where ns is the particle density of spin s atoms and T is the
temperature. Our model conserves the densities of both
spin species separately, leading to the continuity equation
ð∂ns=∂τÞ þ∇Js ¼ 0, where τ denotes real time. Taking the
hydrodynamic assumption, we perform a gradient expan-
sion of the currents. Because of the symmetries of the
conductivity tensor, only diagonal contributions arise and
the currents are related to the density gradients as
Jsα ¼ −Dαα∂αns, where α∈ fx̃; ỹg. We thus obtain the
diffusion equation

∂ns

∂τ
¼ ðDs

x̃ x̃∂
2
x̃ þDs

ỹ ỹ∂
2
ỹÞns: ð7Þ

As the diffusion constants are anisotropic in space, the
transport of spin will be anisotropic as well. This is a key
signature of the altermagnetic state. In order to demonstrate
this behavior, we initialize our system at temperature
T ¼ 0.2t in the optical potential characterized by
V0 ¼ 4Er, V1=V0 ¼ 2.2Er, Δ ¼ 0.6, and λ ¼ 1064 nm
at half-filling inside the square-shaped region; for the tem-
perature dependence of the conductivity see Supplemental
Material [29]. Subsequently, we let the particles expand by
removing the trapping potential at time τ ¼ 0 and compute
the time evolution of the spin-resolved densities by numeri-
cally solving the diffusion equation (7); Fig. 4(a).
We observe that the spin-up and spin-down atoms

predominantly relax in different directions, related by a
π=2 real-space rotation. The spin-up atoms have a larger
contribution to σ↑ỹ ỹ than σ↑x̃ x̃ as can be also seen from the
Fermi surface in the inset of Fig. 1(b). Thus diffusion is
stronger in the a2 direction than in a1 direction and vice
versa for spin-down atoms. To quantify the anisotropy, we
define a geometric squeezing parameter

sqsðτÞ ¼
R
d2r̃x̃2nsðr̃; τÞR
d2r̃ỹ2nsðr̃; τÞ

; ð8Þ

which measures the relative spread in x̃ direction compared
to the ỹ direction. The relative squeezing of spin-down and

(a)

(b)

FIG. 4. Anisotropic spin diffusion. (a) Trap-release dynamics of
an altermagnetic state at finite temperature T ¼ 0.2t, trapped in a
box potential in an optical lattice characterized by V0 ¼ 4Er,
V1=V0 ¼ 2.2, Δ ¼ 0.6. The spin-resolved density propagates
anisotropically in real space along the a1 and a2 directions.
(b) We characterize the anisotropic expansion by the ratio of the
geometric squeezing parameter sqsðτÞ of spin-down and spin-up
atoms for two different values of the interaction U and two
different temperatures T ¼ 0.15t (solid lines) and T ¼ 0.2t
(dashed lines). The gray line represents the isotropic expansion
of a normal metallic state for which sqsðτÞ is always one.

PHYSICAL REVIEW LETTERS 132, 263402 (2024)

263402-4

●Anisotropic diffusion - new probes of spin split transport

→ spin asymmetric diffusion

AM in cold atoms



6

the state at finite temperatures. We demonstrate that the key
experimental characteristic of the altermagnetic state, i.e.,
the anisotropic spin transport, can be measured by trap-
expansion experiments.
The altermagnetic Hubbard model.—We consider two

species of fermionic atoms labeled by spin s in an optical
lattice described by the following altermagnetic Hubbard
model

Ĥ ¼ −
X

i;j;s

tijðc†iscjs þ H:cÞ þ U
X

i

ni↑ni↓; ð1Þ

where U is the on-site Hubbard interaction and tij the
hopping matrix element, which is uniform and of strength t
for nearest neighbors, sublattice-dependent for diagonal
neighbors, and zero otherwise. The diagonal hopping
alternates with t% ¼ t0ð1% δÞ as the following: in the
(1,1) direction the hopping element is t− (tþ) and in the
ð1;−1Þ direction it is tþ (t−) on the A (B) sublattice,
respectively; see Fig. 1(a).
We consider half-filling hnii ¼ hni↑ þ ni↓i ¼ 1.

However, our results remain qualitatively similar for
small doping where the Néel order is stable. We will
now show that this particular sublattice dependence of the
diagonal hopping leads to altermagnetism and discuss
later the optical lattice geometry required to realize
this model.
In order to study the magnetic instabilities of our system,

we perform a Hartree-Fock analysis that captures the
sublattice structure of the ðπ; πÞ magnetic instability. To
this end, we introduce the altermagnetic order parameter,
δm ¼ ð1=4NÞ

P
r hnrA↑ − nrA↓ − nrB↑ þ nrB↓i, which is

proportional to the staggered magnetization. At filling n
we write the occupation

hnrλsi ¼ n=2þ δmð−1Þλþs; ð2Þ

where r denotes the index of a unit cell, λ the sublattice, and
s the spin. For the alternating sign of the order parameter
ð−1Þλþs we associate λ and s with 0 for A and ↑ and
with 1 for B and ↓, respectively. A nonzero order parameter
δm indicates a sublattice Néel ordering which in conjunc-
tion with the lattice symmetries gives rise to the alter-
magnetic state. Decoupling the interaction term and
expressing it in terms of the mean-field order parameter
leads after Fourier transformation to the effective inter-
actions −Uδm

P
kðnkA↑ − nkB↑ − nkA↓ þ nkB↓Þ, where the

wave vector k is in the magnetic Brillouin zone. The
magnetic Brillouin zone is defined via the real space
unit cell spanned by the primitive vectors a1 ¼ að1; 1Þ
and a2 ¼ að1;−1Þ with the lattice constant a of the square
lattice.
Expressing the mean-field Hamiltonian in the basis of

Ψ†
k ¼ ðc†kA↑; c

†
kB↑; c

†
kA↓; c

†
kB↓Þ, leads to

ĤHF ¼
X

k

Ψ†
k

!H↑ðkÞ 0

0 H↓ðkÞ

"
Ψk: ð3Þ

The Hamiltonian is block diagonal in the spin

degree of freedom with HsðkÞ¼
h
hAA;s
hBA;s

hAB;s
hBB;s

i
, where

hAA;s ¼ −2t− cosðka1Þ − 2tþ cosðka2Þ − ð−1ÞsUδm,
hBB;s ¼ −2tþ cosðka1Þ − 2t− cosðka2Þ þ ð−1ÞsUδm,
hAB;s ¼ −2t cosðkxaÞ − 2t cosðkyaÞ, and hBA;s ¼ h&AB;s.
Because of the spin block-diagonal structure of the
Hamiltonian (3), bands are fully spin polarized. In addition,
each of the spin components exhibit a momentum-inversion
symmetry (k → −k) and sublattices are staggered.
We solve the mean-field equations at finite temperatures

T by self-consistently determining the order parameter
δm ¼ ð1=4NÞ

P
khnkA↑ − nkB↑ − nkA↓ þ nkB↓iHF as well

as the chemical potential μ, which is set by fixing the
particle number; see Supplemental Material for details [29].
We compute the spin-resolved band structure for t0=t ¼ 0.3,
δ ¼ 0.9, and U=t ¼ 3.5 at half-filling n ¼ 1; see Fig. 1(b).
Both the band structure and the Fermi surface possess the
altermagnetic symmetry of a π=2 rotation along with a spin
flip. Here, the reciprocal lattice vectors of the magnetic

(b)(a)

(c)

FIG. 2. Robustness of altermagnetism. We compute the alter-
magnetic order parameter δm as a function of interaction strength
U=t and diagonal hopping t0=t for staggering δ ¼ 0.2 and
temperatures (a) T ¼ 0 and (b) T ¼ 0.2t. The system is in a
normal metallic state when the order parameter vanishes, while a
finite order parameter indicates altermagnetic symmetry break-
ing. (c) Line cut along the dashed line in (a) shows the order
parameter at zero temperature for t0=t ¼ 0.3 and δ ¼ 0.2. Three
phases are distinguished: The normal metal at weak interactions,
the altermagnetic metal possessing a Fermi surface at intermedi-
ate interactions, and the gapped altermagnetic insulator at strong
interactions. Within the AMM the kink in the order parameter at
U=t ≈ 2.5 indicates a Lifshitz transition at which half of the
Fermi pockets vanish.
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Introduction.—Collinear quantum magnets are usually
assumed to have either ferromagnetic or antiferromagnetic
order [1,2]. Ferromagnets break time-reversal symmetry
leading to spin-split bands and a net polarization of the
magnetic moment. Conventional antiferromagnets exhibit
zero net magnetization and are symmetric under translation
and spin inversion, leading to spin-degenerate bands.
However, recent studies have suggested refinements of
this dichotomy and proposed a new class of collinear
magnetism, that possess momentum dependent spin-split
bands without net magnetization [3–14], as recently con-
firmed experimentally in material candidates [15–19].
These collinear states, dubbed altermagnets [9,12,13],
are characterized by a rotational symmetry of the opposite
spin sublattices. For example, in a d-wave altermagnet on
the square lattice, sublattices are related by a spin flip
followed by a π=2 real-space rotation about a point on the
dual lattice; see Fig. 1(a) for an illustration.
Over the recent years, exciting progress has been made in

studying quantum magnetism with quantum simulators of
ultracold atoms [20]. For the square lattice Hubbard model
antiferromagnetic correlations of an extended range have
been observed at the lowest experimentally accessible
temperatures [21–24] and the consequences of doping
the antiferromagnetic state have been investigated [25–28].
Investigating the phenomena of altermagnetism with ultra-
cold atoms remains an interesting open avenue.
In this work, we show how d-wave altermagnetism can

be realized and characterized with ultracold atoms in
optical lattices. We analyze a square lattice Hubbard model
with uniform nearest-neighbor and alternating diagonal
hoppings and show how this model can be realized by 45°

rotated optical lattices. Performing a Hartree-Fock analysis
we find that this model stabilizes an altermagnetic phase in
an extended parameter range and analyze the robustness of

(a)

(b)

FIG. 1. The altermagnetic Hubbard model. (a) A Néel state on
an alternating anisotropic square lattice is a d-wave altermagnetic
state. It is invariant under a global spin flip (exchanging red and
blue dots) followed by a π=2 real-space rotation around the dual
square lattice (gray dot). The nearest-neighbor hopping t and the
alternating diagonal hopping t! of the altermagnetic Hubbard
model are indicated as well. (b) Spin-resolved band structure of
the altermagnetic state at zero temperature for t0=t ¼ 0.3, δ ¼ 0.9,
U=t ¼ 3.5 evaluated along the path indicated in the inset. Inset:
Fermi surface and magnetic Brillouin zone (gray shaded area).
The band structure obeys the symmetry shown in (a) and is
therefore spin-split without net magnetization, which are the key
characteristics of an altermagnet.
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Interaction induced AM



● Normally anisotropic spin density from low crystal symmetry
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Spontaneous AM
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Question: Can interactions induce AM in a high symmetry crystal?



● Normally anisotropic spin density from low crystal symmetry

8

Spontaneous AM

→ Yes, via a coexistence of Neel AFM with another order! 

δ AFM order

Orbital order 
breaking  
inversion/translation

Leeb, Šmejkal, Mook, 
Knolle, PRL 2024



● Use a minimal two orbital model with , -orbitalsdxz dyz

9

Orbital Ordering

● Interactions inducing -AFM and -OO(π, π) (π, π)

Raghu, Qi, Liu, Scalapino, S.-C. Zhang PRB 2008

→ simple model for iron-based SC

→ Invariant under rotations (x
y) → ( y

−x)

Sz
i = c†

i↑ci↑ − c†
i↓ci↓ Nz

i = c†
ixcix − c†

iyciy



● Self-consistent Hartree-Fock at fixed filling 

Orbital Ordering

→ Interaction induced AM from OO!

Leeb, Šmejkal, Mook, 
Knolle, PRL 2024

10



Candidate Materials

Khaliullin, Horsch, Oles PRL 2001;  
Daghofer, Wohlfeld, v.d. Brink  
arXiv:2506:03261  

● Considered for iron-based SC like FeSe

→ Violation of the Goodenough- 
     Kanamori rules

Daghofer, Nicholson, Morea, Dagotto PRB 2010 

● Cubic Vanadates: LaVO3 

● Ruddlesden-Popper  
   Chromates Srn+1CrnO3n+1 

Meier, Carta, Ederer, Cano  
arXiv:2502.01515

→ compensated Anti-AM



Q=(0,0) orbital AM
● Even simpler: no spatial symmetry breaking required

Guili, Zaera, Capone  Phys. Rev. B 111, L020401 (2025)

→ hard to stabilise in an itinerant model 12



Orbital AM without crystal symmetry 
●Do we need crystal symmetries at all?  

Can we get spontaneous AM in amorphous magnets? 

Anti-ferromagnetism

Frustrated Bonds

For amorphous QSL: Cassella, d’Ornellas, Hodson, Natori, Knolle Nature Comm. 14 (2023)

Ferromagnetism

13



Rotation in orbital space

Real space

coordinate transform:

On-site orbital

transform:

Whole lattice 

is rotated

Only orbitals

rotated

●Questions:  
Can we build a toy model with an AM ground state on any geometry?

14



Two orbitals + two spin states per site

SSB in spin and orbital sector
●Kugel-Khomskii t-J model 

<latexit sha1_base64="hBkfwEtFmvFVonB/ko9LdwpUO7Y="></latexit>

H = HKin +HInt

<latexit sha1_base64="KqE/p83L8feL9GtCQH0p6VsY/us="></latexit>

HInt = �J

X

hjki

(�j · �k)(⌧j · ⌧k)� njnk

FM

AFM

Kugel, Khomskii, Sov. Phys. Usp. 1983

●Similar to: (nothing but a d-wave spin density)
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Phase diagram amorphous AM
<latexit sha1_base64="i1tCC1MabrTxAclmJwHsG3cOhYk="></latexit>

mj = �z
j ⌧

z
j

= n"x � n"y � n#x + n#y

●Decouple in Hartree-Fock

Amorphous

AltermagnetCDW

Trivial Metal
16



d’Ornellas, Leeb, Grushin, Knolle PRB 113 024426 

Spectral function is polarised



Left lead Right leadSample Amorphous

Altermagnet

<latexit sha1_base64="vNK42V5mz8DpkcK8juaL9228u7M="></latexit>

|"i
<latexit sha1_base64="qmh/MsCpiJVR3z2ZNYEvf2H6rr8="></latexit>

|#i

<latexit sha1_base64="vNK42V5mz8DpkcK8juaL9228u7M="></latexit>

|"i
<latexit sha1_base64="qmh/MsCpiJVR3z2ZNYEvf2H6rr8="></latexit>

|#i

Spin-Split Conductance
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● Complex phase diagram with a -AFM and d-wave SC(π, π)

19

What about Cuprates?

→ Hubbard interaction Cu  

● 3 band Emery model = Lieb lattice model
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H = ∑
⟨ij⟩,α,β,s

tijα,βc†
iαscjβs + Up ∑

i
(ni,px,↑ni,px,↓ + ni,py,↑ni,py,↓) + Ud ∑

i

ni,d,↑ni,d,↓

→ Hubbard interaction O  
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Intra-unit cell magnetism



Cuprates with spontaneous oxygen 
magnetization?

Li, Leeb, Wohlfeld, Valentí, 
Knolle PRB 2025

→ -AM has been discussed as nematic-spin-nematic order(0,0)
Fischer, Kim PRB 2011

21
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Phase diagram
• MFT and 4-site cluster ED  
→ Cell perturbation theory: 
→ Superexchange over Cu
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• DFT+U  
→ SrRbCuO2Cl2



● What is the origin of the pseudogap?

23

What about AM and loop currents?

● Orbital current states?

Varma PRL 1999 
Chakravarty, Laughlin, Morr, Nayak PRB 2001 

one lattice spacing and rotation by !/2. It is, however, sym-
metric under the combination of any two of these operations.
The order parameter is equivalent to the array of bond cur-
rents illustrated in Fig. 2.
The excitation spectrum of the DDW at very low energies

is generic and consists of conventional fermionic particles
and holes in a band structure like that of the d-wave super-
conductor "DSC# with which it competes. Introducing a
mean-field ansatz3 $cf. Eq. "2#% we obtain the one-body
Hamiltonian

H!&
k,'

("k#ck'
† ck'")"k#ck'

† ck"Q' , "3#

where (k!#2t$cos(kx)"cos(ky)% and )k!yV$cos(kx)
#cos(ky)%, and V is a coupling constant in the microscopic
Hamiltonian. Microscopic Hamiltonians with short-range re-
pulsion and superexchange are favorable for such order5,6 but
are even more favorable for an antiferromagnetic state. How-
ever, correlated hopping terms tend to tip the balance in fa-
vor of DDW order.3 Since the ordering occurs at Q
!(! ,!), it is most favorable at half-filling or low doping.
The corresponding band structure is

Ek!$!(k
2"!)k

DDW!2. "4#

At half-filling, there are gapless quasiparticles only at the
nodal points k!($!/2,$!/2). At finite doping, Fermi
pockets are opened, as shown in Fig. 2. While the DDW
state is semimetallic at half-filling, it is a conventional metal
$with two-dimensional "2D# localization prevented by inter-
layer tunneling% with a disconnected Fermi surface at dop-
ings other than half-filling. It is possible for the DDW to
discommensurate, thereby opening a full gap, as occurs with
a traditional spin density wave, but this is not automatic be-
cause the remaining Fermi surface is not nested. Some re-
lated density-wave states are discussed in the Appendix.
The excitation spectrum at high energies is not generic.

There is no reason for the quasiparticle at (! ,0) to have
integrity, particularly if the system is near the continuous
quantum phase transition at p!0.2 in Fig. 1. This is a Fermi-
surface reconnection, at which the Hall conductance jumps, a
van Hove singularity develops at (! ,0), and quasiparticles
scatter violently even at low energy scales.14,21,22

IV. d-WAVE SUPERCONDUCTIVITY

The Heisenberg exchange nominally responsible for
DDW order also tends to favor d-wave superconductivity.
This is the underlying reason the band structures of the two
are so similar, and why the competition of these two kinds of
order is natural. If we allow the superconducting bond ex-
pectation value *c j↑ck↓+!$z to develop, where the sign is
positive on x bonds and negative on y bonds, the Hartree-
Fock Hamiltonian becomes

HHF! !HHF"J&
* jk+

$"zck↓
† c j↑

† "z*c j↑ck↓#, "5#

and the corresponding superconducting quasiparticle disper-
sion relation becomes

Ek!$!$"(k
2"!)k

DDW!2#1/2$,%2"!)k
DSC!2, "6#

where )k
DSC!zJ$cos(kx)#cos(ky)% and , is the chemical po-

tential. Thus not only does this kind of interaction stabilize
both kinds of order, it allows the two order parameters to
evolve continuously into each other without collapsing the
quasiparticle gap at the zone face. This allows us to use the
ground-state expectation value of H and similar Hamilto-
nians as a sensible model for the energy functional F, i.e.,
one that does not throw away important low-energy excita-
tions.

FIG. 1. Top: Phase diagram constructed from experiments on
YBa2Cu3O7#- . TN is the Néel transition, Tc is the superconducting
transition, T* is the pseudogap crossover, "Ref. 28#, T0 is the loca-
tion of the maximum in the uniform susceptibilty, and TCharge is a
charge-ordering line recently reported by Mook et al. "Ref. 40#.
Middle: Values of !z! "solid#, y "dots#, and (y2"!z!2)1/2 "solid#
minimizing the free energy of Eq. "1# with .!1, /!#0.8, and the
linear functions 0 and 0! shown on the bottom. The parameter p is
hole doping.

FIG. 2. Left: Arrangement of bond currents in the DDW state.
Right: Brillouin zone of the Cu-O plane. The dots show the half-
filling Fermi surface, as well as the Brillouin zone boundary after
the DDW state has formed. The circles are the Fermi surface of the
DDW state at finite doping.
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−ϕ
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Cu atom

tddeiϕ/4
composed of four points. But at finite temperature a gap can
be discerned in a direction k̂ f only if T is less than about
D!k̂f ,T". This produces the illusion of “Fermi arcs,” which
shrink as the temperature decreases.

2. Impurity scattering

It is important in the cuprates !and other layered materi-
als" to distinguish the effect of impurities in the planes which
are expected to act as point or large-angle scatterers from
that of impurities in between the planes which scatter elec-
trons in the planes only through small angles on the Fermi
surface.51 In the latter case, the scattering rate at a point k
!calculated in the Born approximation" depends on the local
density of states at the point, i.e., on the spectral function
A!k ,!". This idea is important to understand the difference
in the scattering rate deduced from single-particle spectra
from that in transport, the insensitivity of Tc to small-angle
scattering, the Hall effect, and the line shape as a function of
! and its variation with k̂f of the spectral function A!k ,!" in
the superconducting state.52

Given the form of the spectral function for the pseudogap
neglecting impurity scattering in Fig. 4, small-angle impurity
scattering also has interesting effects on the observable spec-
tral function in the pseudogap state. It follows that elastic
scattering will be anisotropic, increasing from the nodal re-
gion where the spectral function is small to the antinodal
region, where it is large. It also follows that the small angle
scattering rate will be small in the antinodal region in the
tail of A!k ,!" toward the chemical potential and large on
the other side. Such features have been observed in
experiments.16 The detailed comparison of experimental
A!k ,!" with calculations should incorporate these effects of
impurity scattering.

In the classical fluctuation regime I, above the pseduogap
regime, the single-particle spectra should also show the fre-
quency dependence calculated in Eqs. !31" and !32". Since it

is only weakly dependent on " , #k−kf#, and #, it may appear
within the experimental uncertainty as enhanced elastic scat-
tering, which is angle dependent $#%!k̂f"#2.

VI. COMPARISON WITH MEASURED PROPERTIES
OF THE PSEUDOGAP PHASE

The effect of impurities is much less in evidence when
one calculates the density of state Np!E" by integrating the
spectral function over k. The calculated Np!E", for any x at
several temperatures below Tp!x", is shown in Fig. 5. To
compare, the measured density of states by scanning tunnel-
ing microscopy is shown in Fig. 6. I do not have anything to
say about the general approximately linear variation of the
density of states as a function of energy over the whole en-
ergy range, which is found both above and below Tp. If one
looks at the features brought about by the pseudogap, good
correspondence may be discerned in both the energy and the
temperature dependence. Of special importance is to note the
absence of the BCS-type singularity in the density of states

FIG. 4. Calculated spectral function in the pseudogap phase ex-
cluding linewidth due to impurity scattering. The spectral function
in any given direction k̂ has been normalized to the value of the gap
in that direction, Dk̂, and the energy is also normalized to the value
of the gap. The temperatures shown are given by T=nD!k̂f" /4& for
n=1,2 , . . . ,5.

FIG. 5. !Color online" Calculated density of states in the
pseudogap phase at several temperatures. D0 is chosen as 2.5Tg.

FIG. 6. Measured density of states at temperatures in the
pseudogap phase obtained by Renner et al. !Ref. 53" in Bi-2212, by
scanning tunneling microscopy.

C. M. VARMA PHYSICAL REVIEW B 73, 155113 !2006"

155113-12
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Zoo of orbital current patterns
● Staggered orbital currents

Chakravarty, Laughlin, Morr, 
Nayak PRB 2001 
Varma PRB 2006 
Bulut, Kampf PRB 2015 
Scheurer, Sachdev PRB 2016

nk
+ = !sypkx

† exp"− i!x# − sxpky
† exp"− i!y#$/sxy . "25#

"k
0 =2t̄pdsxy"k# and Nk are normalization factors. !1"k# are

variationally determined:

!1"k# = ± %RI&/2t̄pd for state #I,

!2"k# = ± "%RII&/2t̄pd#!cot"kxa# ± cot"kya#$ for state #II.

"26#

These expressions are obtained from Eqs. "18# and "19# for
%R& / t̄pd$1 and kx ,ky not close to zero for #II.

A. Symmetries of the mean-field TRV Hamiltonian

It is useful to recall that a complex Hamiltonian that can-
not be transformed to a real operator by any unitary "gauge#
transformation does not commute with the time-reversal op-
erator R and therefore has eigenstates which break time-
reversal invariance. Correspondingly, its eigenstates cannot
be transformed to be real by any unitary transformation. This
is true of the wave functions of Eqs. "25# and "26#. So time
reversal is violated in the phases found. Further, if

H"!#'k,!,%& = ""k,!#'k,!,%& "27#

R 'k ,! ,%& is not an eigenstate of H"!# but is of R−1H"!#R
with the same eigenvalue ""k ,!#.

Consider the state #I. Physically, !1 /2 and −!1 /2 are the
phase differences between the d orbital and the px and py
orbitals, respectively, in each unit cell. The total phase dif-
ference !1 in going around any of the four triangular
plaquettes in each unit cell is gauge invariant and can be
distributed between the three legs of the plaquettes in any
way one chooses by an appropriate gauge transformation. If
we include additional interactions which produce additional
phase shifts between the vertices of the plaquettes "for ex-
ample a repulsion between electrons on the neighboring oxy-
gen orbitals produces in a mean-field approximation a phase
shift between the px and the py orbitals of each unit cell# it
can be absorbed in the invariant flux. A finite flux in a
plaquette is equivalent to a current circulating around the
plaquette. The current pattern for "one of the two domains
of# the state #I is shown in Fig. 2. This current pattern can be
found by transforming the wave functions to real space and

calculating the expectation value of the current operator be-
tween the sites of the lattice. The magnitude of the current is
of O"!1tpptpd

2 a3#.
The symmetry of the current pattern follows from the

properties upon applying the reflection operator %m̂ about a
mirror plane m̂ on the wave functions "25# and "26#. When m̂
is the x=0 or the y=0 plane, the wave functions are eigen-
states of %m̂. But reflection symmetry is broken about the
crystalline mirror planes x= ±y. Note that if we consider
properties that depend on the modulus of the wave functions,
for example, the charge density, mirror plane symmetries ex-
isting for !=0 are preserved for !!0. A current-sensitive
experiment "sensitive linearly to the wave function and its
gradient# can therefore detect a time-reversal-breaking phase
through the difference in reflection symmetries, but experi-
ments sensitive only to charge distributions cannot.

It may also be seen from the wave functions that fourfold
rotation "C4# about an axis through the Cu’s is not a symme-
try but the rotation followed by time-reversal C4R is a sym-
metry. Also the center of inversion is preserved. The simplest
lattice symmetry for the Cu-O compounds is 4 /mmm; the
lowered symmetry generated below the transition is 4 /mmm
in the double-group notation.43

In the state #II, reflection symmetry is lost about the crys-
talline mirror planes x=0 and y=0. The states with plus
signs between the px and the py parts in the expression for !2
keep reflection symmetry about x=y mirror planes but not
about the x=−y mirror planes; the converse is true for the
state with the minus sign. The current pattern for the former
is also shown in Fig. 2. Inversion is lost in this phase but the
product of inversion and time reversal is preserved. Such
phases are called magnetoelectric.44 Starting from a lattice of
symmetry 4/mmm, the reduced new symmetry is mmm.
These issues are further discussed in Ref. 29, where exten-
sions to more complicated lattice structures are also given.
Note that the #II phase has four domains.

One may check43 that neither the #I, i.e., 4 /mmm, nor the
#II phase, i.e., the mmm, is piezomagnetic; the application of
a uniform magnetic field does not linearly change the sym-
metry of the unit cell.

The polarized ARPES experiments11 are consistent with
the state #II in region II of the phase diagram in Fig. 1.45 It
follows that if the superconducting transition is a continuous
transition, the symmetry breaking of the pseudogap state,
both time reversal and inversion, should continue in the su-
perconducting region30,46 to the left of the QCP in Fig. 1. An
experimental evidence for this would constitute a further di-
rect test of the theory of the cuprates presented here.

The interesting property that chiral spin correlations ac-
company orbital currents of fermions ought to be
mentioned.47 For three sites "i , j ,k#, and current operators Jij
from site i to site j, etc., the expectation value

%JijJjkJki& & %si · "s j ' sk#& , "28#

where si is the spin operator at the site i. !The order param-
eter ! is proportional to this current expectation value with
"i , j ,k# forming the nearest-neighbor O-Cu-O triangular
plaquettes.$ Therefore chiral spin order always accompanies
the orbital current order.

FIG. 2. The current pattern in the time-reversal-violating state
"a# #I and "b# #II.

C. M. VARMA PHYSICAL REVIEW B 73, 155113 "2006#
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one lattice spacing and rotation by !/2. It is, however, sym-
metric under the combination of any two of these operations.
The order parameter is equivalent to the array of bond cur-
rents illustrated in Fig. 2.
The excitation spectrum of the DDW at very low energies

is generic and consists of conventional fermionic particles
and holes in a band structure like that of the d-wave super-
conductor "DSC# with which it competes. Introducing a
mean-field ansatz3 $cf. Eq. "2#% we obtain the one-body
Hamiltonian

H!&
k,'

("k#ck'
† ck'")"k#ck'

† ck"Q' , "3#

where (k!#2t$cos(kx)"cos(ky)% and )k!yV$cos(kx)
#cos(ky)%, and V is a coupling constant in the microscopic
Hamiltonian. Microscopic Hamiltonians with short-range re-
pulsion and superexchange are favorable for such order5,6 but
are even more favorable for an antiferromagnetic state. How-
ever, correlated hopping terms tend to tip the balance in fa-
vor of DDW order.3 Since the ordering occurs at Q
!(! ,!), it is most favorable at half-filling or low doping.
The corresponding band structure is

Ek!$!(k
2"!)k

DDW!2. "4#

At half-filling, there are gapless quasiparticles only at the
nodal points k!($!/2,$!/2). At finite doping, Fermi
pockets are opened, as shown in Fig. 2. While the DDW
state is semimetallic at half-filling, it is a conventional metal
$with two-dimensional "2D# localization prevented by inter-
layer tunneling% with a disconnected Fermi surface at dop-
ings other than half-filling. It is possible for the DDW to
discommensurate, thereby opening a full gap, as occurs with
a traditional spin density wave, but this is not automatic be-
cause the remaining Fermi surface is not nested. Some re-
lated density-wave states are discussed in the Appendix.
The excitation spectrum at high energies is not generic.

There is no reason for the quasiparticle at (! ,0) to have
integrity, particularly if the system is near the continuous
quantum phase transition at p!0.2 in Fig. 1. This is a Fermi-
surface reconnection, at which the Hall conductance jumps, a
van Hove singularity develops at (! ,0), and quasiparticles
scatter violently even at low energy scales.14,21,22

IV. d-WAVE SUPERCONDUCTIVITY

The Heisenberg exchange nominally responsible for
DDW order also tends to favor d-wave superconductivity.
This is the underlying reason the band structures of the two
are so similar, and why the competition of these two kinds of
order is natural. If we allow the superconducting bond ex-
pectation value *c j↑ck↓+!$z to develop, where the sign is
positive on x bonds and negative on y bonds, the Hartree-
Fock Hamiltonian becomes

HHF! !HHF"J&
* jk+

$"zck↓
† c j↑

† "z*c j↑ck↓#, "5#

and the corresponding superconducting quasiparticle disper-
sion relation becomes

Ek!$!$"(k
2"!)k

DDW!2#1/2$,%2"!)k
DSC!2, "6#

where )k
DSC!zJ$cos(kx)#cos(ky)% and , is the chemical po-

tential. Thus not only does this kind of interaction stabilize
both kinds of order, it allows the two order parameters to
evolve continuously into each other without collapsing the
quasiparticle gap at the zone face. This allows us to use the
ground-state expectation value of H and similar Hamilto-
nians as a sensible model for the energy functional F, i.e.,
one that does not throw away important low-energy excita-
tions.

FIG. 1. Top: Phase diagram constructed from experiments on
YBa2Cu3O7#- . TN is the Néel transition, Tc is the superconducting
transition, T* is the pseudogap crossover, "Ref. 28#, T0 is the loca-
tion of the maximum in the uniform susceptibilty, and TCharge is a
charge-ordering line recently reported by Mook et al. "Ref. 40#.
Middle: Values of !z! "solid#, y "dots#, and (y2"!z!2)1/2 "solid#
minimizing the free energy of Eq. "1# with .!1, /!#0.8, and the
linear functions 0 and 0! shown on the bottom. The parameter p is
hole doping.

FIG. 2. Left: Arrangement of bond currents in the DDW state.
Right: Brillouin zone of the Cu-O plane. The dots show the half-
filling Fermi surface, as well as the Brillouin zone boundary after
the DDW state has formed. The circles are the Fermi surface of the
DDW state at finite doping.
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● Intra unit cell orbital currents
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FIG. 1. (Color online) Staggered pattern of spontaneous loop
currents. Open circle,“x” and “y” symbols denote Cudx2−y2 , Opx ,
and Opy orbitals, respectively. Currents along p − d bonds (black
arrows) are about three times stronger than those in p − p bonds
(green arrows).

iα and jβ, and ĉiασ and ĉ
†
iασ are annihilation and creation

operators. Below, we suppress the spin labels.
Using the translational invariance, Ĥ0 can be Fourier

transformed to reciprocal space:

Ĥ0 =
∑

k

$
†
kH0(k)$k, (2)

where $
†
k = [ĉ†kd , ĉ

†
kx, ĉ

†
ky], and ĉ

†
kα (ĉkα) is the creation

(annihilation) operator for an electron with crystal momentum

FIG. 2. (Color online) Unit cell of a CuO2 plane (dashed box).
The orbital phase convention is indicated by the sign of the hopping
matrix elements. Numbers in green enumerate the inequivalent bonds,
and the direction of the blue arrows indicates a positive sign of the
current flow for the current operator definitions given in Appendix A.

k and orbital α. Explicitly,

ĉkα = 1√
N

∑

i

e−ik·Riα ĉiα, (3)

ĉ
†
kα = 1√

N

∑

i

eik·Riα ĉ
†
iα, (4)

where N is the number of unit cells in the system, and Riα is
the position vector of the α’th orbital in i’th unit cell. H0(k) is
readily obtained by plugging Eqs. (3) and (4) into Eq. (1):

H0(k) =

⎛

⎝
ϵd −2itpdsx 2itpdsy

2itpdsx ϵx 4tppsxsy

−2itpd 4tppsxsy ϵy

⎞

⎠, (5)

where sx = sin(kx/2) and sy = sin(ky/2). A more convenient
form of H0 is obtained after the following gauge transforma-
tion:

ĉkx → iĉkx, (6)

ĉ
†
kx → −iĉ

†
kx, (7)

ĉky → iĉky, (8)

ĉ
†
ky → −iĉky. (9)

Hence, the final form of H0 is obtained:

H0(k) =

⎛

⎝
ϵd 2tpdsx −2tpdsy

2tpdsx ϵp 4tppsxsy

−2tpdsy 4tppsxsy ϵp

⎞

⎠. (10)

We set tpd = 1 so that it defines the unit of energy.
The interacting part of the Hamiltonian includes the intra-

(Uα) and interorbital (Viα,jβ) Coulomb interactions,

Ĥ ′ =
∑

iασ,jβσ ′

[
δiα,jβ(1 − δσ,σ ′ )Uα + Viα,jβ

2

]
n̂iασ n̂jβσ ′ , (11)

where i,j are unit cell indices, α,β are orbital labels, and Viα,jβ

is nonzero for nearest-neighbors only. Throughout, we sup-
press the spin index σ , set tpp = −0.5, ϵd − ϵp = 2.5, Ud = 9,
Up = 3, Vpd = 2.2, and Vpp = 1 unless otherwise stated. The
Hamiltonian Ĥ = Ĥ0 + Ĥ ′ is thus the conventional three-
band model of cuprates [38] with a typical parameter set [39].

III. INTERACTING CURRENT SUSCEPTIBILITY

The current operator associated with the bond between sites
iα and jβ is Ĵiα,jβ = −itiα,jβ (ĉ†iαcjβ − ĉ

†
jβ ĉiα) where tiα,jβ is

the corresponding hopping matrix element. If ⟨Ĵiα,jβ⟩ > 0 then
current flows from jβ to iα. In momentum space, the current
operator along bond m is given by

Ĵm(q) = −i
∑

k

[
hm

αβ(k,q)ĉ†kα ĉk+qβ − hm
βα(k,q)ĉ†kβ ĉk+qα

]
,

(12)
where α,β are the orbitals associated with the bond and the
matrix elements of the current operators hm

αβ(k,q) are listed in
Table I. As shown in Fig. 2, there are eight distinct bonds on

195140-2
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Can orbital currents lead to AM?
Yes, but Orbital currents are odd under TR!

TR T Translation t
Inversion I

−ϕ

−ϕ

+ϕ

+ϕ −ϕ

−ϕ

+ϕ

+ϕ −ϕ

−ϕ

+ϕ

+ϕ
AFM

TR T Translation t0

0

−ϕ

+ϕ
AM

0

0 −ϕ

+ϕ 0

0

+ϕ

−ϕ

Rotation C4
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Spin splitting not from SO but 
magnetic order

→ compare to Kagome LC
Chakraborty, Yang, Birol, Fernandes, arXiv:2509.26596

Leeb, Knolle arXiv:2601.07418
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Collinear Odd-Wave Magnetism

Leeb, Knolle arXiv:2601.07418

● Spin-space group classification rules out collinear p-wave magnets

→ but with LC the lattice transforms non-trivially under TRS!
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Fractionalized AM
● Altermagnetic symmetries with topological order?

Sobral, Mandal, Scheurer PRR 2025 
Vijayvargia, Day-Roberts, Botana, Erten PRL 2025

● Consider KK model on square lattice

→ exactly soluble like Kitaev honeycomb model



29

Fractionalized AM
● Parton mapping

● Spins and orbitals fractionalize into fluxes and visons
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Add interactions
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Projective Symmetry Group I
● For symmetry of parton bands consider fixed gauge

X.G. Wen PRB 1990

● Spin and TRS implemented projectively
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Projective Symmetry Group II
● Bands transform projectively 
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Projective Symmetry Group III

→ spin degeneracy is now a particle-hole +valley swap symmetry!
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Constructing the AM*

Neehus, Rosch, Knolle, Seifert,  
Phys. Rev. Lett. 135, 256504 (2025)



Thanks to all collaborators 

Thank you! 
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Avedis Neehus, Rosch, Knolle, Urban Seifert, PRL 2025

Li, Leeb, Wohlfeld, Valentí, Knolle PRB 2025

d’Ornellas, Leeb, Grushin, Knolle arXiv:2504.08597

Das, Leeb, Knolle, Knap PRL 2024 

Valentin Leeb, Šmejkal, Mook, Knolle, PRL 2024

Valentin Leeb, Knolle arXiv:2601.07418



<latexit sha1_base64="H73Sfgl4PRUnncYLpbHbUFbjaQU="></latexit>

H =
X

hjki,s

 †
j,sT (✓jk) k,s � J

X

hjki

(mjmk � njnk)

Use Hartree Fock:
<latexit sha1_base64="aUvnBxTc9pWWiO22ZkXuArGVf9E="></latexit>

mj ! hmji

<latexit sha1_base64="R5kqueoAYyBy6r0KFXfurRK9IaU="></latexit>

HInt ! J

X

hjki

(hmjimk � hnjink)

<latexit sha1_base64="9MBNn32/MSK0EHW12iA9STTRpwg="></latexit>

nj ! hnji
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